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I.  On  some  General  Equations  which  include  the  JSquations  of  Hydrodynamics. 
By  M.  J.  M.  Hill,  M. A.,  Professor  of  Mathematics  at  Hie  Mason  Science 
College^  Birmingham. 

[Read  October  29,  1883.] 

In  a  paper  written  by  Clebsch,  "Ueber  die  Integration  der  hydrodjrnamischen  Gleich- 
ungen"  {GreUe,  Bd.  LVi.),  he  has  shown  that  if  the  symbol  p  of  equation  (II)  of  this 
paper  be  constant,  and  if  n  be  an  odd  number,  then  ^^^  ^2"-^i»  ^^^  ^  expressed  in  the 

71  +  1 

form  of  Art,  2,  where  however  — ^ —  of  the  symbols  /x,  /j...^;  vanish. 

The  object  of  this  paper  is  to  obtain  results  which  apply  to  the  case  of  n  even  as 
well  as  n  odd,  to  remove  the  restriction  regarding  p\  and  also  to  enquire  what  equations 
correspond  in  space  of  n  dimensions  to  Helmholtz's  Equations  of  Fluid  Motion,  and  what 
corresponds  to  a  vortex  line. 

The  following  is  an  abstract: 

1.     Let  fl?j,  x^,..xj  be  (n  +  1)  independent  variables, 

Wj,  u,  ...wj>  be  (m  +  1)  dependent  variables, 

and  let  q  stand  for  V+  I  ~ ,  where  p    is   a   known   function   of  jp,  and    F  is   a   known 
function  of  the  independent  variables. 

Let  the  following  equations  be  satisfied 


du.  .       du.  .       du.         .  .        du.         da  1 


.(I). 


dM^         du^        du^  du^  —  _  ^? 

dt       ^dx^       *dx^      '"       •ctr^        cir^- 

t+^w-^^w+--^s:«-» fi), 

u^,u^.,.u^  being  symbols  for  any  definite  functions  of  the  independent  variables  satisfying 
(I)  and  (II),  let  their  values  be  substituted  in  the  equation 

f+».l^».^^ -«•£-» :(■«)■ 

Vol.  XrV.  Paet  I.  l 
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Let  P^,  P^.».P^  be  n  independent  integrals  of  this  equation,  definitely  selected. 
Then  if  A  stand  for  the  detenninant 

dx   ' 


dx.  dx. 


dx. 


it  can  be  shown  by  means  of  (II)  and  (III)  that 

2.    It  is  shown  that  if  ^  he  an  arbitraiy  function  of  the  independent  variables,  and 
/,,  /,.-./,  arbitrary  functions  of  P,,  P,...P^  (not  t),  then  a,,  «, ...  «,  can  always  be  expressed 


thus: 


dK_^.dP,^^dP,  _^. 


dP, 

dx' 


"»     dx,^-'*  dx^^-'' dx,^ ^J'dx,' 


dK 

dx_ 


dP, 
dx 


+/.7:r*+/.T-*  + 


,dP, 

dx. 


■+/. 


dP, 
dx. 


du^     du 


3.    It  is  shown  that  if  n  be  an  odd  integer,  if  f^=_c  — — ?,  and  if  f^,  f,  ...f,  be 
the  square  roots  of  the  coefficients  of  f„,  f„  •••?,,  in  the  detenninant  H  which  is  equal  to 


the  signs  of  the  roots  being  properly  chosen,  then 


^-(^^]  ==  ?t  ^1  +  f«  ^t  +        ,  £.  du,  ^f,  A«i  .  f,*i,  +  ...  +  ^  — • 
Bi\pJ      p  dx,     p  dx^     '"      p  flf x^     pdx,     p  dx,      '"      p  dx,' 

6i\p/         p  da?,         p    dar,        *"  P   dXn        P  dx^        P  d^n  P   dx^' 

But  when  n  is  even,  ^]~-— f  =  0>   and  this  is  the   sole  representative  of  Helmholtz's 
Equations  in  this  case. 
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4.  In  this  Article  it  is  shown  that  if  a,,  be  the  coefficient  of  -r-^  in  the  determi- 
nant A,  and  if  X,,  \...\»  are  functions  of  P^,  P^...P^  (not  t),  subject  to  the  condition 
^  ,  Kp*  +  ...  +  ^=0,  the  following  set  of  equations  similar  to  Helmholtz's  Equations 
hold  good,  whether  n  be  even  or  odd. 

S  /'X,a„-|-V.,  +  ...+X,a,A  ^ \a„H-X,a..  +  ... +X,g,.  ^  ^      .^.  V..  +  \^t.+ -  + V..  ^u, 
Bt\  p  J  p  <ir,     ■■*  p  dx,' 


U\  p  }  p  dx^     '"  p 


sA  P  ;  p  dxj-^  p 


v.»  <^". 


do;  • 


^  (\«ii  +  V.1  +  —  +  \o  +  — •  +  d^  (Vi.  +  Vi.  +  —  +  V  J  +  — 

5.     It  is  shown  that  if  n  be  odd  and  \,  X,  ...X.  be  the  square  roots  (with  properly 
chosen  signs)  of  the  coeflBcients  of  Xj,,X„...X^,  in  the  determinant  A  which  is  equal  to 

\v  \k \» 


\l»  \! 


where 


then    fx  =  Vii+  V«i+  •••  +\««i»    f.  =  Vi«  +  \««a+  •••  +  V«i»-'f«  =  Vt»  + V«m  +  •••  +  V*»- 
In  the  case  when  n  is  even,  it  is  shown  that  Jpt  =  A  .  J  A. 

6.    Adopting  the  language  of  ordinary  Fluid  Motion,  it  is  shown  that  the  vortex  lines 

always  contain  the  same  particles,  being  the  intersections  of  (w  — 1)  loci  whose  equations 
each  satisfy  the  equation  (II). 

The  same  argument  shows  that  the  loci 

^ dx^ - <fo« 

are  always  the  intersections  of  (n  — 1)  Ictei  whose  equations  satisfy  the  equation  (II). 

1—2 
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7.    It   is   shown   that    (n  being   an    odd   nnmber)   the   forms  for  ti^  i^ ... «»  can  be 
redaced  to  Clebsch's  forms,  so  that 

1      ».  dx,     dx,  dx 

and  that  the  lines  -s-^=  *=•••  = -^. 

lie  on  the  loci  P,=  const8nt,  i^=oon8tant,...P,_^a> constant,  i^^s constant,... P^,= constant ; 
the  equations  of  which  satisfy  the  equation  (HI). 


1.    Taking  the  notation  in  the  abstract  of  this  Article,  let  the  reciprocal  detenninant 
of  il  be  the  detenninant 

«.,.«» «w 


«.!>  *ia «.• 


Putting  for  brevity  jr-  for  ;g  +*^  jr  +"i  j~"  +  •••  +  **•  ^T'  ^*  follows  that 
DA         D  /dP,\  ,       D  /dP.\  ,        ,       D  /dP,\ 

.       D  /dP,\  ,       D  fdP^          .       D  /dP,\ 
+ 


Now 


D  (dP\  ,       D  (dP\  ,      ^       D  (dP\ 
i)  /dP,\  _  d*P, 


<PP. 


<PP- 


iX  \,<ir.>/  ~  dtdx,  ■•"  "•  da;.di.  ■*" "«  dx.di.  +  •••+». 


(PP, 
dxjdx^' 


But  since  P,  satisfies  (III), 


rfP,^     rfP,^     rfP,^ 


■^«.g=^- 


Differentiating  this  with  regard  to  x^^ 

dXdx,     dx,dx^       ^dx^dx,     dx,  dx,       *dx,dx,     dx,dx^       n^ZTSZ       > 

■     -R(^r\^du^    dP,       dUjdP,  4.  *^    ^r. 

DtKdx,)     dx,dx^^dx,dx,^ '*'dx,'dx,'' 


*dx  dx 
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'  ("«» V(te,  cte,  "^  da?,  dc,  "•" '^dx^  dxj 

f^^.^dP^  d%  dPA 

■*'"«»W,  <ic,  ■*"<&,  da:,"'" ■'"(ic,  d<cj 


^ 
i)«' 


+  . 


■^  ">•  W.  die,  ■*■  das,  da;,  "^ "''  da:,  dar.  jj 

f     /da.  dP.     du.  dP.  du  dP.\ 

(  "\da!,  da;,      dx,  da;,      d*,  da;,/ 

••vdaj,  da;,      dx^dx^      dx,  dx^J 


+  . 


+  . 


"•\dic,  da?j     da?,  da?,      da?,  dxJ 


fdu^  dP^  .  du.  dP^  ,  .  du.  dPj 

+ 

/dw^d^     dtt,d^  .^^M 

'•'"-Vda?.  da?,     da?,  da?,  "^ ^ dx^  dx^)]' 

DA     du.      -     du.    ^  du      ^ 

i>^      dx^  da?,  da?, 

du.    A     du^      A  du     ^ 

+^.-<>+d^.-^+ +s;-« 

+ 

,  d«,     .  .  d«,     -  .  .  du.     . 

+  d^-°  +  #-°  + +^-"*' 

D-4  _  -  /du^  J.  ^i  J.         J.  ^M 
'■•  "i>«^'*l,da?,"*'da?,'*" "^da?.;- 

But  equation  (II)  in  the  abetract  may  be  written 

^*'{^A* *^)-»- 
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It  will  be  shown  in  the  next  article  that  this  eqoation  may  be  written 

l(7)=» ; <■'">■ 

2.  Now  suppose  that  instead  of  w^,  x^...xJL  being  the  independent  variables 
Pp  P^,,,Pji  are  taken  as  such.  Let  diflferential  coefficients  according  to  the  new  system 
be  distinguished  by  the  symbol  S. 


^^^^   dr  dt  'SPJ  dt  SPJ '^^  SP^'^Si' 


But  since  P,  satisfies  (III) 


r_  , 


rfP,_        dP,        dP,  dP, 

5      d  ^f    dP,^     dP,^        -        dP,\    8 


It 


^f    dP,^     dP.^         ^     dP\    s 
-F. 


'dt 


^f    dP,^     dP,^         ^     dP,\    8 

^""'[dx,  BPjdx,  BPJ ^dx,  SPj 

■'""•l.tic.  SPjdx,  hPj ^dx,  BPj 


+ 


■*""»W-  SP/*c.  SP."^ ^dx.  BPj 


d  ,       d   ,       d  d 


D  S 

.*.  what  has  been  denoted  by  ^  may  now  be  written  ^. 

Also  equations  (I)  of  the  abstract  may  be  written 


St         dx^"     \dx,  SP,  "*■  da?,  gP,  ■*■  -  "^  dar,  SPj ' 
^J^^^dq_^(dP,Sq_     dP.hq^  dP.JjX 
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Stt. 


««  3^  +  *M  g^ 


£^ 


It  is  now  necessary  to  find  tbe  value  of 


8t  • 


(-ir«„= 


dp, 

dP, 

dP, 

dPx 

efo.    - 

-dx^r 

dx,,,  •" 

•"dx. 

''^.. 

dp^ 

dPr., 

dPr-. 

<ir.     •• 

'  dx^x 

dx^x  ••■ 

-dx. 

dPr.^ 

dP^, 

dPr^x 

dPr^X 

dx,    '■ 

"■  dx^ 

dx^x 

-  dx. 

dP, 

dP, 

dP, 

dP, 

dx,     '• 

""  dx^x 

dx^x  '- 

-dx. 

Let  the  reciprocal  determinant  of  (—  !)'*'«„  be 

Pr-i  ,1 Pr-l .  #-1   A'r-l.  «- 


0r. 


"r+l,  •-!  ^f 


r+1.  •-!  ^'r+l    H-1 


.(V). 


-{ 


-  /dw.dP,  ,  d«,^^        .^-^^j.       MR        fdu^dP^du^dP,  .du^dP^ 

^"V^,  <ir,  ^dx^dx,'^  -  "*■  <ir,  (irj  "^  •"  "^  '''•  -'  \dx^^  dx,  ^  dx^,  dx,      -  "^  dx^,  dx,) 

(du.dP^      du^dP  .du^dP^  ,o   (d}\d^x.dA^dPx  ,du,dJP\\ 

^^'''*Ad^^xd^x     dx^xdx^     -     dx^xdxj^'''^^''\dx,dxjdx,dxj-^  dx,dx,)\ 


f         /du,dP,.     du,dP^         .du^d^\  (du,dP^.      du,dP,., 

■^r-^-'VdaJ,  dx,  ^dx,  dx^  ^-^dx,  dx,r-^'''-''-\dx^,  dx,  ^ dx,,,  dx. 


+...+ 


du,dP^ 

dx  .  dx 


) 

f  du    dP  .      du^  dP, ,  du   dP  A  ^        fdu^  dP        du^  dP  ,  du  dP  A) 

^"'-'•^^'W^,  (ic,       dx,^,  dx,  ^-^dx,^,  dx,)^'"^'^'-'-'\dx,  dx;^dx,  dx,  ^'"^dx,  dx,J] 
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Jb      (d^.^Pr..,du,dP^         AEr^,       .o         fd^dJ^,du^dP^^+     +i«.^^^ 

^'^'*'-'^\dx^,  (te,  ^dx^  dx,^"-^dx^^  dxJ^-'^'^'*'-'\dx,  dx,   ^dx,  dx,  ^'-'^dx,   dxj\ 
+ 

(du,dP     du,dP  .du^dPA  ^        (^l?n.du^dP  .   dt^dP\ 

^^"W,'^,dx,'^,"'^dx,  dxj^-  ^"'•'-^  \dx^,  dx^^  dx^,dx,^  -  ^dx^^'dxj 

fdu,dP       du,  dP  du   dP\  «    fdu,dP      du.dP  du  dP.\ 

^''"••"W^,  (&,  ^  dir,^,  dx,  ^  "•  ^<fo;„,  <irj^  "•  ^''- W.  J;r,  ^dx,dx,^  "      dx,  dxj' 


+ 
+ 


...4,(_ar..i-(-ir^(^_....+^.^^....^j 

••    bt~     '^''\dxj -^dx^JdxJdx^J -^dxj 
.  /     rfu,  du,  du,  .  du,   ,        ,        du,\ 

^"*  ■  d^~  d^,  8P,     d^  SP.  + ^  <te,  8P.' 

dj;,~  <to,  «P,     rfx.  SP,      ■•"  da;,  SP.' 

d  d  d  d  d        .    o 

•■•  ''-^.+--^"'-'7i::.+''-d^.+"'-d^.+-+"'"^=^sp;' 
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+  A 


SF. 


therefore 

But  firom  (V) 


Bt\pJ     pSP, 


.(VI). 


and  from  (VI) 

From  these  two  equations 

I  /a„u.  +  »^«,+  ...+«^«.\  _Ai(_^    «;  +  «.*  +  ... +  tt,«\ 


Since 


S/A 
SV 


l)-». 


this  becomes 


51,  il  }     W,\    '*  2  /• 

Putting  -.£  +  ">'''"»  2" '^"'  °^>  and  int^;rating  Twth  regard  to  «, 

«,.«.  +  «„«*■»-••.+  «„«.,  8^.^   (VII), 


where ^  is  an  arbitrary  function  of  P,,  P,  ...P.. 

Solving  the  n  equations  which  this  represents  for  u^,  ti| ...«,, 

dK     .dP.'  .dP  -dP,  \ 


dx^^-^'dx, 
dK  .  ^dP, 


dcB^ 


.dP, 


dP. 


.(VIII), 


"•  "  d^ ''■•^  d^*  ■*"-'"*"'^' d^ ''■••'■^•^- rf^  / 
whence  t«jda?j  +  u^dx^  +. . .+  t«,(fo,  =  dK  +/jdPj  +. .  .+/dPr  +•  •  •+>L^-P|.  > 

where  dK,  dP^,..,dPr..,dP^  do  not  contain  differentials  with  regard  to  t;  and  f^fff'/^ 
are  arbitrary  functions  of  Pj,  P,...P^. 

These  expressions  for  u^,  «,  ...tf.  include  the  equations  given  by  Weber  (Orelle,  t.  68) 
for  ordinary  fluid  motion. 

Voim  XIV.  Part  I.  2 
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For.  when  n  =  3,  «.  =  f+/.^' +/.f  V.f . 

'     dx,  ^•^'  dx,  ^J*  dx^  ^J*  dx, ' 
_dK,,dP,^.dP,^.dP, 

"•  -:^  ■^■-^'■a^  ^-^^  3^  "^-^»  d^,  • 

TT  ^    dx.  dx,  ,       dx,     dK  .    - 

Hence  .  i..  ^' +t4.  ^  +«,  ^^  =  ^^  +/.. 

Jo?,    .        dr.   .        dx.      dK  .    /, 

""^  ^3  "^'*»  dP,  ^  "*»  dP,"5P.  ^•^>' 

These  are  the  equations,  26,  Chapter  I^  Art  18,  of  Lamb's  Hydrodynamics;  for  it  is 
pointed  out  in  Art.  20  of  that  treatise  that  a,  b,  c  (the  initial  co-ordinates  of  the  paiticle 
of  fluid  which  at  time  t  is  at  a?,  y,  z)  may  be  generalised  so  as  to  be  any  three  quantities 
which  serve  to  identify  a  particle,  and  which  vary  continuously  from  one  particle  to  another. 
But  if  the  values  of  P^,  P,,  Pj  be  given  Pj,  p,,  jp,  respectively,  then  the  surfaces  P^^p^, 
P^—p^,  P^—p^  serve  to  identify  the  particle  which  lies  always  on  all  three.  Therefore 
it  is  possible  to'  suppose  that  a^P^,  6=*Pt*  c=«Pg.  And  if  P,  be  put  =a,  P,  =  J,  P^^o'y 
then  the  K  here  becomes  the  %  ^^  Weber*s  equations ;  and  /j,  /,,  /,  respectively  m^,  v^,  w^. 
Thus  the  f^yftyft  ^^^^  ^^  this  case  physical  meanings. 

It  may  be  readily  shown  that  the  forms,  given  here  satisfy  equations  (I)  and  (II) 
from  which  they  have  been  deduced. 

Substituting  for  w^,  w,,...w«7  in  the  r*  of  equations  (I),  it  becomes 

Bt  '  dx,  ^'"^  8t    dx,  +•''  dx,[Bt)^-^-''dx\  Bt)^' 
This  is  identically  satisfied  in  virtue  of  the  equations 

Since  ^,  X  .../,  are  each  functions  of  P,,  P^.,,P^,  these  last  equations  are  really 
equivalent  to   "57  =^^--- "t:"  *=  0.      Writing  out  -^  =  0-""^  =  0  ^^  ^^  *^^   substituting 

for  tt,,  u^.,,u^  their  values,  there  will  be  n  equations  containing  K,  P,,  P^,...P^  and 
functions  and  differential  coefficients  of  them.  These  n  equations  together  with  that  obtained 
from  (II)  by  substituting  their  values  for  Wj,  w„...t*^  and  with  that  obtained  in  like 
manner  from  the  equation  which  gives  q  (and  therefore  p)  are  (n  +  2)  equations  to 
determine  K,  p,  P,,  Pj»...P„. 
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3.  To  detennine  whether  any  quantities  exist  which  have  the  Mai0  ration  to  the 
equations  here  considered  as  the  components  of  molecular  rotation  have  to  the  equations 
of  Hydrodynamics,  it  is  necessary  to  examine  the  manner  in  which  these  #re  obtained. 

If  u^u^u^  are  the  velocities  parallel  to  the  axes  at  the  point  whose  co-ordinates 
are   XjXjv^;  and  u^W  are  the  veloiaities  at  the  point  «;,  +  ^i,  ^,  +  cte^  vc^^dx^. 

Then 

where  f«=^-^;. 

Now  it  will  b^  observed  that  if  dx^dx^dx^  be  the  projections  of  an  element  of  a  vortex 
line  on  the  axes>  then  the  system  of  equations 

fii^^i  +  fit^^.  +  ftt^i-O* 

is  a   consistent  system  of  equations,  satisfied  by  putting 

dx^  „  ^1  _  ^^9 

where    f^,  f,,  f,    are    square    roots    of   the    coefficients    of  the    diagonal    terms    of    the 
determinant 

Vlt    ^11    >M 
>8I    ^n    >88 

To  extend  the  anidogy  to  the  equations  of  this  paper  it  is  necessary  to  observe  first 
that  n  must  be  an  odd  number,  for  if  n  be  even,  the  quantities  corresponding  to  {,,  {,,  f, 
vanish. 

Let  then  ^i  f^>  •••  {•  he  square  rpots  of  the  coefficients  of  the  diagonal  terms  of  the 
determinant  B 

VU    fit    >!••••    fll 

htk  >«  im  •••  fii 


»  a^^o  •  ■  • a  t^* 


fminfm  ***  fm 


2—2 
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Mb  hill,  on  some  GENERAL  EQUATIONS  WHICH 


It  will  be  shown  tliat 


S\/)/      p  <foj     p  dx,     '"      p  dx,     p  dx^     p  dx^     '"      p  dir, 
Bt\p/     p  dx^     p  dx^     *"      p  dx^     p  d^»     P  dx,      *        p  dx^ 


dx^     ■**      P  d^n 


and 


and 


St\pJ     p  dx^     p  dx^  p  dx^      p  dx^      p  < 

dxj-^dxj"'^dx,     "• 
If  n  be  an  even  number  the  above  n  +  l  equations  are  replaced  by 

.     d  fdu^  ,      d»^  ,      diL  ,         .       rfuA      d  /rfu,  .      du,  ^      du,  ^  du,\ 


Hence 


«.  e. 


i.e. 


S^^du^  dAi^  4.  ^  ^  4.       4.  ^  ^  _  ^  ^»  _  ?[?ft  ^  _       _  du^  du^  _  ^ 
8<      dx^dx^     dx^dx^      '"     dx^dx^     dafdx^     dx^dx^     '"     dx^dx^'^   ' 

^a.^-(^'^i^*!:>\a.^(^^^^a.        X  dur/du^     du\ 
6t'^dx,\c[i,     dxJ^da^Kdx,     dxj^ "' ^  dx^\dx,     dxj 

du,  fdu^     du\     du,  /du^     du^\  du, /du^     du\ 

dx^  Wj     dxJ     dx^  \dx^     dxJ     *"     dx^  \dx^  *  dxJ 

Bt  ^[^^da^.^^^dx,'^  -'^^'^d^J'^V^di^^^ 


Consider  now 

f«  f.  f«  •••  f« 

in    S»    V84  •••   Vta 
C«    Ctf    W4  •••?!» 

(lit  V«t  Smi  •••  (m 
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It 


18 


du.^   .  du. 


du. 


da. 
dx,' 


(fu, 


<7u. 


S^^>*"'"(ia!|^**'*'<fo]^~'''"' 


+  //«.  »n''"  ^^  Su+  ^  St8+  ■ 


du  du 


e- 


dx^^"^da!,^»^dxj-^'- 


In  the  first  of  the  two  determinants  which  have  been  written  down  multiply  the  con- 
stituents of  the  second  row  by  —  j-^»  of  the  third  row  hy  —  ^,  and  so  on,  and  add  to  the 
corresponding  constituents  of  the  first  row.  In  the  second  of  them,  multiply  the  constituents 
of  the  first  row  by  —  ^ ,  of  the  third  row  by  —  ^ ,  and  so  on,  and  add  to  the  corresponding 

constituents  of  the  second  row.     Suppose  also  that  the  determinants  which  have  not  been 
written  down  are  treated  in  like  manner.    The  results  may  be  arranged  thus: — 


Vsa  Vis  V84 

f «  f 48  f 44 


du. 
dx. 


f.+£f.+2f.+-.}g:f..H-£:f.+^f.^...{£:f.+|f.^l;f.^-}- 


du^ 
dx. 


du^ 
da?- 


(u 
U 
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Mb  hill,  on  bomb  GSNEBAL  EQUATIONS  WHIOH 


.    £|S  >4M  VM 


The  ficBt  determinant  written  down  is 


The  third  determinant  is 


f«. 

f„. 

fu-.] 

<^. 

fn. 

f». 

f.*... 

-^. 

•  •  •  • 

•  •  •  • 

•••••••• 

e«. 

f». 

f.- 

dw. 

f«. 

fu. 

fu- 

<te. 

f«. 

f-. 

f.... 

fta>   Vtt)  >M* 

V8a»    V88»    f84* 

*«>  Wi»  >«• 


VM»  VM'  ft4' 
V8I>  ?8S»  ^S4* 
&••    Vm>    V44* 


and  so  on^  for  the  first  of  every  pair  of  nnezpressed  determinants. 

Also  picking  out  the  coeffici^it  of  -r-^,   where   r  is  any  integer  between  2  and  n 

inclusive,  and  s  aay  integer  between  1  and  n  inclusive,  in  the  second  of  each  pair  of  deter- 
minant%  it  is  fomnd  to  be 

fn^n  •  ••  f a.  r-i»   ft«ft.  rft  * ' '  >•» 
vaif w  "  •  fs.  r-i'   f 8» f 8.  i-M  '  •  •  va« 

ftfftt  • '  •  f4.  r-X  >    V4«  V4,  r+1  •  • '  fi* 


But  this  is  zero,  unless  « » 1   or  a  =  r,  therefore   the  second  determinants  of  each  pair 
reduce  to 


KidxJ 


f  M»    V 88  •  •  •  f  •» 

f88»  Vaa***  V8H 


s 


da?j 


f«8»    Vi,8'*'fiMi 

But  the  first  determinants  are  equivalent  to 


Ctffas  •  •  •  f 8.  r-l*    ft  ift.  f+l  •  •  •  &» 
faafaa  '  •  •  fa,  f^i»  fa  ifa.  rfi  •  •  •  fa* 

fiiaf «8  •  •  •  f ••  r-l >    fulfil,  r+i  •  •  •  f M 


fntfiia  ***   ffM 


a 


c2^. 


faa     fas       •••fa* 


f^. 

t»f^l,8  •••fr-l.» 

?» 

f«     -..?,. 

u 

■  •• .••••••»^ 

fii8        fna  •••  f«« 
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ViisVas  •  • '  fii.  r-l>    fm  fn,  r+l  •  •  •  ?im 


ft^l.tfr-1.8   •• 

•  »r-l.ii 

f«    f«     •• 

•f.. 

fr^.tfrfi.S" 

•  fr+j,» 

f..  f« 


f«. 


therefore 


S 


b«ts«is  •••  v«i 


I    ^«t&«s 


-Kit) 


^ss^ss  •••  tan 


^hsVms  •••  ?•« 


n 

22 

8 


^NlViiS  •  •  •  f  n,  r-l»  fm fn,  r^l  •  •  •  f«»     J 


Now  if  B„  be  the  coe£Scient  of  („  in  the  skew  symmetrical  determinant  of  odd  order  5, 
and  if  f^,  fj...  £,  be  the  square  roots  of  the  coefficients  of  the  diagonal  terms  in  H, 
chosen  with  proper  signs,  then  E„  =  f,f,=  B^. 

fj  is  the  Pfaffian   {2,  3,  4,  5  ...  (n-1),  w}, 

f^,  having  the  same  relation  to  the  suffixes  r+ 1,  r  +  2,  ...  n,  1,  2,  3  ...  (r- 1)  that  f, 
has  to  the  suffixes   2,3,  ...  (n-1),  n  may  be  denoted  by  the  Pfaffian 


{r  +  l,r  +  2,  ...  w,  1,  2,  3  ...(r-1)}. 


Observing  further  that 


f.f.=B,=(-ir 


fii   in    •••    fg.r-i*  fa.r+i  •••  im  L 
fax   vaa   •••   fa.r^i*  fa.r+i   •••  fan' 


vm  vm  •••   v«.r-i>  ?«.f 


Via  •••  ?a.r-i>  fai   Vs, r+i  •••  fm 
faa  •••  fa.r-i>  ?8i  fa.r+i  •••fa* 


fm  •  •  •  f".  »^l  f»l»  ?».  r+i  •  •  •  inn 


it  follows  that 


...  lffA  =  i*fr  ^^  =  fi*ix  .  f.*ia  .        +L*i- 


Digitized  by  vnOOQ iC 


16  Mb  hill,  on  SOME  GENERAL  EQUATIONS  WHICH 

But  fuBu  +  f..S|,+  ...  +f..B^»0; 

But  fu  =  OAf„|«+...+f^£'=0; 

•'  Bt\p)     pdwJp\dxjH^'''^p\dxjN-pdxJpdxJ''-^pdx,' 

Bt  \pj     p  dx^     p  dxt     '"      p  dx^     p  da^     p  dx^     '"      p  dx^  * 

Similarly.  |(^)-ft*i'+f.^'+...  +  f^|^  =  &f^  +  &f^+...+^f^, 
ot\p  J     p  dx^     p  dx^  p  dx^     p  dx^     p  dx^  p  dx/ 

where  r  is  any  integer  from  2  to  n. 

Thus  there  are  n  equations   analogous   to   Hehnholtz's  equations  of  Fluid  Motion   (n 
being  an  odd  number). 

But  if  n  be  an  even  number  then  (^,  (,,  ...  f^,  being  square  roots  of  skew  symmetrical 
determinants  of  odd  order^  all  vanish. 

In  this  case  consider  the  value  of 


It  is=- 


du^ 
'dx^ 


+f.^+f, 


du. 


diF,    *»»<ic. 


+  ... 


BB     B 

Vll    tu    fit   ••'    *!• 

%n   ftt  vss  ***  Cm 

f«l   f«t  firt  '••  Vim 

du.     u   dtt-     ^  du^ 


du. 


du. 


du. 


Vm  Vnt  ««• 

—  similar  determinants. 

In  the  determinant  which  is  expressed,  multiply  the  constituents  of  the  second  row 
by  —  -^ ,  of  the  third  row  by  —  ^ ,  and  so  on,  and  add  to  the  corresponding  constituents 
of  the  first  row.     Treat  the  unexpressed  determinants  in  a  corresponding  manner. 
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The  result  is 


vn  fit  tu 


Vnl    Cii2  Vnl 


j^  dtt      j^  rft*.     ^   dw  K    dw  du^  .  t^  du.  ^       ]  u   du.     ^   du,     ^  du^  ] 


—  similax  pairs  of  determinants. 


f« 


The  first  determinants  of  each  pair  are  together  equal  to  —  ( j-^+  •••  +T^)  (S) 


(2t£^ 


The    coefficient    of  -^  in  the  second  determinants   of  each  pair  is 


and  this  vanishes  unless  r  =  «,  when  it  is  «  — H; 


This  is  the  sole  representative  of  Helmholtz's  Equations  when  n  is  even. 

It  still  remains  to  show  that  ^*  +  ^  + "*"  ^  "^  ^* 

It  is  known  that  if  m  be  an  even  number,  and    a^^ a^^    a  skew  symmetrical 


.  a 


determinant,  then  its  square  root  which  is  the  Kaffian  {1,  2,  3, (w- 1),  m] 


^a„{3,  4,...  (m-l),w}+ +  a,,Jrj  +  l,...m-l,in,  2,  3,...r,-.l}  + +  ^^,{2,  3...m-ll. 

Vol.  XIV.  Part  I.  3 
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Further  f,  =  (2,  3. n  - 1,  n), 

f,  =(3,  4;......n£l,  «,  1). 

f,  =(4,  3. n-l,n,  1,  2), 


f,.  =  (r.+  l... 

,..%;    1,  , . . 

...r.-l). 

...n,  1, ... 

f,.=  (r,  +  l,... 

.-r.-l). 

...n,  1,... 

Sr.  =  (r,  +  1... 

...r,-l), 

?.=(!,  2, n-1). 

It  being  supposed  that  r^,  r,,  r,  are  any  three  integers  between  1   and  n  inclusive,  in 
ascending  order  of  magnitude. 

Further  if  two  of  the  suffixes  in  any  Pfaffian  be  interchanged  the  sign  is  changed, 
i.e.  (1,  2,  ...r,...  «..,»»)  =-(1,  2,  ...a...  r ...»») ; 


•••  fr.=  (-l)"-"-Mr,.  r,  +  l r,-l,  r,  +  l n,  1,  2. r.-l), 


fr.  =  (-l)"-"-MV  ^-t  +  l r.-l,  r.  +  l n,  1,  2 r,-l). 


fr.=  (-l)'"-''^''-"(»-..  »-,+  l «.  1.  2, r,-l.  r,  +  l.' r,-l); 

therefore  the  term  which  contains 


fr.r.  in  fr.  is  (- 1)''"''-^  fv.(r,  +  1  ...  M>  1,  2. ..r.-l,  r,  +  l..."r,-l,r,H-l...r,-l), 


fr,r.  in  fr.  is  (-l)'''-''«-»f,^,(*'.  +  l  •••»•. -!.»•,  + 1-^,-1.  »-,  +  l...n,  1,  2,  ...r.-l). 


fr.n  in  fr,  is  (-l)'»-"+'-'-«f,.r.(r.+  l  ...-r.-l.  r.  +  l  ...  n,  1,  2,  ...r.-l,  ^^+7  ...  rj^l) ; 
therefore  the  term  which  contains 

fr..,  in  fr.  is  (-l)''-''-^+'»-''''''-»?,.r.(l,2...';^,;7+I..."J^,i"^.,.;rZi,^^^ 

f,,,.  in  f,.  is  (-l)''-'-->+'»-''-«'''-«^,n(1.2...^W.  V^^l.••^^.»V^^...f^^ 
^.r,  in  f,.  is  (-l)»-''+''-^^''-''-»'''-«^.,Xl,2...>.-:n,7^...-;7Il,7r^...7r^^ 
Now  since  n  is  odd 

(-  l)r.-r,-l  +  (n-rJ(r,-8)  ^  (_  i)r,-n-l-(r,-l)«  ^  (.  iy.-r,-r,«  ^  (.  l)r.+r,+r,«^  (.  l)r»+r.f  r,^ 
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d^^ 


d^r 


Now   every   term    in  ^+ +  5^  + +  x*  contains   one    first    differential    co- 


d?. 


dx^ 
efficient  of  one  of  the  quantities  f„. 


dx. 


cfer. 


The  only  place  where  -^^^  can  occur  is  in  -^* ,  and  there  its  coefficient  is 


(-l)r»-Hr,+r.(i^2,...r,-l,  r,  + 1  ...  r, - 1,  r,  +  1, ...  r,- 1,  r,  + 1 ... ti). 


dl 


The  only  place  where  -j^^  can  occur  is  in  -j^",  and  there  its  coefficient  is  the  same. 


d^u 


dxt^ 


dx., 


«. 


The  only  place  where  -^^*  can  occur  is  in  t^,  and  there  its  coefficient  is  the  same 


d^ 


dx^^ 


dXr, 


But 


dXr^         dXr^         dXr,  ' 


therefore 


«+ +*+, 


dx^ 


dXr 


^§'0- 


4.  It  will  now  be  shown  that  equations  analogous  to  Helmholtz's  Equations  of 
Fluid  Motion  are  satisfied  if  instead  of  f^  f,, (,  there  be  substituted  the  quantities 

\«ii  +  Vfi  + +>^««i»    \aM  +  V«  + +  \fl^, \«f  +  \«i«+ +\.««,    where 

X,,  X^ X^  are  functions  of  P^,  P, P^  not  t,  subject  only  to  the  condition 

^/Si+ ^k-'- 

These  equations  will  not  reduce  to  the  identity  0^0  when  n  is  an  even  number 
in  general,  but  they  may  do  so  for  spedal  values  of  X^  \...X.  satisfying  the  condition 
to  which  they  are  subject 


Since 


««(-ir 


t- 

dp,  dp^ 

'"  da^   da!^i  '" 

dP, 

-  dx!: 

dp^, 

dx,     '" 

dx^,  <&^, 
dP^,  dP^. 
dx^,  dx^ 

dp^ 

dx, 

dPr^ 

■■•   dx. 

dP,   dP, 

dP, 
"dx. 

3—2 
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Therefore  ^a„(-ir 


d^P 


d^P,      d^P, 


d^P. 


dxjix, 

^. 

dx^ 

dPr» 

dx^ 
dx^ 


dx^.dx,  dx^Ax, 


dPr^  dPr, 

dx  .       dx 
dP^,      dP,. 


dxdx. 


dP.. 


_r±^ 


dx  dx 


dP.       dP. 


dx         dx 


dx^ 

dP.: 


dP 

n 

dx^ 


dp, 

d^,   - 

dP, 

-dx^. 

d^^i 

'"  dx. 

dx, 

d'Pr., 

dXjdx^  '" 

'"  dx^t 
dx^M 

d'Pr., 
,dx^,dx.- 

dPr., 

'"   dx, 
dxjdx. 

dP, 
dx^ 

dx^. 

dP, 
dx^, 

dP, 
-dx. 

dP^ 
dx,      - 

""  dx^. 

dx^. 

•••^ 

d^Pr.. 

d^Pr.. 
""  dx^,dx 

.  dx^,dx.  - 

<?p.. 

dx^dx. 

•"  dx,dx. 

dPr» 

dx,     •■ 

dPr^ 

••••  dx  , 

dP... 

dP^, 
-   Ax, 

d^      - 

dP, 

dP, 

-  dx. 

dP, 

dp. 

Hx 

dP, 

dx,       " 

•  •••  J — 

dx^ 

dx.^       " 

-  dx. 

dP^, 

1x7"- 

dPr^ 
'"  dx^t 

dx,^. 

dP.., 

-   dx. 

dPr.. 

dx. 

dPr.^ 

dx^ 

dPr» 

dx^ 

dx^ 

cfP, 

d'p. 

d^Pn 

d*P, 

dx,di,  " 

•••■  dx^,dx.  dx^,dx,  " 

'*'  dx^dx. 

Consider  now 


d  d 


d^.^^-^d^/^-^--^^^^ 


.A 
dx^ 


Calculate  in  it  the  coefficient  of   ,       ' 

dx^dx^ 


Since  ^^•(""1)'^  contains  only  second  difierential  coefficients,  in  which  one  of  the 

d'p 

diflferentiations  has  been  effected   with  regard  to   a?„    the  terms  containing    -f~-j'-    occur 

,     .      c?  jt    d 

only  m  -^  Orn  ^J^d  -7— a... 


da?. 
The  determinant  in  the  first  of  these  which  contains  it  is 


(-ir 


dP. 


dP. 


dP. 


dP 


dx,        •• 

""  dx 

d^u^i 

"dx. 

dp.., 

dx,      •• 

dPr» 

dx^ 

dPr.^ 

""dx_, 

dPr» 

dx_. 

dPrr, 
dx      

dPr,, 

dx^x 

dP^ 

dx^ 

dPr» 

-  dx. 

dx^dx^  '" 

d'p, 
dx     dx 

d'p. 
dx,^,dx,  • 

d^P, 
dx,dx^  " 

d^P, 

dx,dx. 

dP, 

dx,       - 

dx^. 

dP, 
do:.,,  

dP, 
"dx. 
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(-1)' 


dp. 

'"  cte^j 

•■■•t 

dPr-, 

d^^    

dPr.^ 
d^.    

dPr.^ 

'"  'dx^. 

dPr» 

dP^, 
dx^i 

••••    dx. 

d'P, 

d*P. 

d'P, 

'"dx^^dx. 

d'P, 

dx    dx 

d^P. 

'"  dx^dx^ 

dP, 
dx.    

dP, 

dP. 

dx 

dP, 
-dx. 

Therefore  the  coefficient  of  -5 — /    is 

dx^dx^ 


(-1)' 


,r  »if  lirtM 


dx. 


dx. 


dPa-dP^ 


<^«_i  dx^ 


Hi     dPj^  dPi. 

ds^    dx^i  dx. 


dPr.,  dP^,  dP^ 

da?j    d^u-i  ^«+i 

dPr»  dP^dP^ 


dar-i  dx^ 


dP^ 

dKi_    dP^  dPa. 


dj^  dP^ 
dx_^  dx,^^ 


dx„^  dx^ 


dP,  dP,    dP^ 

dx^ 


dP^dP^x 
d^^i    dx^^ 

dPr^dP^ 
dx      dx 


dP,_,  dP,., 
d^-i  dx^i 
dP^dP^ 
dx      dx 


dP.    dP. 


d^u^i  dx^^  dx^^  dx^ 


dP 
dx^ 

dPr* 

dx^ 


dp^ 

dx^ 
dR 


!±L 


d». 


dP 

n 

dx^ 


+(-!)' 


,t-«+K-l+r+if 


(same  determinant). 


Therefore  the  coefficient  of 


d'P, 
dx^dx. 


IS  zero. 


d^P 
Moreover  no  diflferential  coefficient  such  as   3— |  can    occur    in    any  quantity  of   the 


form  ^— flf„. 
dx.  " 


Therefore 


ctej      dx^      *"      dx^ 


.(IX). 
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Now  put  successively  «  =  1,  2,  ...n  in  (VI);  and  substitute  ^n  ^  +  fl^rt^  +  •••+flU^-- 
for  A  -^n  >  aJ^d  it  follows  that 


Bt\p)  p  dx^  P  ^%  *  P  <^^« 
Bt\p)  p  dx^  p  dx^  '"  p  dx^ 
Vp/      p   rfa?j      p  dx^      *"      p  da?^  , 


.(X). 


The  equation  (IX)  and  each  of  the  equations  (X)  is  typical  of  n  equations  which 
can  be  obtained  from  it,  by  substituting  for  r  the  numbers  1,  2,  ...  n  successively. 

Multiply  the  first  of  those  derived  from  the  first  equation  of  (X)  by  \,  the  second 
of  those  derived  firom  the  same  equation  by  \,  and  so  on,  the  last  by  X^;  where  \,  \ ...  \ 
are  each  functions  of  P,,  P^  ..,  P^  but  not  t,  and  add;  treat  each  of  the  other  equations 
(X)  in  like  manner,  then 


Bi 


\  p  /  p  dx^  p  <ir. 


P  dx^ 


U 


Ai«i.  +  \«i.  +  ••'  +  X,g„\  __  \gn  +  X,g„  + 


+  >^.a^a  <fa. .  I  v..  +  V«t  +  —  +X,g^  da, 
dx^  p  dx^ 

.  X.gi,+X.g^+...+X,a^  du, 

•f  •••  "1"":  !"'■'         "3 


S  /\g^+X,g^+...+X,g^ 
8« 


(- 


^  - \'»ii  +  Vtt  + . . .  +  \fl^  du,     \«i,  +  V.i+..-+X,g^  du. 
/  p  dx^  ,    p  dx^ 


+  ... + 


P  dXn 


and  from  the  equations  typified  by  (IX)  can  be  derived 
V'^dx,+^dx^--^^''d^J-^ +  l^«d^  +  '^^+-+^d^j 
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which  caa  be  vritten 

^  (\«,i+\«M  +  -  +  \'J  + +  ^i\<^  +  V..+  -  +  KO 

But  «'.5^.  +  -  +  »-d^  +  -  +  «-d7.  =  ^lP/ 

Therefore  the  condition  to  which  Xj,  X, ...  X^  are  subject  becomes -4 .f^p*  +  ^  +  •••  ^if  1=0. 

The  quantities  X^,  X,  ...  X^  can  be  chosen  in  an  infinite  number  of  ways  so  as  to  satisfy 
this  condition. 

Thus  there  are  an  infinitely  great  number  of  groups  of  quantities^  such  as 

\^u  +  \*»i+"-+\^«i> Xjaj^  +  X^a^+...  +  X»a„, \a„  +  X,a,,+...+  X,a,«, 

which  satisfy  equations  analogous  to  Helmholtz's  Equations  of  Fluid  Motion;  and  these 
Equations  do  not  in  general  reduce  to  identities  when  n  is  even ;  as  do  those  analogous 
to  Helmholtz's  Equations  for  that  case. 

5.    The  next  point  is  to  express  f^,  fj,  ...f«  in  the  forms 
\«ii  +  Vu  +  Vtt  +-+  Vt»     V«  +  Vm  +  Vat  +•  •  •+  V.«> \^in  +  Vs.  +  Vs*  +•  •  •+  \«H-- 


fj  is  the  PfaflSan  (2,  3,  4,  5...n  — l,n)  and  is 


where  tjt^,  ^^5>'«-W»  ^  ^^7  permutation  of  23,  45,  ...n-ln  such  that  every  pair  in 
it  is  not  the  same  as  every  pair  in  23,  45,  ...  n  — In;  and  ±  denotes  that  the  sign  appro- 
priate   to    that    permutation   has   to    be    affixed.     The   number    of  such    permutations   is 

^        '2 


*'"     <ir,     <&p      Vtir,  dXf     da,  3^    '"     cio;,  dx^)     Kjix^  dx„     dx^  dx„    ■'"    dx^  dx,) 

V«P,     SP.y  V<i<r,  das,     dx,  dxj  ^  \BP,^ BPj \dx,  da,     dx,  dxj  ^''•'^  {BP,     BPJ  \dx,  dx,      dx,  dxj 

+  (M*  _  «/.V^  ^_^  dP.^.      .(¥.  _  ¥A(dP,  dK_d^  dP,\ 
^UP,     lPj\dx,  dx,     dx,dxJ^"''^\BP,     'iPj\dx,  dx,     dx,  dxj 

+ 

4.  (^f^  _  }f^\  r^p-  '^^  _  dK  dK,\ 

Up.      SP^,A<fop    cfa;,     flJiri,   dxj- 
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It  fte^fore  X„  ^d  for  g_-|,  „d  PZ  for  ^^  £-^  g. 

fp^  =  SXrrP/Mr»  the  summation  being  taken  for  all  possible  values  of  r,  8  between  1  and  n 
inclusive,  such  that  r  is  less  than  8, 

In  the  expression  Pp',  p  and  <7  will  be  called  in  this  investigation  the  suffixes. 

Substituting  for  every  term  fp,  its  value  2Xr#^^  in  fj,  it  is  required  to  know  the 
coefficient  of  Xn*,^^  —  ^r^i*»^- 

t      s 

It    occurs   in    each   term.     If   in   the   term  f«f«  ...  fn-x.,,    Ki»,    be    taken    from   f„, 

\rfy  from   gjg,  and   so  on;   its  coefficient  will    be    P^'P^  •••-^»3i,i?^'  ^^*  ^  ^t'l  "^^  ^ 
taken  from  any  factor  of  the  product,  the  coefficient  is 


TiSx  _rA 


^«s  ^48   •••■^»Ji,«*  +^  s^cb  products  as  can  be  obtained  from  this  by  interchanging  pairs 
of  suffixes. 
Hence  the  coefficient  of  VaVa--- V,.i*,.i  in  f^  is 

Pn  P4S  •••  -f^w-i,!!*  '*"^"  terms  which  can  be  obtained  from  this  by  interchanging  pairs  of 

suffixes 
+ 

±  \Pt^tPu6'"PiJ^^tn    "*"       t^rms  which  can  be  obtained  from  this  by  interchanging  pairs  of 

suffixes) 


Now  the  sum  of  all  these 

products 

dP„ 

dPr, 

dPr, 

dx,  ' 

d.,  •••• 

d'^. 

• 

dP., 

dP., 

dP^ 

da,,' 

dx^ 

d^. 

dPr, 

dPr. 

dPr, 

dx,' 

ds,  ••;• 

d^n 

dP., 

dP^ 

^ 

Ar,' 

cte. 

d<^. 

dPr„. 

dPr... 

dPr... 

d.,  ■ 

1 

t 

ds,    "•• 

d^n 

dP»... 

dP^.. 

dP^.. 

S 

T 

dxg 

dx. 

"•or  consider  the  nroducts: 

each  V] 

roduct  is 

the  nroduG 

t  of  "-^ 

which  is  itself  the  difference  of  two  products. 


g.      terms  of  form  P^, 
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Each  of  the  last  products  is  the    product   of  two   constituents  of   the  '  determinant. 
Thus  any  term  of  the  form  ±P^  Pf^  '"^tJu^   contains  2  »    products,  each  of  which  is 

an  element  of  the  determinant   in    question    with    the   right    sign.      Moreover  there   are 

In  — 1 

-^;;:i~-  such  terms.    Therefore  the  coefficient  of  Xr,tj ^-a  •  •  •  ^.-i»-i  contains  |n  — 1  elements 

of  the  determinant ;  and  since  all  the  terms  in  that  coefficient  are  different^  the  coefficient 
must  be  equal  to  the  determinant. 

Hence   in   the   expression   for  f^  there  is  no   term  Xr.tj  Va  •••  ^-i*-i   ^^^bs  all  the 

numbers  r^s^  r^,  ...  r^,^  be  different,  for  if  any  two  were  the  same  the  determinant 
would  vanish. 

Therefore    v^  V,  ...  r,^«^  must  be  n  — 1  of  the  numbers  1  to  n. 

There  will  be  n  cases  to  consider,  viz.  when  they  do  not  include  1,  2,  ...n  respectively. 
When  they  do  not  include  1, 

the  coefficient  of  ^tt^««**\-i«  ^  ^^  determinant  a^; 

the  coefficient  of  Xr,f,\'A"-^«-i^-i  ^   ±  «u»  ^^^re   ±   is  the  sign  appropriate  to 

T  T 

the  permutation  r^^jr^,  ...r,,^*,.,  considered  as  derived  from  2346  ...n  — l.n. 
Therefore  (^  contains  the  term 

XT 

where  \  is  the  square  root  of  the  coefficient  of  \^  in  the  determinant  A, 


\l»     \« ^nm 


When  r^s^rjs^ ...  ^y,*,.,  do  not  include  2,  the  coefficient  of  X^X^, ...  X^^  is  the  determinant 


/ 


dp,    dp, 

dP,      dP^ 

dw, '      dx. 


fltP. 
da^ 
dP^ 
doc 


Vol.  XrV.  Pabt  I. 


dp,  dP^ 

dx^ '  dx^ 

dPx  ^ 

dx^  '  dx. 


dx^ 
dP^ 

'  dx. 
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And  in  like  manner  it  may  be  ahown  that  (^  contains  the  term  \ol^,  where  \  is 
the  square  root  of  the  coefEdent  of  X„  in  A,  and  so  on. 


Hence 

and  similarly, 


Xj,\,  ...X^,  being  the  square  roots  of  the  coefficients  of  X,j,  X„  ...  X^^  respectively  in  A 

Now  observing  that 

fi»  fa>  •••  l«   *"^  ^^^  square  roots  of  the 
coefficients  of  fj,,  ?„,...  f.^  in  the  determinant 

fu  fn  •'•  fi 


fai  C»  •••  Stt 


and  that  f„  =  ^-^_ 


X^,X,,  ...  X»  are  the  square   roots  of  the 
coefficients  of  Xjj,  X^, ...  X^  in  the  determinant 


\i  \«  •  •  •  \« 


and  that  X„-^-^ 


it  follows  that  the  relations  between  f,,f,  ...f«  and  x^,x^.,.  x^  through  the  quantities 
Wj,«, ...  «.  are  the  same  as  those  existing  between  X^,X, ...  X^  and  P^,P^.,,  P^  through  the 
quantities  f^^f^^^^fn- 

And  since  in  proving  the  equation  ^+  •••  +  j~  +  •••  +  ^  =  0  iii  Art.  3,  the  quan- 
tities Wj,u,  ...t^,  might  have  been  supposed  perfectly  arbitrary  functions  of  ay^,  a?,  ...n,^  it 
follows  that 


.Ni 


Hence  f  ^[  ;^^^3g  il""'   ^TiTi  mm  in  1 11  in  the  form  of  the  )last  article. 
Now  consider  the  case  in  which  n  is  even. 

The  coefficient  of  Xy^tjVA---^-*-  ^ 


P*^'*'i>'^''\..P"*  •  +  all  terms  which  can  be    obtained  from  this  by , interchanging  pairs 
of  suffixes 


A-(P^'P     ...  P  •  *  +  all  terms  which  can  be  obtained  from  this  by  interchanging  pairs 

of  suffixes) 
+ 
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dP^ 


dPr. 


<^. 

dp„ 

d^. 

'^Z-. 

d'r  

^ 

^fr. 

dx,        • 
dP^ 

^ 

dx,    

dx^ 

dPr, 

f  ,,., 

dPr. 

f 

dPs, 

1    

dP^ 

i 

da?. 


dx^ 


Therefore  the  coefficient  of  K,$,Ka  •••  K^n  ^^^  be  ±  J,  if  r^a^r^^ ...  r,*,  be  all  different; 

t  i  §  I 

the   sign   will  be   the    aign   appropriate  to  Uie  permutation  rjf^r^^  ...  r.^.  oonaidered   as 

t  ■ 

derived  from   1,2, 3, 4  ...  n.    In  all  other  cases  the  determinant  will  vanish; 

i  i 

6.    To  prove   that,    using    the  language  of   ordinary  fluid    motion,  the   vortex    lines 
*-^  =  -j^*= ...  =-p^  always  contain  the  same   particles   of  fluid.     [Analytically,  the  sets  of 

ft  Ci  Cm 

values  of  a?j,«?, ...  a?»  which  satisfy  these  equations  always  satisfy  (n— 1)  equations  of  the 
form  6  a  constant,  where  B  is  an  integral  of  the  Equation  (III).] 

If  such  a  vortex  line  lie  on  the  locus  B(a;^,a;, ...  xi)^%  then  it  is  known  that 


d%  ^  ^d^ 


dB 


Substituting  for    f,,  {,  •..  f.   their  values  from  the    last  article,    and  expressing    the 
differential  coefficients  of  B  in  terms  of  the  independent  variables  P^tP, ...  Pjt 


A      .^      .      j^%     \f^  dP.  ^se  dP^  ^     ^^  dP,\ 
.  /N     . ^    ^     .  ^    sf^^dP,  ^m  dP, ,      ,  se  dp,\ 

+ 

^f^      j.%       ^      _L^      \f^dP,^mdP.^       ,^^dP,\     ^ 


4—2 
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Now  this  equation  has  (n  — 1)  independent  int^rrals  6^,9,  ...6,_,  each  of  which  is 
a  function  of  Pi,P,  ...  P«  (not  <),  ie.  the  vortex  lines  -^=-^ss  ...  —-^  are  the  inter- 
sections  of  (n  — 1)   loci  which  always  contain  the  same  particles. 

Therefore  the  vortex  lines  always  contain  the  same  particles. 

The  same  argument  shows  that  the  lines 
dx^ ^_ dx^ dx^ 

are   always  the  intersections    of  (n  —  1)  loci  whose   equations    satisfy  the    equation   (III), 
whenever  \X, ...X^  are  any  functions  of  PJP^,.,P^, 

7.     It  has  been  shown  in  Art.   2,  that 

u^dx^  +  ...  +  u^dx^^dK^-f^dP^+...  +fJP^. 

But  this  form  contains  more  quantities  than  Clebsch's  form.  It  is  required  to 
reduce  this  to  Clebsch's  form  in  which  n  is  supposed  to  be  an  odd  number,  and  to  in- 
vestigate the  meaning  of  the  reduction. 

If  n  be  odd,'  it  is  known  that  ^c£Pj+ ... +/,c£P^  is  always  reducible  to  the  form 

where  O,  Q^>..Q^,  Q^^  Ci  are  functions  of /^  ...^P. ,..  P.,  and  therefore  of  P,...P, 

only. 

Therefore       u^dx^^  ...^u,dx^^d{K+  <b)  +  Q^dQ^Jt-  QnJ^Q^-^ ...  +  Q^dQ,^. 

Now  as  C„  Q^...Q^,  Qnit'Qn-i  are  (n-1)  independent  integrals  of  (III),  they  may 
t         t 

together  with  one  other,  which  may  be  called    Q^,  be  taken  in  the  place  of  P^,  P^...P^. 

Also  since  g- ""&  *  ^+*  niay  be  used  in  place  of  K.    Hence  reverting  to  the 

origiual  notation  u^dx^^-  .,.+uJlx^  may  always  be  reduced  to  the  form 

dK^P^dP,-^  P^dP,^ ...  +P..,dP^, 
and  this  is  the  form  which  Clebsch  has  given  for  u^dx^-^u^dx^-^- ...  +w^{£c^. 

To  examine  the  meaning  of  it,  it  is  necessary  to  calculate  the  values  of  f^,  f, ...  f^ 
for  this  form ;   and  as  a  preliminary  step  to  this  the  determinant  A. 

Now  this  form  is  a  particular  case  of  that  of  Art.  2,  viz.  when 
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The  determinant  corresponding  to  A,  becomes 


0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

-1 

Q 

0 

0 

0 

0 

0 

-1 

0 

0 

0 

0' 

0 

0             - 

1 

0 

0 

0 

0     0 


0  0  0 


0   0 


The   only  one   of  the   quantities  X,,  X,  ...\.  which  does  not  vanish  is  the  last,  and 
that  JB  1. 


Hence 

ft 

- ««.  St  -  *-. 

•••?«=«•.• 

Now  if  B  be  a 

locus 

containing  the  lines 

de      de 

_dx. 

therefore, 

de      de . 

therefore, 

f  ■  f-  - 

dar,     dar, 
dP,    dP, 
dajj     dx. 

=* 

dP,.r  dP,  , 
dx^      da?. 

dP,., 

(26     de 

daj,      da?. 

de 

-   da?. 

This  is 

satisfied 

bye 

=i*..e 

»p....e=p^ 

i»  ®==-P||+i 

s  s 

Therefore  the  loci 

P,  =  constant,  P,  =  constant, . . .  P^^  =  constant,  P^^  =  constant,. .  .P._i  =  constant, 

intersect  in  the  vortex  lines,  and  this  shows  the  difference  between  Clebsch's  form  for 
ttjda:^+ ...  4- u^da?.  and  that  which  has  been  given  in  Art.  2,  of  which  Clebsch's  form  is  a 
particular  case. 

For  a  proof  of  the  same  theorem  in  the  case  n  =  8,  see  an  Article  by  the   writer  in 
The  Quarterly  Journal  of  Pure  and  Applied  MathemaHcs,  No.  65,  page  11. 
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II.     On  the   measurement  of  Temp^ature  by    Water-vapour   pressure.     By 

W.   N.   Shaw,   M.A-     (Plate  I) 

[Read  Novmb^  26;  1883.] 

It  is  well  known  that  the  mdicatipne  of  ^  mercury  th^naometer  are  liable  to  errors  that 
cannot  be  neglected  when  temperature  measurements  are  carried  to  the  degree  of  accuracy 
which  in  practice  is  frequently  required.  But  at  the  same  time,  the  mercury  thermometer 
is  so  convenient  an  instrument  in  practical  use  that  the  plan  generally  adopted  in  measuring 
temperatures  is  to  use  a  mercury  thermometer,  in  spite  of  the  errors  to  which  it  is  liable, 
applying  corrections,  independently  determined  in  the  case  of  each  thermometer,  which  enable 
us  to  refer  the  indications  to  a  standard  scale  of  temperature*  The  errors  referred  to  arise 
from  two  causes  and  we  may  refer  to  them  as  sepi^rate  errors,  (1)  the  initial  error  arising 
from  inequalities  in  the  bore  of  the  tube  and  the  irregular  expansion  of  the  glass  envelope 
between  the  limits  of  temperature  for  which  the  thermometer  is  used,  and  (2)  the  secular 
error  arising  from  the  gradual  alteration  of  volume  of  the  glass  envelope  which  takes 
place  after  the  thermometer  has  been  graduated.  This  error  increases  continually  although 
only  slightly,  with  the  lapse  of  time^  but  will  be  of  considerable  magnitude,  amounting 
in  some  thermometers  to  as  much  a9  half  a  degree  Centigrade,  unless  the  instrument  is 
allowed  to  remain  for  some  six  months  or  more  after  being  filled  before  it  is  graduated 

The  e£fect  of  this  secular  change  is  to  produce  an  apparent  elevation  of  the  freezing- 
point  as  measured  by  the  thermometer,  ai^d  all  other  temperatures  will  be  likewise 
increased,  but  the  amount  of  apparent  increase  of  higher  temperatures  diminishes  as  we 
rise  on  the  scale,  and  would  probably  disappear  if  the  thermometer  were  raised  to  the 
temperature  at  which  it  was  filled,  and  the  error  would  not  then  reappear  on  cooling 
until  after  the  lapse  of  considerable  time.  In  consequence  of  this  the  secular  error  will 
be  altered  if  the  thermometer  is  raised  to  any  considerable  temperature,  and  it  is  therefore 
necessary  to  use  a  particular  mercury  thermometer  only  for  a  small  range  of  temperature 
within  which  the  secular  error  may  be  regarded  as  constant,  and  we  may  then  determine 
the  eeeular  error  for  any  point  within  that  range  at  the  time  the  thermometer  is  used 
and  correct  for  it  by  subtracting  ita  value  from  any  observed  reading  previously  corrected 
for  the  initial  error  which  remains  always  practically  constant  for  the  same  thermometer. 

In  tho  preacAt  paper  I  propose  only  to  deal  with  temperatures  between  O^O.  and 
Z(fG^  and  within  that  range  we  may  ^^ssume  the  secular  erro^  to  be  constant  and  equal 
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io  ltd  value  at  the  freezmg-point,  da  that  it  can  always  be  detennined  bj  obsemag  the 
reading  of  the  thermometer  when  immersed  in  melting  ice  in  the  tnroal  way. 

Methods  at  present  in  use  for  ohtaininff  comparable  readings  with  mercurrf  thermometers. 

The  secular  error  may  be  determined  at  any  time,  as  already  mentioned,  by  im- 
mersing  the  thermometer  in  melting  ice;  for  determining  the  initial  error  we  have  at 
present  a  choice  of  three  methods. 

(1)  By  determining  two  fixed  temperatures  such  as  the  freezing-point  and  boiling- 
point  and  calibrating  the  tube  between  those  limits,  we  may  determine  the  error  for 
each  degree  due  to  the  want  of  uniformity  of  the  tube;  and  any  two  mercury  thermo- 
meters thus  corrected  will  be  comparable,  provided  the  expansion  of  the  glass  is  uniform 
between  the  limits.  The  objection  to  this  method  is  that  the  only  fixed  points  easily 
obtainable  are  the  freezing-point  and  boiling-point,  and  these  two  do  not  generaUy  both 
appear  on  a  sensitive  thermometer  in  ordinary  use.  And  moreover  the  raising  of  the 
thermometer  to  the  boiling-point  temporarily  alters  the  freezing-point  and  thus  introduces 
an  uncertainty  in  the  table  of  corrections, 

(2)  By  comparison  with  an  l[ir-thermometer.  It  has  been  shewn  by  Regnault  that 
any  two  air-thermometers  give  strictly  Comparable  readings  when  their  freezing  and  boiling- 
points  have  once  been  determined;  the  given  thermometer  may  therefore  be  compared 
with  an  air-thermometer  for  different  points  on  its  scale  by  reading  both  at  the  same 
temperature. 

This  is  a  very  practical  method,  but  the  air-thermometer  requires  very  careful 
manipulation,  and  we  have  to  face  the  difficulty  of  keeping  the  two  thermometers  at 
the  same  temperature  during  the  observation. 

(3)  By  comparison  with  Kew  standard  thermometers.  The  Kew  Observatory  under- 
takes to  compare  with  their  standards  any  thermometer  sent  to  them  by  simultaneous 
readings  of  the  thermometers  when  maintained  at  the  same  temperature  by  a  special 
apparatus  designed  for  the  purpose.  The  Eew  standard  thermometers  consist  of  instru- 
ments made  of  the  same  kind  of  glass,  carefully  annealed,  and  kept  in  stock  for  some 
years  before  being  graduated.  They  are  frequently  referred  to  the  fixed  points,  melting 
ice  and  boiling  water,  and  have  been  compared  with  each  other,  so  that  a  reliable 
standard  scale  of  temperature  has  been  established. 

A  table  of  corrections  to  01  degree  is  issued  by  the  Observatory  for  each  thermo- 
meter compared  with  the  Eew  standard  for  every  10*  F.  or  5^C.  This  table  gives  the 
initial  error  together  with  the  secular  error  at  the  time  of  comparison.  At  any  other 
time  the  secular  error  can  be  determined  by  a  reading  of  the  freezing-point  and  the 
proper  table  of  corrections  formed  for  that  time. 

I  have  had  occasion  during  the  past  few  years  to  employ  thermometers  which  re- 
quired corre<?tion,  and  I  have  therefore  had  them  compared  at  Eew,  some  of  them 
more  than  once.  Their  secular  errors  have  been  determined  as  occasion  required.  I  append 
a  table  of  the  results  of  these  comparisons  which  will  serve  to  shew  what  the  magnitude 
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of   thermometric   errors  may  be    expected   to   be,  and   also    exhibit   the  variation   of   the 
secular  error  with  lapse  of  time. 

The  first  Kew  comparison  was  the  ordinary  one;  the  comparison  of  January,  1882, 
was  a  special  one  giving  corrections  for  every  degree  centigrade  to  a  closer  accuracy  than 
0*'l,  kindly  undertaken  for  me  by  Mr  Whipple. 

TABLES  OF  CORRECTIONS  OF  THERMOMETERS. 

[The  freezing  points  were  not  observed  at  Kew  in  January,  1882.  The  correction  in 
brackets  has  been  inferred  from  the  corrections  at  the  lowest  temperatures  available,  viz. 
at  2*,  3*  and  4*C.] 

I.    Thermometer  by  Casella,  No.  12863,  graduated  to  fifths  of  a  degree  Fahrenheit. 


Temperatnie 

Kew  Coireetions 

Kew  Conecti<m8 

Y. 

May,  1878. 

Aug.  1881. 

Jan.  1882. 

Joly,  1888. 

Nov.  1883. 

32» 

-00 

-0-2 

(-012) 

-0-20 

-0-2 

42» 

-00 

-017 

62* 

-00 

-015 

62» 

-01 

-010 

72- 

-01 

-010 

82» 

-01 

-010 

. 

II.    Thermometer  by  Negretti^  No.  2344,  graduated  to  half-degrees  Fahrenheit. 


Temperatnie 

Kew  Oonceetions 

Kew  Coneetions 

% 

Ang.  1879. 

Aug.  1881. 

Jan.  1882. 

July,  1888. 

Nov.  1888. 

82* 

0-0 

-0-6 

(-032) 

-0-45 

-0-45 

42» 

00 

-0-38 

62» 

00 

-0-45 

62f 

0-0 

-0-45 

7r 

-01 

-0-43 

82» 

-0-2 

-0-50 

III.    Thermometer  by  Hicks,  No.  79915,  graduated  to  fifths  of  a  degree  Centigrade. 


Tempemtme 

KewComotions 

Kew  Comotions 

^. 

Deo.  1880. 

Jan.  1882. 

July,  1888. 

Not.  1888. 

Of 

-01 

(-0-20) 

-0-22 

-023 

5" 

-01 

-019 

10* 

-01 

-0-22 

15- 

-01 

-017 

20- 

-0-2 

-0-25 

25« 

-0-2 

-0-26 
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IV.  Thermometer  by  Dr  Geissler  of  Bonn  (numbered  C.L.C.  16),  forming  one  of  a 
collection  purchased  by  the  Cavendiah  Laboratory  from  the  Loan  Collection  at  South 
Kensington,  graduated  to  tenths  of  a  degree  Centigrade, 


TMnperatiue 

Eew  Gorreotions 

Eew  Coiieotions 

C. 

Deo.  1880. 

kxiz.  1881. 

Jan.  1882. 

July,  1888. 

Nov.  1888. 

0* 

-0-2 

-015 

(-0-18) 

-0-22 

-•20 

b" 

-0-2 

-019 

w 

-0-3 

-0-26 

w 

-02 

-0-30 

20"' 

-0-3 

-0-34 

25* 

-0-2 

-0-26 

A  glance  at  these  tables  of  corrections  shews  that  the  various  thermometers  differ 
very  considerably  in  regard  to  the  variation  of  the  secular  error,  the  first  example  for 
instance  shewing  an  increase  of  secular  error  of  only  0"'2  in  ten  years,  while  the  second 
shews  an  increase  of  0®'45  in  four  years.  The  tables  may  be  also  taken  to  indicate  that 
the  method  of  taking  a  freezing-point  and  deducting  any  additional  secular  error  thus 
discovered  from  all  the  readings  does  not  give  a  strictly  accurate  table  of  corrections, 
the  Geissler  thermometer  being  the  only  instance  in  which  the  differences  between  the 
Kew  corrections  in  January,  1882,  and  December,  1880,  are  approximately  the  same  at 
different  temperatures  throughout  the  range. 


Correction  of  ihennometera  by  means  of  water-vapour  pressure^ 


It  is  the  purpose  of  the  present  paper  to  suggest  a  method  of  referring  the  readings 
of  any  thermometer  to  a  standard  scale  without  the  necessity  either  of  direct  comparison 
with  a  standard  thermometer  or  of  subjecting  the  instrument  to  any  considerable  altera- 
tion of  temperature. 

It  is  generally  accepted  by  physicists  that  the  saturation  pressure  of  the  vapour  of 
water  in  vacuo  depends  upon  the  temperature  and  upon  nothing  else.  The  question  has 
been  the  subject  of  many  experiments,  but  has  been  regarded  as  settled  since  Regnault 
{JteloHon  dee  ExpSriencee.  MSmoires  de  tAcadSmie,  T.  xxi.)  published  his  table  of  the 
pressures  of  aqueous  vapour  at  different  temperatures.  This  table  expresses  the  relation 
between  the  pressures  of  aqueous  vapour  and  the  corresponding  temperatures  as  referred 
to  the  standard  scale  of  temperature  adopted  by  Regnault.  This  relation  being  perfectly 
definite  we  might,  by  repeating  Regnault's  experiments  with  a  given  thermometer,  use 
Regnault's  table  of  tensions  in  order  to  refer  the  readings  of  the  thermometer  to  Regnault's 
scale  of  temperatures.    This  would  be  practically  using  an  instrument  adapted  to  shew  the 
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pressure  of  water-vapour  at  different  temperatures  as  a  ooniinuous  intrinsic  thermoscope. 
Such  an  instrument,  which  may  be  called  a  water-steam  thermometer,  is  figured  by  Sir 
W.  Thomson  in  his  article  on  Heat  in  the  Ency,  BriL  Vol.  xi.  p.  568,  and  its  advantages 
for  the  purpose  are  there  pointed  out.  They  are  mainly  that  the  indications  of  such  an 
instrument  would  depend  on  the  temperature  only,  and  not  on  the  state  of  the  glass 
envelope  or  other  varying  quantity  at  the  time  of  the  observation,  and  the  different 
specimens  of  the  substances  used  in  the  manufacture  of  such  a  thermometer  are  for  the 
purpose  perfectly  identical  in  their  properties,  and  in  consequence  two  such  thermometers, 
made  quite  independently,  would  give  at  once  the  same  indication  for  the  same  tem- 
perature  without  auy  previous  comparison. 

The  practical  comparison  of  an  ordinaiy  thermometer  with  such  an  instrument  would 
be  in  many  respects  identical  with   the  comparison  of  a  mercury  and  an  air  thermometer. 

Such  a  water-steam  thermometer  b,  however,  a  difficult  instrument  to  construct  and 
to  manage.  We  proceed  therefore  to  describe  how  the  water-vapour  pressure  may  be 
measured  without   employing  such   an  instrument. 

It  was  first  enunciated  by  Dalton  that  the  pressure  of  water-vapour  in  a  closed  vessel, 
in  presence  of  water  at  the  same  temperature,  is  the  same,  no  matter  whether  there  be  air 
present  in  the  vessel  or  not.  Experiments  with  a  view  to  the  verification  of  this  law  of 
Dalton's  were  undertaken  by  Regnault,  Ann.  de  Chimie,  3rd  Series,  Vol.  xiv.  1845.  By 
a  slightly  modified  arrangement  of  his  apparatus  for  determining  the  tension  in  vacuo  he 
determined  the  tension  in  air  and  in  nitrogen  gas.  The  pressure  in  air  was  observed 
for  thirty- four  temperatures  lying  between  the  limits  0*C.  and  38*C.  The  results  obtained 
shew  a  tension  in  air  less  than  that  derived  from  the  table  for  vacuum  by  amounts 
varying  between  *10  mm.  and  "T*  mm.,  the  mean  of  the  differences  between  calculation 
and  observation  being  *44!  mm.  The  results  obtained  with  nitrogen  gas  are  very  similar, 
the  mean  error  for  the  first  set  of  observations  with  nitrogen  being  '56  mm.  These 
differences,  though  very  irregular  in  amount  are  considerable,  and  always  in  the  same 
direction,  and  might  be  held  to  shew  that  Dalton^s  law  is  only  approximately  true,  but 
Regnault,  at  the  time  he  published  the  observations,  himself  suggested  that  they  might 
be  due  to  some  constant  error  which  he  could  not  then  discover,  and  in  a  subsequent 
paper  on  the  tensions  of  ether  and  other  vapours  {Miinoires  de  VAixMrniCj  T.  xxvi.)  he 
adduces  reasons  in  favour  of  that  suggestion,  attributing  in  fact  the  diminished  pressure 
of  vapour  to  the  molecular  action  of  the  glass  side  of  the  vessel  upon  the  satufated  vapour 
contained  in  the  air  producing  a  condensation  upon  the  glass,  the  slowness  of  diffusion 
preventing  the  pressure  reaching  its  maximum  value  by  consequent  evaporation.  This 
method  of  accounting  for  the  discrepancies  between  calculation  and  experiment  in  reference 
to  Dal  ton's  Law  has  been  subsequently  confirmed  by  experiments  of  Herwig  {Pogg,  Arm. 
oxxxvii.)  upon  compression  of  vapours,  where  it  was  found  that  the  pressure  of  the 
vapour  could  be  increased  beyond  the  point  at  which  a  deposit  was  first  formed  on  the 
sides   of  the   vessel,  and  the   vacuum  saturation   tension   was   the   increased   pressure    and  | 

not  the   pressure  at  which  the   deposit  is  first  formed.     We  may  therefore  conclude  that  j 

Dalton's  law  is  strictly  true   provided  the  air  is  saturated  in  such  a  manner  as  to  avoid  | 

the  molecular  action  of  the  sides  of  the  containing  vessel. 
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By  Dalton's  law  the  pressure  of  saturated  steam  is  the  same  whether  air  be  present 
in  the  vessel  containiDg  the  water  and  steam  or  not.    If  then 

€  be  the  pressure  of  steam  in  air   in  millimetres, 

A  the   density   of  dry   air   at    0*C.  and  760  mm.  pressure, 

t  the  temperature  of  the  moist  air, 

a  the  coefficient  of  expansion  of  air  per  degree  centigrade, 

d  the    specific  gravity   of  steam    referred    to   dry  air   at   the    same   pressure    and 
temperature, 

/  the  density   of  the  steam  at   the  given  temperature  and   pressure,  Le.  the  mass 
of  one  cubic  centimetre. 


then 


e   _  (1  +  at)   f 
^tiO"      A      -d* 


Of  these  quantities,  as  t  only  enters  as  a  factor  of  a  small  correction  it  may  be  read  on 
any  thermometer;  /  may  be  observed  by  causing  a  known  volume  of  the  air  to  pass 
over  a  substance  which  will  absorb  the  whole  of  the  moisture  (and  nothing  else)  and 
determining  the  increase  of  weight  so  caused;  a  and  A  are  known  constants,  and  we  ean 
therefore  use  the  equation  given  to  determine  6  if  d  be  known. 

The  specific  gravity  of  steam,  however,  referred  to  air  at  the  same  temperature  and 
pressure,  is  a  quantity  which  has  not  yet  been  completely  determined  for  all  temperatures 
and  pressures.  Theoretically  the  specific  gravity  of  steam  referred  to  hydrogen  may  be 
determined  from  its  molecular  weight,  and  the  specific  gravity  referred  to  air  may  then 
be  calculated  from  the  known  specific  gravity  of  hydrogen ;  this  theoretical  value  would  of 
course  be  constant  for  aU  temperatures  and  pressures,  and  equal  to  0*622,  and  Regnault 
{Ann.  de  Chimie,  3rd  Series,  xrv.)  undertook  several  series  of  experiments  to  ascertain  if 
such  were  the  case.  The  first  two  series  of  experiments  were  made  on  water-vapour  in  vacuo, 
and  shewed  that  the  number  quoted  '622  was,  within  the  limits  of  error  of  experiment,  the 
true  value  of  the  specific  gravity  provided  the  fraction  of  saturation  of  the  vapour  experimented 
on  did  not  exceed  0'8.  The  third  series  of  experiments  was  made  with  air  artificially 
saturated  with  moisture  at  a  known  temperature.  A  volume  of  this  air  was  made  to 
pass  through  two  drying  tubes  of  sulphuric  acid  and  pumice  by  means  of  an  aspirator 
whose  capacity  was  accurately  determined,  the  gain  in  weight  of  the  drying  tubes  gave 
the  quantity  of  water-vapour  contained  in  unit  volume,  and  this  could  also  be  calculated 
firom  the  known  pressure  of  saturation  at  the  temperature  of  the  saturating  vessel  assuming 
the  theoretical  value  '622  for  the  specific  gravity  of  the  vapour.  A  comparison  of  the 
results  obtained  serves  to  shew  whether  this  assumption  of  *622  as  the  value  of  the 
specific  gravity  is  justifiable  or  not.  The  series  comprises  sixty-eight  experiments  on  air 
saturated  at  temperatures  varying  between  O^C.  and  27*C. 

The  following  table  (V)  shews  the  mean  percentage  difference  between  the  observed 
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and   calculated    values    of   the    mass    of   moisture  per  unit    of    volume    at    the    different 
temperatures. 

Table  V. 


Temperatoie  of 

Nomberof 

Feieentage 

Conesponding  enor  of 

satorated  sir. 

experiments. 

diSerenee. 

Thermometer  reading. 

I            0" 

9 

•44 

0'-065 

14" 

9 

•77 

0''12 

r 

7 

•86 

0»-12 

20»-5      • 

21 

•45 

0»-07 

24''-5 

22 

•90 

0»-15 

The  differences  thus  tabulated  lie  all  in  the  same  direction,  the  observed  weight  of 
moisture  being  in  each  case  too  small.  They  may  be  accounted  for  in  four  different 
ways,  (1)  the  pressure  of  aqueous  vapour  in  the  saturated  air  may  be  slightly  less  than 
that  given  by  the  table  of  tensions  in  vacuo,  (2)  the  density  of  vapour  in  saturated 
air.  may  be  less  by  about  1  per  cent,  than  the  theoretical  density,  (3)  the  temperature 
readings  of  the  saturated  space  may  be  slightly  inaccurate,  (4)  the  differences  may  be 
due  to  the  incidental  errors  of  the  experiments.  The  irregularity  in  the  number*  for 
different  temperatures  tends  rather  to  shew  that  either  of  the  first  two  suggestions  is 
insufficient  completely  to  account  for  the  observations  although  part  of  each  difference 
may  be  due  to  one  or  other  of  these  Causes.  The  amount  of  thermometric  error  required 
in  each  case  to  account  for  the  differences  is  tabulated  in  the  fourth  column  of  the 
table.  Regnault  gives  no  details  as  to  the  method  of  correcting  the  thermometer  -  he 
employed  in  the  experiments,  but  his  known  familiarity  with  thermometers  of  every  kind 
and  their  errors  makes  it  highly  improbable  that  he  could  have  overlooked  these  in  the 
case  before  us.  In  reference  to  the  possible  experimental  errors  it  should  be  mentioned  that 
Regnault  made  a  number  of  experiments  upon  the  dessicating  power  of  the  sulphuric  acid 
and  pumice  used,  with  the  result  of  being  completely  assured  as  to  its  efficiency.  The  pre- 
cautions adopted  in  order  to  secure  the  observations  against  the  possible  sources  of  error 
that  are  suggested  by  the  arrangement  of  the  apparatus  are  not  definitely  stated. 

The  construction  of  the  apparatus  for  a  repetition  of  Regnault's  experiments  is  so 
simple  that  it  could  be  arranged  in  any  laboratory,  and  the  observations  themselves 
require  only  the  ordinary  amount  of  care  in  manipulation.  We  may  use  them  to  deter- 
mine the  temperature  of  the  saturated  space  and  compare  the  results  so  obtained  with 
the  temperature  given  by  a  thermometer  enclosed  in  the  space,  and  thus  correct  the 
thermometer  for  that  temperature.  We  have  only  to  adopt  such  a  corrected  value  of  the 
specific  gravity  d  for  that  temperature  as  is  given  by  experiments  with  previously  cor- 
rected thermometers,  provided  that  the  value  of  the  specific  gravity  as  given  by  such 
experiments  is  always  the  same  for  the  same  temperature. 

I  have  had  occasion  in  the  course  of  some  experiments  undertaken  for  the  Meteoro- 
logical Office  to  repeat  the  experiments  of  Regnault  in  order  to  assure  myself  of  the 
eflSciency  of  the  absorbing  substances  which  I  proposed  to  use  on   employing  the  chemical 
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method  for  determining  the  pressure  of  aqueous  vapour  in  the  air.  The  investigatiou 
involved  the  question  as  to  how  fax  the  method  is  liable  to  unavoidable  error,  and  the 
results  will  therefore  serve  to  shew  to  what  extent  the  method  suggested  above  may  be 
relied  upon  for  giving  the  value  of  a  thermometer  correction  at  the  temperature  of  the 
saturated  space.  I  purpose  giving  the  details  of  these  experiments  for  the  information  of 
those  who  may  have  to  use  a  similar  method,  as  I  have  been  unable  to  find  any  satis- 
factory account  of  the  sources  of  error  and  the  methods  of  avoiding  them* 

The  apparatus,  which  shews  the  general  arrangement,  consists  of  three  distinct 
parts: 

(1)  The  aspirator  (C)  for  causing  the    passage    of  a    known    volume   of  air    over 
the  dessicating  substances  in  the  drying  tubes. 

(2)  The  weighed  drying  tubes  (B,  B)  for  determining  by  their  increase  of  weight 
the  quantity  of  moisture  in  a  known  volume. 

(3)  A  saturater  (A)  for  supplying  saturated  air  at  the  temperature  of  the  room. 

Between  the  drying  tubes  and  the  aspirator  is  placed  an  additional  drying  tube  or  a 
bottle  filled  with  chloride  of  calcium,  to  prevent  moisture  reaching  the  weighed  tubes  from 
the  aspirator. 

(1)  The  dspirator  is  of  the  ordinary  form,  a  copper  cylinder  with  conical  ends;  a  tap 
is  fixed  at  the  bottom,  and  through  a  cork  at  the  top  pass  three  glass  tubes,  the  first 
for  the  delivery  of  the  air  from  the  drying  tubes  passes  nearly  to  the  bottom  of  the 
aspirator  to  ensure  a  uniform  flow  of  air,  the  second  connected  with  a  similar  one  entering 
at  the  bottom  serves  as  a  gauge,  the  third  passes  to  the  lower  surface  of  the  cork  and  is 
used  to  fill  the  aspirator  by  being  connected  with  an  aspirating  pump.  The  aspirator  is 
also  provided  with  a  thermometer  passing  through  the  side  of  the  upper  cone. 

The  volume  of  the  aspirator  was  determined  by  completely  filling  it  with  water  as 
for  an  experiment,  and  running  the  water  out  gradually  into  a  litre  flask  of  known  weight 
when  empty  and  weighing  the  flask  each  time  when  full,  the  flask  being  carefully  dried 
between  successive  fillings. 

Two  aspirators  were  employed  numbered  A  and  B,  and  the  quantity  of  water  in  each 
was  determined  twice  with  the  following  result: 

Aspirator  A,     1st  observation  16365*9  grammes,  temperature  18*. 

2nd        „  16371-2 

Aspirator  B,     Ist  observation  16384*0  „  „ 

2nd        „  16383-8 

We  have  therefore,  allowing  for  the  density  of  the  water  used  and  the  temperature. 
Volume  of  A  at  0°  16384  cc. 

B  at  0**  16400  cc. 

The  volumes  at  any  temperature  t  will  then  be 

Aspirator  A,  16384  (1  + -000052*)  cubic  centimetres. 
„        B,  16400  (1  + -000052  0 
One  of  these  will  then  be  the  volume    of   water  run   out    in  any  experiment    The 
water   will    be   replaced   partly  by   air    which    has   come   through   the   drying   tubes   and 
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partly  by  the  vapour  of  the  water  formed  in  the  aspirator.  We  may  asaumi  that  the  air 
in  the  ospimior  ai  the  end  of  the  experiment  is  saturated  with  moisture. 

Let  V  be  the  volume  of  the  aspirator  at  its  final  temperature  T, 

E  the  saturation  pressure  of  aqueous  vapour  at  that  temperature, 

B  the  height  of  the  barometer  at  the  time. 

Then  the  air  from  tiie  drying  tubes  remaining  in  the  aspirator  at  the  end  of  the 
experiment  is  under  a  pressure  equal  to  B-^E,  and  if  e  was  the  pressure  of  the  vapour 
in  the  air  before  it  entered  the  drying  tubes  and  t  its  temperature,  the  dry  air  pressure 


was  B  —  e.    Its  volume  was  therefore 


B'-E 


"77t  •  y  • 


a  being  the  coefficient  of  ex- 


B-e  •  1  +  ar 
pansion  of  air. 

This  then  was  the  volume  of  moist  air  which  entered  the  drying  tubes,  which  is  the 
element  the  aspirator  is  intended  to  determine. 

(2)  The  drying  tubes.  A  slightly  modified  form  was  used.  Instead  of  being  closed 
with  corks  perforated  by  glass  tubes,  glass  connections  of  wider  bore  were  used  which 
were  thickened  and  ground  into  the  U-tubes.  These  latter  were  of  the  ordinary  size,  about 
6  inches  long  and  half-inch  internal  diameter.  The  long  tubular  stoppers  were  bent  over 
in  the  case  of  sulphuric  acid  and  pumice  tubes  through  two  right  angles,  and  in  the  case 
of  phosphoric  acid  tubes  (shewn  in  fig.  2)  through  one  right  angle.  The  wide  ends  of 
these  tubes  could  then  pass  over  narrower  tubes  coming  vertically  through  the  bottoms  of 
small  mercury  cups,  and  thus  forming  the  connections  between  the  drying  tubes  and  the 
other  parts  of  the  apparatus.  The  connections  are  thus  made  by  means  of  mercury 
joints.  These  joints  were  tested  and  found  to  be  quite  tight  for  differences  of  external 
and  internal  pressure  many  times  greater  than  those  occurring  in  the  experiment.  The 
arrangement  is  very  convenient  as  the  tubes  can  be  simply  lifted  from  their  places  and 
as  easily  replaced;  they  require  carefully  brushing  to  remove  the  adhering  mercury  and 
the  ends  are  closed  for  weighing  with  small  india-rubber  stoppers.  The  liability  to  error 
in  consequence  of  moisture  on  the  surface  of  the  mercury  is  probably  not  so  great  as 
that  to  which  the  tubes  would  be  exposed  by  using  india-rubber  connections.  The 
drying  tubes  were  fiilled  either  with  phosphoric  anhydride  or  with  rather  coarse  firagments 
of  pumice  saturated  with  the  strongest  sulphuric  acid  (Sp.  Gr.  1*84}.  Experiments  will  be 
detailed  below  to  shew  that  either  of  these  substances  is  perfectly  efficient  for  the  purpose 
of  withdrawing  all  the  moisture  from  the  air  passed  over  it  A  number  of  experiments 
have  shewn  me  that  drying  tubes  filled  with  recently  fused  chloride  of  calcium  although 
in  many  ways  convenient  are  not  capable  of  extracting  all  the  moisture  from  air*. 


^  The  experimentB  were  of  two  kinds. 

(1)  Two  ohloride  of  oalcimn  tubes  were  arranged  in 
front  of  two  Bnlphoric  aoid  tubes  and  an  aspirator  foU  of 
satorated  air  passed  through  all  four.  The  gain  of  weight 
in  each  of  the  four  for  three  observations  is  given  below. 


1st  tube. 

rcttcit) 

•2025  gm. 
•2220  „ 
•2226  „ 

2nd  tube. 
(CaCI,) 

+  ^0010gm. 
•0000,, 
•0000,, 

Srdtttbe. 
(H,SOJ 

+  '0208  gm. 
+  •0245  „ 
+  •0190  „ 

4th  tube. 
(H,80,) 

+  •0013 
+  •0000 

(2)  The  two  aspirators  were  used  to  determine  by  two 
independent  simultaneous  observations  the  amount  of 
mobture  in  the  air  of  the  room,  first  by  pumioe  tubes,  and 
secondly  by  chloride  of  calcium  tubes.  The  amounts  are 
given  below. 


Bypumlet 
tttbei. 

By  chloride  of 

Difference. 

•1550  gm. 
•1498  „ 

•1485  gm. 
•1852   „ 

•0116 
•0146 
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Correction  of  the  weight  qf  the  drying  tubes  for  weighing  in  air.  The  main  part  of  the 
weight  of  the  tubes  is  the  weight  of  the  glass,  and  the  specific  grayity  of  the  pumice 
and  of  the  strong  sulphuric  acid  does  not  differ  much  from  that  of  glass;  we  may 
therefore  calculate  the  correction  for  weighing  in  air  on  the  aasumption  that  the  specific 
gravity  of  the  whole  tube  is  that  of  flint  glass,  which  we  may  take  to  be  3*5.  This 
would  make-  the  correction  to  weight  in  vacuo  for  a  tube  of  150  grammes  equal  to 
30  milligrammes.  The  effect  of  a  barometric  variation  of  1  cm.  upon  such  a  tube  would 
therefore  be  to  alter  its  apparent  weight  by  '89  mgm.,  and  a  variation  of  1*C.  of 
temperature  would  produce  an  alteration  of  '11  mgm.  in  the  apparent  weight  The 
changes  in  barometric  pressure  and  temperature  between  two  successive  weighings  may 
therefore  be  such  as  to  cause  the  apparent  weight  of  the  tube  to  alter  by  a  considerable 
fraction  of  a  milligramme.  Now  the  amount  of  moisture  is  determined  by  the  difference 
of  weight  of  the  tube  at  the  two  weighings,  and  accordingly  any  error  in  the  weighing 
due  to  neglecting  to  correct  for  weighing  in  air,  will  be  of  the  same  absolute  magnitude, 
and  of  very  much  greater  relative  importance,  in  the  weight  of  moisture  absorbed  by  the 
tube.  The  variations  of  pressure  and  temperature,  however,  between  the  successive 
weighings  of  the  tubes  during  the  observations  were  not  sufficient  to  produce  any 
appreciable  effects  upon   the  results. 

(3)  The  saturater.  This  part  of  the  apparatus  is  similar  in  principle  to  that  used 
by  Regnault.  Two  long  bell  jars  stand  in  a  shallow  dish  of  distilled  water,  the  one  jar 
is  filled  with  well  washed  sponge,  and  the  second  contains  a  cylinder  covered  with  muslin 
which  with  it  stands  in  the  water  at  the  bottom  of  the  dish.  The  air  supplied  to 
the  aspirator  is  drawn  by  means  of  a  glass  tube  passing  through  the  cork  in  the  top 
of  the  jar  from  the  middle  of  the  muslin  cage,  and  close  to  the  opening  of  the  tube 
is  the  bulb  of  the  thermometer  which  also  passes  through  the  cork,  the  place  of  the 
air  thus  removed  is  supplied  by  air  passing  from  the  outside  through  the  sponge  vessel 
and  delivered  into  the  second  vessel  outside  the  muslin  cage.  During  an  observation,  which 
lasted  generally  about  two  hours,  the  thermometer  was  read  every  quarter  of  an  hour 
by  means  of  a  telescope  placed  at  some  distance  in  order  to  avoid  any  error  of  parallax, 
and  the  mean  of  the  readings  taken  as  the  temperature  of  the  saturated  air.  The 
muslin  cage  served  to  protect  the  thermometer  from  external  radiation  as  well  as  to 
ensure  the  complete  saturation  of  the  air. 

A  series  of  observations  was  first  made  with  a  view  of  testing  the  drying  tubes 
and  other  parts  of  the  apparatus.  There  were  two  points  to  be  determined,  first  whether 
the  dessicating  substances  used  could  be  regarded  as  completely  drying  the  air  passed 
over  them,  and  secondly  whether  one  drying  tube  was  sufficient  for  the  purpose  or  two 
or  more  were  necessary.  For  this  purpose  four  drying  tubes  were  mounted,  two  being 
611ed  with  phosphoric  anhydride  in  the  ordinary  form  of  white  powder,  the  other  two 
were  filled  with  pumice  moistened  with  carboy  sulphuric  acid  (Sp.  Qr.  1*84).  The  pumice 
was  broken  into  coarse  fragments  and  before  being  used  was  saturated  with  sulphuric 
acid  and  heated  to  redness. 

The  saturated  air  was  then   sent  through  all   four  tubes  and  the  gain  in  weight  of 
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each  tube  determined.      From  tbe  gain  in  weight  of  the  first  tube  alone,  the  tension  of 
vapour  in  the.saturater  was  calculated  by  the  formula 


_760(l  +  a«) 
^  M 


w      B"  e  l  +  gf 


And  this  was  compared  with  the  tension  as  given  by  Regnault's  table  for  the  tempera- 
ture indicated  by  the  thennometer  in  the  saturater  corrected  by  a  table  of  Eew  corrections 
and  a  determination  of  the  freezing-point  during  the  course  of  the  series  of  observations. 
The  subjoined  tables  give  the  results  obtained.  Table  YI.  is  a  specimen  of  the  observa- 
tions as  they  were  taken  and  Table  YII.  gives  the  collected  results. 


Table  VI. 
Experiment  10.    Aspirator  A. 


Time. 

Temperatnie 

of 

Satorater. 

Temperature 

of 
Aspirator. 

Barometer. 

Weight  of 

PmnioeTnbe 

I.  II. 

Weight  of 
Fnmioe  Tabe 

m,  nr. 

Weiglit  of 

Phosphoric 

TaheULIV. 

3-55 
4-10 
4-30 
4-44 
5-00 
6-30 
5-50 

19-6 

19-5 

19-5 

19-45 

19-45 

19-45 

19-40 

19-4 

29-750 

176-4613 
176-7315 

177-5045 
177-6061 

146-9780 
146-9798 

Heaniand 
Diflerences. 

19-46 

-2702 

•0016 

-0018 

-Comctions. 

-12 

-•3 

Tension  of  Yapoor  calcolated  from  Tabe  I.  n.  16*66  mm. 
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In  the  first  seven  experiments  the  two  phosphoric  acid  tubes  were  placed  first,  and 
in  the  last  three  the  sulphuric  acid  tubes  were  in  that  position.  The  columns  giving 
the  increase  of  weight  in  the  different  tubes  shew  that  these  nearly  always  gained  a 
small  amount,  but  that  amount  is  very  irregular  and  is  about  the  same  whether  the 
phosphoric  acid  tubes  or  the  sulphuric  add  are  placed  first,  and  the  calculated  tension 
is  in  nearly  every  case  within  1  p.c.  of  the  tabulated  tension.  This  being  about  the 
same  error  that  occurs  in  Regnault's  observations  we  may  take  it  that  the  first  tube  was 
sufficient  to  completely  dry  the  air  passed  through  it  and  that  the  increase  of  weight  in 
the  other  tubes  was  due  to  some  other  cause. 

The  different  connections  were  made  partly  by  glass  and  partly  by  india-rubber  tubing, 
and  this  suggested  itself  as  a  possible  source  of  the  observed  differences.  A  number  of 
observations  were  therefore  taken  with  a  view  of  determining  how  far  this  might  be  the 
case. 

I.  A  glass  tube  about  5  feet  long  was  mounted  as  a  connection  between  two 
mercury  cups;  and  air,  first  dried  by  passing  through  a  phosphoric  acid  tube,  was  passed 
through  the  long  glass  tube  and  then  through  a  sulphuric .  acid  tube  and  the  weight  of 
the  latter  determined  before  and  after  the  passage  of  the  air.  There  was  accordingly 
nothing  but  the  glass  tube  between  the  two  drying  tubes.  The  results  were  as  follows 
for  four  experiments. 

Table  VIII. 


Date. 

IncKase  of  weight  of 

the  salphiirio  add  tube 

ingnunmes. 

July  18 
„     19 
,.     20 
..     21 

\    1   +  + 

It  appears  therefore  that  after  the  tube  had  been  first  dried  no  further  increase  of 
weight  of  the  sulphuric  acid  tube  occurred,  and  that  glass  tubes  may  be  used  as  con- 
nections without  any  fear  of  error. 

II.  The  glass  tube  was  replaced  by  an  india-rubber  tube  6  feet  long,  and  similar 
observations  taken,  fifteen  experiments  being  made.  The  sulphuric  acid  tube  always 
gained  in  weight  although  every  precaution  was  taken  to  keep  the  india-rubber  tube  dry 
between  the  experiments.  The  least  amount  of  moisture  was  obtained  when  a  second 
observation  was  taken,  immediately  after  the  completion  of  a  first.  The  increase  of 
weight  of  the  sulphuric  acid  tube  generally  amounted  to  about  15  milligrammes.  An  india- 
rubber  tube  cannot  therefore  be  used  with  any  security  for  connecting  two  drying  tubes. 

We  may  therefore  conclude  that  the  increase  in  weight  of  the  drying  tubes  after  the 
first  in  the  table  of  results  given  was  due  for  the  most  part  to  moisture  derived  from 
the  india-rubber  connections.  For  the  last  three  observations  in  the  table,  p.  12,  these 
connections   were  made  as  short   as  possible  so   that  the  amount   of  india-rubber  surface 
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exposed  to  the  dry  air  might  be  small  With  the  apparatus  in  that  form  the  drying 
tubes  gained  very  much  less  in  weight  than  before,  and  we  may  give  the  results  obtained 
from  these  three  observations  as  an  instance  of  the  accuracy  which  may  be  expected  in 
correcting  a  thermometer  by  observations  of  this  kind. 

The  first  column  of  the  subjoined  table  gives  the  temperature  of  the  saturater  as 
determined  by  a  thermometer  corrected  by  a  table  of  Kew  corrections.  The  second 
column  gives  the  temperature  as  taken  from  Regnault's  table  of  pressures,  the  pressure 
being  calculated  from  the  weight  observations. 


Thermometer  87400 
oorreciedby 
Kew  Table. 

From  weight 
obeerrations. 

Difference. 

19'-34 
18»-55 
19*08 

19'-30 
18»-49 
19''08 

-•04 
-06 
-00 

I  have  since  arranged  another  apparatus  which  is  the  same  in  principle  but  which 
is  slightly  modified  in  some  details,  the  air  after  leaving  the  saturater  is  passed  through 
two  glass  globes  and  its  temperature  is  again  read  immediately  before  entering  the  drying 
tubes  as  well  as  in  the  saturater. 

The  following  table  gives  the  results  obtained. 


Thermometer 
(C.L.C.  21)  in  saturater 
corrected  by  Kew  Table. 

Temperature 

calculated 
from  weighing. 

Difference. 

15^74 
12*-29 

14«-21 
15H5 
12«-29 

-13 
•00 

With  regard  to  the  second  observation  it  should  b6  mentioned  that  the  air  in  that 
case  had  fallen  in  temperature  to  15'''27  or  0°'47  below  the  temperature  of  the  saturater 
before  entering  the  drying  tubes,  so  that  it  would  appear  that  the  air  was  then  more 
than  saturated  or  the  calculated  result  is  really  0^'12  too  high  instead  of  being,  as  apparent 
at  first  sight,  too  low.  It  is  possible  therefore  that  in  this  observation  the  air  contained 
a  small  amount  of  moisture  in  excess  of  that  required  to  saturate  it  at  the  temperature 
at  which  it  passed  into  the  tubes.  This  excess  of  moisture  may  have  been  held  in  the 
form  of  a  very  light  cloud  or  the  air  may  have  been  supersaturated. 

It  appears  then  that  from  this  method  of  correcting  thermometers  we  might  expect 
results  accurate  within  one-tenth  of  a  degree,  and  that  is  probably  not  wider  than  the 
limit  of  accuracy  of  the  thermometer  as  corrected  by  the  Kew  tables.  The  errors  are 
at  present  all  in  the  same  direction  and  part  is  probably  constant,  and  therefore  a  more 
extended  series  of  observations  would   enable   us  to  determine  the  value   of  the  constant 
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error  at  each  temperature  which  is  inseparable  from  the  method  and  give  the  thermo- 
meter corrections  within  less  than  the  tenth  of  a  degree.  If  that  be  so,  the  fact  that 
the  apparatus  is  of  simple  construction  would  make  it  a  thoroughly  practical  method  of 
determining  the  error  at  any  temperature.  It  also  has  the  additional  advantage  as  com- 
pared with  the  Eew  comparison  method  that  the  experiments  can  be  undertaken  in  the 
place  where  the  thermometer  is  used. 


Cavbndmh  Labobatobt, 
Nov.  26,  1883. 
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Ill,    On  the  pulsations  of  spheres  in  an  elastic  medium.   By  A.  H.  Leaht,  M.A. 

1.  The  motion  due  to  the  pulsations  of  spheres  of  the  same  period  of  pulsation  in 
an  incompressible  fluid  has  been  investigated  by  Professor  Bjerknes  of  Christiania*,  by 
whom  the  following  results  have  been  obtained.  K  the  pulsations  of  two  spheres  are  in 
the  same  phase  of  vibration,  there  will  be  an  apparent  force  on  each  of  the  bodies,  which 
varies  according  to  the  law  of  the  inverse  square  of  the  distance,  and  tends  to  make  the 
spheres  approach  one  another;  but,  if  the  pulsations  are  in  phases  differing  by  half  a  com- 
plete period,  there  will  be  a  force  tending  to  repel  the  spheres  from  one  another,  and 
varying  according  to  the  same  law  These  results  have  been  experimentally  verified,  and 
similar  effects  have  been  shewn  by  some  experiments,  described  in  the  Journal  of  Telegraph 
Engineers  for  1882,  to  hold  in  air.  An  apparatus  shewing  these  attractive  and  repulsive 
effects,  together  with  several  other  "inverse  analogies,"  to  use  Dr  Bjerknes'  phrase,  between 
electro  magnetic  effects  and  pulsations  under  water  of  spheres  and  cylinders  was  exhibited 
at  the  Paris  exhibition  •!•, 

2.  These  phenomena,  together  with  several  others  of  a  kindred  character,  may  be 
explained  by  the  following  general  considerations.  Suppose  a  periodic  force  of  the  nature 
of  surface  tensions  or  pressures  to  be  acting  on  a  sphere,  whose  centre  is  fixed  in  space, 
and  which  is  itself  pulsating  with  a  simple  harmonic  motion.  Then,  since  the  magnitude 
of  the  force  which  acts  upon  the  body  varies  as  the  superficial  area,  it  is  clear  that  the 
effect  of  the  force  will  be  greatest,  when  the  surface  of  the  body  is  greatest.  If  therefore 
the  force  is  a  simple  harmonic  function  of  the  time,  and  has  the  same  period  as  that 
of  the  pulsations  of  the  body,  it  is  clear  that  its  effect  during  one  complete  oscillation 
will  be  to  urge  the  body  in  the  direction  in  which  the  force  acted  when  the  area  of 
the  sphere  was  a  maximum.  For,  considering  any  two  instants  the  time  between  which 
is  half  a  complete  period,  it  is  clear  that  the  force  at  each  of  these  instants  will  be  the 
same  in  magnitude  and  opposite  in  direction;  so  that  the  resultant  effect  will  be  to  urge 
the  .body  in  the  direction  which  the  force  had  when  the  superficial  area  of  the  sphere 
was  the  greater.  Thus  we  have  only  to  consider  the  effect  of  the  force  during  that  half 
period  when  the  sphere  is  greater  than  its  mean  value;  i.e.  than  its  value  at  a  time 
midway  between  the  instants  of  greatest  contraction  and  expansion.  Let  r  be  the  time 
when  the  sphere  is  greatest    Then,  if  2p  is  the  complete  period,  we  shall  only  have  to 

*  See  the  Beports  of  the  Proceedings  of  the  Scientifie  f  See  La  Lwrnhre  Electrique,  5th  Oct.  and  9th  Nov. 

Society  of  Christiania,  1875,   and   the  Repertorium  der      1881,  and  Engineering,  1882. 
Mathematih  von  K'&nigaberger  und  Zertner^  1876,  p.  268. 
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consider  the  force  between  the  instants  t  +  ^  aCnd  t  — ^.     But  if  t   is  the  time  when  the 

force  on   the  sphere  is  zero,  where  t    lies  between  t+^  and  '•-■|,  it  is  clear  that  the 

force  at  the  instants  t'  +  a  and  t'  —  a  are  the  same  in  magnitude  and  opposite  in  direction. 
Also,  if  T  - T  is  positive,  the  eflfect  of  the  force  at  the  time  r  -ha  will  be  less  than  at 
the  time  t'  —  a ;  since  the  area  of  the  body  which  is  acted  on  is  less  at  the  former  instant 
than  at  the  latter.     Thus  the   action  on  the  sphere  during  the  period  between  the  instants 

T  — ^  and   T    will   exceed   the   action   in  the  opposite  direction  during  the  period  between 

T    and   r+^,   and  the  resultant  action  during  a  complete  oscillation  will  be  the  same  in 

direction  as  at  the  time  t,  when  the  area  of  the  sphere  was  a  maudmum.  A  similar  result 
will  follow  if  T  -  T  is  negative. 

We  have  therefore,  in  order  to  determine  the  direction  in  which  a  periodic  force  of 
the  character  described  urges  a  pulsating  sphere,  merely  to  determine  the  direction  which 
the  force  has  when  the  area  of  the  sphere  is  a  maximum.  Now,  in  the  case  of  two  spheres 
A  and  B  pulsating  with  their  centres  fixed  in  an  incompressible  fluid;  it  can  easily  be 
seen  that  the  change  of  pressure  due  to  the  pulsations  of  A  increases  with  the  time 
differential  of  the  velocity  along  the  radius  vector  from  the  centre  of  A,  The  action  on  B 
due  to  this  change  of  pressure  is  of  course  greater  on  that  side  which  faces  A  than  on  the 
opposite  side,  and  the  force  will  therefore  be  a  repulsion  when  the  velocity  due  to  the 
pulsations  of  -4  is  increasing,  and  an  attraction  when  the  velocity  is  diminishing.  Now 
when  the  volume  of  A  is  greater  than  its  mean  value  the  velocity  is  diminishing;  hence, 
if  the  pulsations  of  A  and  B  are  in  the  same  phase  of  vibration,  there  will  be  an  attractive 
force  on  B  when  its  volume  is  greatest,  and  the  general  eflfect  of  the  changes  of  pressure 
due  to  A^  pulsation  will  be  an  attraction  towards  A,  Similarly,  if  the  pulsations  are  in 
opposite  phases,  the  eflfect  will  be  a  repulsion. 

But  if  these  changes  of  volume  are  executed  in  a  medium  having  properties  similar 
to  those  of  the  ether,  in  which  the  vibrations  producing  the  sensation  of  light  are  supposed 
to  be  propagated,  the  results  which  have  been  given  above  will  not  continue  to  hold.  For, 
in  this  case  there  will  be  no  flux  at  the  surface  of  B,  if  the  displacements  are  not  large; 
and  the  force  will  not  depend  upon  the  velocity,  or  upon  the  changes  of  velocity,  but  upon 
the  absolute  deformations.  If  the  waves  of  displacement  are  long,  compared  with  the 
distance  between  A  and  By  the  medium  will  be  compressed  as  A  expands;  and  the  effect 
at  the  surface  of  B  will  be  a  repulsion  if  the  volume  of  A  is  greater  than  its  mean  value. 
Thus  the  eflfects  produced  in  an  incompressible  fluid  will  be  reversed  if  the  oscillations  are 
performed  in  an  elastic  medium,  and  like  phases  of  pulsation  will  give  rise  to  a  repulsion 
and  unlike  phases  to  an  attraction  on  the  pulsating  bodies.  This  way  of  looking  at  the 
problem  appears  to  indicate,  that,  if  spheres  are  pulsating  in  an  elastic  medium,  the  period 
of  pulsation  being  such  as  to  give  rise  to  waves  which  are  long,  compared  with  the  distances 
between  the  spheres,  the  results  obtained  by  Professor  Bjerknes  will  be  reversed.  If  the 
distance  of  B  from  A  exceed  a  quarter  wave  length  it  is  evident  that  this  result  will  not 
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be  true.  Supposing  for  example,  that  the  medium  under  consideration  is  the  same  as  that 
in  which  light-vibrations  are  performed,  we  shall  have,  taking  the  approximate  velocity  of 
propagation  to  be  200,000  miles  a  second,  a  wave  length  of  200  miles  corresponding  to 
1000  vibrations  in  a  second.  Thus  for  all  distances  of  A  and  B  at  which  any  sensible 
effect  can  be  observed  we  can  take  the  phase  of  the  vibration  to  be  the  same;  but  if 
the  distance  exceeds  50  miles  our  argument  does  not  apply. 

3.  These  considerations  are  founded  on  a  principle  which  seems  to  underlie  many 
cases  of  differential  action;  namely,  that  if  a  body  be  acted  on  by  a  force  F,  where  F  is 
a  simple  harmonic  function  of  the  time;  and,  if  the  action  of  the  force  on  the  body  due 
to  variations  in  the  position,  magnitude,  or  shape  of  the  body  be  expressed  by  FF',  where 
F'  is  also  a  simple  harmonic  function  of  the  time  of  the  same  period  as  F;  then  the  effect 
of  the  force  on  the  body  will  be  to  urge  it  in  that  direction  which  F  had  when  F'  was 
a  maximum.  This  principle  can  also  be  extended  to  the  case  where  F'  is  any  periodic 
function  of  the  same  period  as  F,  provided  that  F  has  only  one  maximum  value  during 
the  complete  period  2p,  and  also  satisfies  the  condition  i^(T  +  a)  =  jP'(T  — a),  where  t  is  the 
time  when  i^'  is  a  maximum.  Thp  truth  of  this  principle  can  be  established  by  the  same 
considerations  as  those  employed  in  §  2;  since  we  shall  have  F'(t)  diminishing,  as  the 
numerical  value  of  ^  —  t  increases  from  zero  to  p ;  the  complete  period  being  2p ;  and  the 
whole  of  the  argument  at  the  beginning  of  §  2  will  apply.  As  an  example  of  differential 
action  which  can  be  treated  by  the  principle  just  enunciated  may  be  mentioned  that  of 
a  body    placed   in  a  field   of   force,   where   the  force    at   any    point    has   for   components 

isin  — ,   if  sin  — ,    Nsiu — ,    where   X,   if,   N  are   functions  of    the   co-ordinates  of    the 

P  P  P 

point.     Let  the   body  be  constrained  by  some  independent  cause  to  move,  so  that  at  the 

time   t   its   position    is   such    that    the    force   acting  on   it  has   for   components    Z  sin  —  , 

if  sin  — ,  iVsin  — ,  where  L,  M,  N  are  periodic   functions  of  the  time,   of  period  equal 

P  P  .... 

to  2p,  which  have  only  one  maximum  value  during  that   period,  and  satisfy  the  functional 

equation  /(r  +  a)  =/(t  — a),  where  t  is  the  time  when  /  is  a  maximum.  It  will  then  be 
found  that  the  action  of  any  component  L  sin  —  will  be  to  urge  the  body  in  that  direction 
in  which  the  component  acted  when  L  was  a  maximum. 

4.  These  considerations  do  not  however  give  the  law  of  the  action  of  the  force,  either 
in  this  case,  or  in  the  case  of  a  pulsating  body  which  was  mentioned  in  §  2.  In  order  to 
completely  investigate  the  mutual  action  of  two  pulsating  bodies  in  an  elastic  medium  it 
will  be  necessary  to  find  the  displacement  at  any  point  due  to  their  joint  effect,  and  it  will 
be  found  that  the  law  of  attraction  ^ in  the  case  of  unlike  phases,  and  of  repulsion  in  the 
case  of  like  phases  will  be  that  of  the  inverse  square  of  the  distance  to  the  firat  order 
of  approximation.  The  term  of  next  order  of  importance  will  always  be  a  repulsion  and 
will  vary  according  to  the  law  of  the  inverse  cube.  In  the  following  work  I  propose  to 
establish  these  results. 
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General  expressions  far  a  periodic  and  steady  di^lacement  symmetrical  about 

an  axis^ 

The  equations  of  motion  of  an  elastic  medium*  are 

.    ad*v     \  +  2a     .    a   de  ,  ii  (da     dr/\ 


(1), 


^  d<"  ""      p        Hind  d(l>     p\dr     dO) ^ 

where  u  is  the  displacement  along  radius  vector,  v  is  the  displacement, along  the  tangent 
to  the  meridian  tending  from  the  pole,  and  w  is  the  displacement  along  a  parallel  of 
longitude  tending  from  the  fixed  meridian;  r,  0,  ^  being  the  co-ordinates  of  a  particle  in 
its  undisturbed  position;  \  and  fi  being  the  coefficients  of  elasticity  of  the  medium,  p  its 
density,  and  €,  a,  /3,  7  being  defined  by  the  equations 


'?  |:(^-)  + 


r  sm 


c?  /     •    /i\  ,       1       dw 


=?i^{^("'>-^(""^°^} 


^=^AU^^^- 


sin 


e\dr 


du 


} 


■y^^^^ii-m 


.(2). 


The  particular  values  of  u,  v,  w  depending  upon  -,  which  are  propagated  with 

the  velocity  a/ ,  must  make  the  terms  vanish  which  depend  upon  -, 


Thus  we  must  have 


^  (^)  —  ^  (^w?  sin  ^)  =  r*  sin  ^ 


d<l> 


d^ 
dr' 


d  /       ,    a\      du      .    y.d^lr 
^(rt(;sin^)-;^  =  8m^^, 


d<l> 


dd 


de     dr^^^     %m0  d<l>' 
Substituting  in  equations   (1)  we  get    ^  (-^j  =  0,  etc.    Thus   since  1^  is   essentially 
periodic,  we  must  have  -^  =  0,  ^  =  0,  ^  =  0,  or  a  =  /9  =  7  =  0. 

«  Lam6'8  EUutieitf/t  Art.  84. 
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These  conditions  give 


dF 


rt;=r- 


dF 


.    ^     dF 
rw  sin  ^  =  j-r  . 
atp 


where  ^  is  a  function  of  the  same  period  as  u,  v,  to.    Hence  e  =  ^F,  where 

_,_  1    d^/.  d\  ,  _1_   rf /.   ^  rfN  .  1         d* 

^  "r*  drKdrj^i^saie  dSV^^ dd)^ TW^d  d^' 

and  equations  (1)  reduce  to 


.(8). 


w — ^^^• 


.(4). 


Next  taking  the  values  of   u,  v,  w  -which   depend  upon  -,  and  which   txavel  with 

P 


velocity  a/-,  we  have  €  =  0, 


or 


d 


d 


^(r^wsiu^)  +  ^(n;sin^  +  ^(m)  =  0. 


Hence  we  must  have 


,  .    ^         dM    dN^ 


sind. 


dNdL 
dr      d<l» 

dL    dM 


.(6). 


Substituting  in  equations  (1),  we  get 


d_ 

de 


[d^L     fi(    ,r     JBind   d  f  M  \     2  cotO  dM         2       dN'\'\ 
IW^r'^        P"  dOKsine)         r*       dr     r* sin'^  rf^jj 

_  d  (d*M    Mf^j^,    2cotg  dN\i 
~d^\W ~  p  V*^~7'^0  d^j] • 

d  Vd*L     I*  (    ,j-     2aintf   d(M\     2  cotd  dM         2       dNy\_d{d*N    fi     ,„) 
d^[W~}\^'  r*      deKaine)         t*       dr     r*  sinV  d^  J  J  ~  ^  ( df      p^»    j' 

d  (d*M    /i/    ,^    2  cotg  dN\\  _  d  jd^N    M_«Arl  . 

d^\WpV*^~'P'a^'d^)]d0\de    p^*  y 


where 


Id*      cote    d 


d* 


^«  "d?"*"*^  d^"^    r»     d^''"r»sin»^  d<^* 

,_  d^     1    d^_cot^   d  1       ^ 

^*~dt*'^t'  dff'       r*     d^''"r'8in*tf  d^* 

These  results  give 

d*L_/i(    ,r     2  sing   dfM\     2  cot 0  dM       _2 M\ 

'dF~~pY^  ^      de\wae)         r"        dr      i>  Bm^O  d^] 


.(6). 


d*M_ii.{    ,„    2cotg   dxVI 
Wpr*        r'sin'd   d^J 


Vol.  XIV.  Past  I. 


: 


(7). 
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5.    In  order  to  get  a  displacement  symmetrical  about  an  axis,  we  pat  to  s  0  and  tt  =  0- 


d4> 


This  will  give 


a  = 


dF 


dN 


dr     t'  and   d6 


1  dF  , 


dN 


•(1). 


r  dd     rand  dr  . 
where  F  satisfies  the  equation 

d'F    X  +  2^t(d*F^2  dF  ^      1        df.   adFS\  ,„. 

-W^—^W'^-r-d^^^i^^reTdK^'^lJd)] (^^' 

and  N  satisfies  the  equation 

rf»^■_  A*  fd^  ,  sinf  _i  / J_  d^\1 
de~p\d^^   1*     de\aiae   dJ9j] ^**'- 

Now,  whatever  be  the  forms  of  F  and  N,  they  can  be  expanded  in  series  of  Legendre's 
coefficients  J.P,  (/*),  where  ft  =  cosd  and  J,  is  a  function  of  r  and  t  only.    Also,  since 

dP 

sin  d  -^  can  be  expressed  in  terms  of  Legendre's  coefficients,  F  and  N  can  also  be  ex- 
pressed  in  series  of  form  B^  sin  ^  -~ ,  where  £,  is  a  function  of  r  and  t  only. 

Put  jF'^rS^.P.O*)  and  ^=2^81^^^^^^  «iMi  the  equati(His  (2)  and  (3)  ledoce  to 

d*B,_„(d*S,     ft(n+l)  „) 

Let  U8  now  suppose  the  displacement  to  be  oscillatory,  and  steady,  of  period   equal 
to  —r .    We  shall  get,  on  this  supposition,  if  **=*r^^~  >  A'=:^, 

where  /„  JP,  are  the  solutions  of  the  equations 

The  solutions  of  these  equations  are 

/I  #2\*"^^  /I  /7\*+*  ^^* 
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Hence,  if /^  and  F^  have  the  meanings  given  above; 

with  two  similar  terms  obtained  bj  changing  the  sign  of  i,  will  give  the  complete  value 
of  a  periodic  and  steady  vibration,  which  is  e^mmetrical  aboat  an  axia 

6.    The  series  /.  {per)  and  F^  (ihr)  can  be  expanded  in  powers  of  br  and  hr  respec- 
tively. 


r  dr        dz* 


For  putting  r*  =  «,  we  haye 
therefore  /.(*r)-^,«».2^»(^]     e">^ 

F^(ihr)^B^z*  •2'^(£)   ."^ 
with  other  terms  obtained  by  ehaoging  the  sign  of  /• 


Hence,  if  when  n-*  is  negative,  — -— |-  means  (- 1)*^,  5^*' 


.(1). 


2nl' 


(2). 


the  highest  odd  poweis  of  ihr  and  of  %hr  in  the  series  being  (ikr)^*^  and  (tXr)***\ 
Hence  we  get 

+^    ^^     •^•^^*^       •**t2-.n!-  +  ^    ^^    •     2-. «!»-»!     ^^^'^^  2«+2!«-n!        ^**'^^     -J 

7.    Let  ns  now  suppose  that  the   medium   extends  without  limit.    When  r  ia  very 
great  r»+^  (- x;)^  *(*)*''"*»**'•     Hene*  at  a   Toy  great  disttmee  firom  the  oi^in  the 


(8). 


coefficients  of  P^(/i)  and  — ^^  in  equation  (5),  §  (  become 


7—2 
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The  terms  6*^'^"*'*'*^  and  e'^^"*'**'^  represent  disturbances  travelling  inwards.  Hence,  if 
the  disturbance  is  to  be  zero  at  infinity,  we  have  (7.=»0,  D^^O;  and  the  amount  of 
the  displacement  at  any  point  in  a  medium  extending  to  infinity  and  bounded  internally 
by  a  surface  vibrating  in  any  assigned  manner  is  given  by  two  functions  u  and  v;  of  the 
form  given  in  equation  (5),  §  5,  where 


^.W  =  S.r^'(^)«-«^ 


To   investigate  the  disturbance .  produced  hy  ike  presence  of  a   small  fixed   sphere   on   the 
axis  of  symmetry,  if  ihere  is  no  slipping  at  the  surface  of  the  sphere. 

8.  We  shall  now  investigate  the  disturbance  produced  by  the  presence  of  a  small 
fixed  sphere  on  the  axis  of  symmetry,  where  the  disturbance  if  the  sphere  were  removed 
would  be  given  by.  the  expressions 

u  =  displacement  along  ^P=  SP.O*)  {^  ^.^(^^l)j>)  ^pt^ 

v*  displacement  perpendicular  to  AP=X S9      J -^ "^ "7^1  ^''^^ 


the  waves  being  supposed  to  be  long  compared  with  the  distance  between  the  origin  A 
and  the  centre  of  sphere  B.  Let  radius  of  5  be  6,  and  let  distance  between  A  and 
centre  of  S  be  c.  In  order  to  express  the  conditions  that  the  displacement  should  be 
zero  at  the  surface  of  B,  we  must  find  the  resolved  parts  along  and  perpendicular  to 
BP  of  the  displacement  given  above  by  u  and  v. 
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Taking  the  coefficient  of  P,Oi), 

u,  =  displacement  along  BP  =  u^ . h  v^ 

v/  =  displacement  perpendicular  to  jBP=  —  w.  -?^5__ ^ ^^ r  +ccoflef 


53 


(!)• 


.(2). 


Taking  the  leading  terms  only  of  expressions  for  w^,  v.  given   in  equations  (3)  of  para- 
graph 6;  and  omitting  the  time  factor  e^,  we  get 

u,=(^ir.tc.^^^.     V^       |8my-^^-(n-H)^cosg-  +  -)P»} 

t>,-(-irto.y^^.     >^"    j^cos(r  +  ^J~^^  +  (r.  +  l)P>).8my| 

We  shall  have  to  express  «/  and  v^'   in  series  involving  Legendre's  functions  of  fi,  where 
|i'  =5  cos  ^  and  their  differential  coefficients  with  respect  to  ^. 

This  operation  can  be  fsicilitated  by  the  following  transformations. 

By  a  known  formula*, 


therefore,  differentiating  -  n  times  with  respect  to  c, 


&«.^{i-(»+i)P.W^+4l±l«l±i>W.^...) 


.(3). 


Di£ferentiatmg  this  result  (first)  with  respect  to  6'  keeping ./  constant,  and  then  with 
respect  to  /,  keeping  ff  constant,  we  get 

dP.(M) 


••(*)■ 


_^{(„+i)P,(,')_(iL±22^)p.(,.)^  +  (^^ 

^  {(cos  ff  +^')  -J^  +  {n  + 1)  sin  ^P»} 

M/„4.i^^^M     (n  +  lKn  +  2)dP,W)r'  ,  (n  +  l)(n  +  2)(«  +  3)  dP>0  r"     ) 
=  -^|(»  +  i;-5g^  2!  dd'      c^  31  d^      c»'"j. 

Reducing  the  values  of  u,',  v,'  given  in  result  (2)  above  by  means  of  relations  (4)  we  get 

Ak-nAJh 


*  See  Ifaxwell'B  EUetrMty,  Vol.  i.  art.  IBS,  eqaation  (98). 
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or 


(5). 


In  order  that  the  sar&ce  conditions  may  be  satisfied,  we  shall  have  to  take  »,'+(u,') 
for  the  irhoie  displaceinent  along  BP;  and  «.'+(«.')  for  the  whole  displacement  perpen- 
dicular to  BP;  where  (uj)  and  (v,')  are  to  be  of  soch  magnitude  as  to  cause  the  whole 
displacement  due  to  u,,  v,  to  be  zero  at  the  sur&ce  of  the  sphere  B.  These  terms  (»,') 
(v.')  must  be  of  the  form  given  in  equations  (3),  §6,  namely, 

+  Z(-1)  P.lMl.-ff.W/         I      2-.„, aM!«-ll     ^^'^^'^     2-.2!m-a!     ^**^-j 

(r. ) - Z(- 1)  .-gg^ .^..Wr         |2=:^j-2^.i,^_i, (•«»•)  +  2-.2!m-2! ^**^>  -J 

+  til  ^      ^/y" •*- •  ^^^ '  12=:^!        2-.l!m-l!    <^''  +    2-.2!m-2!    ^^"^^  '"J 

where  the  constants  B^,  B^  have  to  be  chosen  so  as  to  satisfy  the  conditions 

These  equations  of  condition  will  give 


K6). 


fo^  .  ,      i»(2iw  +  l)f  +  4(TO  +  l)y  +  (m  +  l)(2wi-3)yy^,l 
L      "^  2(2n»-3){mif+(m  +  l)A»}  *J' 


^      ^-^       2-.(»!)'«5-^       •  «.2m-2H«4*+(m+l)A«}'  "^ 

fg        ,     (m  +  l)(2m  + 1)  A«  +  4mifc*  +  w(2ffl-  8)&V  J 
L      "^  2(2n»-3){»we  +  (ii.+  l)i1  J* 

to  the  second  ^^proximation.  It  ia  neceosaiy  to  determine  B^  and  B^  to  this  order  of 
approximation,  for,  if  we  n^lect  the  squares,  it  will  be  found  on  substitution  that  we 
get  (O-O.  (0  =  0. 

Substituting  in  equations  (6)  and  writing  O,  for   (-1)"*.  J„  G^  for   (-l)".ti.iij;, 
we  get 

/  >._2ni  (c.-c;) ^r^r^p  (.. «»+B« C(apn-i){fiB-i)g-(i»+i)tnr*-(w+i)(gwt-i) (y-A*)yi i*->  j 

^  •'      2-(n!)*<r«  1:\.o  '       '^'  2. m!{fiwfc»+(m  +  l) *•}»•'-«  ?=^'' 

r«  '^  ^2»!(g.-g.O  j'r'ix,<^P,(A*0    OT+n!  [(2m+l) {CT^-(m-2) A«t/*-TO(2OT-l) {1f-h')h'\  V^  ^ 


(7). 


Digitized  by 


Google 


SPHERES  IN  AN  ELASTIC  MEDIUM. 


55 


The  displacement,  whose  components  are  given  in  equations  (7),  will  be  that  produced 
by  the  presence  of  B  in  Uie  field  of  vibration,  if  high  powers  of  kr  and  hr  are 
neglected. 

9.  Let  us  now  consider  the  displacement  produced  by  the  simultaneous  pulsations  of 
two  small  spheres  in  an  elastic  medium,  the  waves  in  which  are  long  compared  with  the 
distance  between  the  spheres;  the  centres  of  the  spheres  being  supposed  fixed  in  space, 
and  the  displacements  such  that  no  slipping  takes  place  at  the  surfaces  of  the  spheres. 

Let  the  radii  of  the  spheres  at  the  time  t  be  given  by  the  equations 

r.  =  a(l+u.sinp<), 
r,>  =  6  (1  +  M^  sinpf), 
where  u«,  u^  are  small  quantities. 


The  displacement  at  any  point  due  to  the  pulsations  of  A  alone,  if  we  neglect  the 
disturbance  due  to  the  presence  of  B  in  the  field  of  vibration,  will  be  compounded  of 

Uj  =  displacement  along  AP  =  -r-  {/,  (Ar^  — j)^)}, 

r J  =  displacement  perpendicular  to  AP  ss  0, 

1.                                                 r  n          ^\      ^  cos(p«  — ir-+a) 
where  /^  (At,  -pt)  =  A ^^^— — * '- ; 

A  and  a  being  determined  by  the  boundary  conditions. 

Similarly  the  displacement  due  to  the  pulsations  of  B  alone  will  be  compounded  of 

d 

w,  =  displacement  along  BP  =  ^  {/i(A?^i""l>01> 
v^  =  displacement  perpendicular  to  BP^  0, 

where  /.(^r.-pO-^^^^t"^'"'^' 

B  and  fi  being  determined  h^  the  boundary  conditions. 
Putting  /,  and  /,  into  the  exponential  form,  we  have 


jA  cosa  —  Awaa  (1    d\  _<{»,_,«)     iAct^a-vA  aing/l    d' 
2A  Kr^drJ*       '       ~  2* 


\r,  drj 


t'BcosiS-PsinjS/l    d 


2k 


V,dr) 


e-<(*f.-*0_ 


iBcoB^  +  Banfi  n    d 


2k 


k^) 


^(^I'PO 


e^fPO 


...(1). 
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The  equations  to  find  the  constants  are  obtained  by  expressing  that  u^  must  be 
auusinpt  at  the  surface  of  A  and  u,  buj^sinpt  at  the  surface  of  B  for  all  values  of  t 

These  conditions  give 

A  [ka  cos  (4a  -  a)  -  sin  {ka  —  a)}  =  aX 

ka  sin  {ka  -  a)  +  cos  {ka  —  a)  =  0 
B  {Job  cos  {kb-ff)  -  sin  {kb^-fi)}  =  6X 

AJsin(ifc6-i9)+cos(*6-/9)  =0 

whence  the  constants  can  be  determined. 

The  functions  u^  and  w,  will  give  the  whole  displacement  to  a  high  degree  of 
approximation  at  considerable  distances  from  the  spheres,  the  radii  of  which  are  supposed 
to  be  small.  But  it  is  evident  that,  in  the  immediate  neighbourhood  of  the  pulsating 
bodies,  these  values  for  the  displacement  cannot  safely  be  taken;  for,  the  surface  conditions 
u  =  au^Anpt  and  t;  =  0  when  r^^a^  and  the  corresponding  conditions  when  r^  =  b  will  not 
be  satisfied.  We  shall  therefore  have  to  investigate  the  disturbance  at  the  surfaces  of  the 
spheres  A  and  B,  in  order  to  find  the  terms  that  have  to  be  added  to  complete  the 
solution.  This  investigation  would  be  very  difficult  in  the  general  case;  but,  since  in  the 
case  under  consideration  we  take  the  waves  to  be  long,  so  that  the  lowest  powers  only 
of  kr  need  to  be  retained  in  the  neighbourhood  of  the  vibrating  bodies,  we  can  by  suc- 
cessive applications  of  equations  (7),  §  8^  obtain  a  solution  to  any  order  of  approximation 
that  may  bo  required. 

Taking  account  only  of  the  lower  powers  of  kc,  ka,  kb;  we  shall  add  terms  w,',  v/ 
of  the  forms  given  in  the  equations  just  alluded  to,  so  that  at  those  points,  whose  original 
distance  from  the  centre  of  B  was  6,  the  displacement  may  be  compounded  of  at/^sinp^ 
along  the  radius  vector  and  zero  perpendicular  to  it.  The  conditions  at  the  surface  of  A 
will  not  be  satisfied  by  these  values,  but,  if  we  transform  to  the  centre  of  il  as  pole,  we 
can  add  terms  which  will  satisfy  the  conditions  at  the  surface  of  that  body.  This  series 
of  operations  will  in  general  have  to  be  continued  indefinitely;  but,  if  an  approximate 
solution  only  is  required,  and  if  it  should  appear  that  the  surface  conditions  are  satisfied 
for  both  bodies  if  a  certain  order  of  small  quantities  is  rejected,  we  shall  have  obtained 
a  complete  solution  to  that  order  of  approximation. 

Neglecting  all  the  powers  of  ka  and.Aft  except  the  lowest,  we  have,  by  (2), 

-4  =  a*Ua,    B^Vu^y    8ina  =  l,    sin^=sl,  ^ 

therefore  equations  (1)  become 


■&). 
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whence  we  obtain  to  a  first  approximation 

^i=  2^^«  *">    ''«"'2;;;^*^ (*)' 

with  two  other  terms  obtained  by  changing  the  sign  of  i. 

Introducing  the  condition  that,  at  all  points  which  were  when  undisturbed  on  the 
surfoce  of  the  sphere  B^  the  displacement  is  to  be  bv^ie'^  along  the  radius  vector  and 
zero  perpendicular  to  it;  we  shall  find  that,  in  order  to  find  the  whole  disturbance,  we 
shall  have  to  introduce  terms  u/,  v/  of  the  same  form  as  those  given  in  equation  (7),  §  8, 
so  that 

„  ' - ic ?^. e-*«2/-n»+i P  (u )  «[(2»  +  l){(«~l)y-(«+l)A'}r.'-("+l)(2»-l)(*^-^')fc'] ^ 
^'t-*o^e^2.{   1)     r,{^.  2{«it»+(n  +  l)*«}r."^ ? 

", -»«2c»*      ^^   ^>      de,     '  2{nif  +  (n  +  l)A*}r/«  «r» 

(5). 

if  /A,  =  cos0,;  0^  being  the  angle  which  r,  makes  with  BX. 

Again,  using  the  condition  that  at  the  surface  of  A,  u  should  be  equal  to  aujie'^^  and 
that  V  should  be  zero;  we  shall  have  to  add  terms  u/,  v/  in  order  to  counteract  the 
disturbance  caused  by  the  displacement  u,  along  BP,    These  terms  will,  as  before,  be 

«'-     ^yV-»^P  u^  n[(2n  +  l){(n-l)fc'-(n-H)y}r,'-(n  +  l)(2n-l)(y-&')a']a- 
"• **'  2?  *  ^*-^- W-  2{n*»  +  (n  +  l)A»lr."*'  '^ 

r'.i.^'«»,-i^^AB^    (2n  +  l)(»iy-(n-2)y}r.'-n(2n-l)(y-^«)a'a*-' 
r, -tCg^e     z     ^^^     .  2{nA»  +  (n  +  l)A''}r^-*'  c- 

(6). 

The  disturbance  produced  by  «,',  t?,'  at  the  surface  of  A  and  by  «/,  t;/  at  the  sur- 
face of  B  will  be  found  to  be  of  the  third  order  of  the  small  quantities  -  and  - .    If  there- 

c  c 

fore  we  neglect  the  terms  of  the  third  order,  we  shall  have  a  complete  solution  for  the 
displacement  at  any  point.  This  displacement  is  given  by  tfaeee  parts  of  the  terms 
«i>  w/>  t^/j  ^i»  ^t»  K  which  do  not  involve  small  quantities  of  the  third  order. 

At  the  surface  of  A  the  displacement  will  consist  of 

«  =di»placement  along  ^P-^^e-**-^P>0^-'»-  +  ^.?^^^^±:g^P.O*>-*'' 
V  ^  displacement  perpendicular  to  AP 


.(7), 


with  similar  terms  obtained  by  changing  the  sign  of  t. 

Similarly  the  displacement  at  the  surface  of  B  can  be  obtained. 

Vol,  XIV.  Part  I. 
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10.  Investigation  of  the  mutual  action  of  two  small  spheres  pulsating  in  an  elastic 
medivm,  the  waves  being  supposed  to  be  long  compared  with  the  distance  between  the  centres 
of  the  spheres. 

Let  us  suppose  the  centres  to  be  fized  in  space,  and  assume  that  no  slipping  takes 
place  at  the  surfaces.  Under  these  circumstances  the  displacement  can  be  found  as  in 
§  9,  and  if  small  quantities  of  the  third  and  higher  orders  be  neglected  we  shall  have 
for  the  components  of  the  displacement  at  the  surface  of  A^ 

^~     2c'       dd,     ^       "^  2c*  2(Jfc'H-2A")r/  dd^     ^      ' 

with  two  similar  terms  got  by  changing  sign  of  i. 

When  r^^a  we  shall  have 

t*  =  ^  «e-*^,    ^  =  0,   -Tj  s.  0,     j|-  ~  0,  and  hence  the  dilatation  €  «  3^  . 

Also  the  force  on  the  sphere  A  resolved  along  AB  in  the  direction  AB 


where  d<r  is  an  element  of  the  surface  and  the  integration  is  performed  over  the   whole 
of  the  sphere.' 

Since  JP. (/i^) cos tf^cio- =  0  and  J      *g  '   And^da^Q,  unless  »  =  !,  we  need  only  attend 
to  the  terms  in  u  and  v  involviDg  P^{fi^  and      y^    » 

Hence  the  force  in  the  direction  AB 

=  «86X              f  (X  +  2/.)  y  cosV,  +  M'  sin'g,  ^^     .  .    ... 
2ac«  '^'     Jo ¥TW ^"^^  ^'''^^' 

Introducing  the  condition  {\  +  2fi)V  =  fih*  and  taking  account  of  the  double  sign  of  1, 
we  get 

.  Force  in  direction  AB  at  the  time  f  =  1.  i^!^^^L±^>  ~\.r,\Bmpt (1). 

The  resultant  force  on  -4   can  be   found  if  we  know  the  forms  of  v.,  u^.    If  w.  =  /[>,, 
w*  =  p,,  where  p^  and  />,  are  constants,  we  shall  have  during  a  complete  period  — 
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2v 


Force  on  il  in  direction  ^5«^1^^^^±^  ^  j\'p,{l+p,Qmpty sin pt 

>(2\  +  5/i)    P^'V ^^^• 

This  is  a  repulsion  when  p^  and  p,  have  the  same  sign  and  an  attraction  if  they 
have  opposite  signs.  In  either  case  the  force  Varies  according  to  the  inverse  square  of  the 
distance  between  A  and  B. 

II.    Second  approximation. 

We  shall  now  include  the  terms  of  the  third  order  in  the  expression  for  the  dis- 
placement   As   in   §  10,  it    is   evident   that   the    only  terms  which   will    enter   into    the 

expression  for  the   force   on   A   will    be  the   coeflScients  of  P,OitJ,  and    of    — J^^.    The 

coefficients  of  these  terms  in  u^,  u^,  u/,  v/  have  already  been  considered,  and  the  action 
arising  from  them  has  been  given  in  equation  (2),  §  10.  We  have  next  to  resolve  the 
displacement  given  by  u,',  v^  in  equations  (5),  §  9  along  and  perpendicular  to  AP.  If 
the  resolved  components  are  (i^/)  and  {v^  we  get,  if  the  terms  of  the  fourth  order  are 
neglected, 

K)-^^^»*|(c<>sg,-^^)p,(;.j,--^^^^,^^^.  ^f^r^e, -^.  — T0?Mn^} 

^^•J 2r^      P''*^*^^^     (f  +  2A«jr,*     +\^^«''i    c)     d$,    •         2(*»  +  2A«jr,*       } 

These  terms  can  be  expanded  in  series  involving  Legendre's  coefficients  of  fi^  and 
their  differentials  with  respect  to  $^.    For  by  equation  (3),  §  8,  we  get 

P. 


di  i 


(1). 


therefore 
sin  5, 


^^-^  =  (-ir.,4r|l-K«H-l)P>.)^^"-^y-^^^i>>J^'-f...} (2). 


•■P.(m.)„/    iv.*.     1   \dPM)     n  +  1  dPMr, 

^(,i^)^|^_^J^^^J (3). 

+  |^{3(n  +  2)P>,)  +  2(n-3)P,(Mj}^+...] W- 

Also  differentiating  equation  (2)  with  respect  to  ^^  keeping  r,  constant,  we  get 
1   dP,M_(    ...  njn  +  l)r,  [WP>.)  ,  n  +  2iP.(M.)r. 
^'~ddr~  c"*       12!     d0,    ^    3!       de,     c 

^fi,ii^^u^,.,.| : ,,, 


r.-*' 


8—8 
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therefore      ||.  ^_(-,)-.li!^  [-L^  IP.W-P.W) 

-(7). 

If  all   the   terms    of  a    higher    order   than    the    third   be    neglected,  we  get  by  the 
above  equations 


ibaX     ,^     3ft'     dPM 
^^*'  2c'   *       i^  +  2h'     d0. 


.(8). 


Unng  equation  (7),  §  8,   we   find  the  terms  which  have  to  be  added  in  order  to  make 
the  whole  displacement  equal  to  au,ie~'^  at  the  surface  of  A.    They  are 


„_t6o«u.   _,,«      SA*      f_3A^^  .       V-h*     )p.    . 
"*'  ~  "2?"  "      •  ¥+W  t(ifc»  +  2A»)aV. "^  (*•  TW)  r,»j  ^'^'^ 

**»  ~   2c*  ^      -P  +  SA*  t2(jf  +  2A')oV,     2 (/fc»  +  2A') r,'j     d<?.    , 


.(9). 


Similarly,  if  we  consider  the  whole  displacement  at  the  surface  of  B  we  can  see.  that 
we  shall  have  to  add  terms  u,",  v,"  in  order  to  satisfy  the  surface  conditions  to  the 
third  order  of  small  quantities,  where 


"•  ~      "2?"  "      •  jf  +  2A'  !(*»  +  2*0  6V,  ■''  (&•  +  2A')  r,')  "^•''*«'  " 

m      3A'     f    8(A'  +  y)  y-A*     ]  rf^OO 

■ifc'  +  2A'l2(A»+2A')6V,     2  (ifc»  +  2A*)  r,»J     d^, 


.(10). 


The  eflFect  of  w/',  v"  at  the  surface   of  B  or  of  ti,",  v/'  at  the   surface  of  A  will  be  of 
the  fourth   order  of  small  quantities,  and  can  therefore  be  neglected  to  our  approximation. 

Hence  we   have  the  complete  expression   for  the  coefficients   of  P,  (/i^)  and  — J^-  to  the 
third  order  of  approximation. 

The  second  term  in   the   expression  for  the  force  on  A  may  now  be  found  as  in  §  10. 
It  will  be 

727rV(X+2A)*    ,6a^ 
P(2X+5/a)*    ^'   (?  ' 

in   the  direction  AB,  if  w.  and  u^  are,  as  before,  supposed  to  be  constants.     This  gives  a 
repulsive  force,  varying  with  the  inverse  cube  of  the  distance  between  A  and  B. 
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12.  If  any  explanations  of  the  nature  of  graTitation,  or  of  electrical  forces,  are  to 
be  based  on  suppositions  of  the  transmission  of  motion,  or  stress  through  a  medium 
intervening  between  the  electrified  bodies ;  it  appears  that  such  explanations  must  be  based 
on  the  hypothesis  that  the  medium  behaves  like  an  elastic  solid,  unless  space  is  to  be  sup- 
posed to  be  filled  with  a  second  medium,  whose  properties  differ  from  that  in  which  light  is 
supposed  to  be  propagated.  Thus  it  appears  that  hypotheses  based  on  the  theory  of  incom- 
pressible fluids  must  be  erroneous;  and  it  should  be  observed  that  even  if  two  media 
are  admitted,  the  second,  if  a  fluid,  can  hardly  be  supposed  to  be  absolutely  incompressible. 
This  appears  to  be  a  serious  objection  to  a  theory  which  has  been  adduced*  to  explain 
gravitation,  based  upon  Bjerknes'  investigation,  in  which  it  is  supposed  that  all  atoms  are 
pulsating  in  phases  not  differing  from  one  another  by  more  than  a  quarter  period,  and 
that  the  intervening  medium  is  an  incompressible  fluid.  If  this  were  the  case,  the  law 
of  universal  attraction  according  to  the  law  of  the  inverse  square  would  follow;  but  unless 
the  medium  is  supposed  to  be  absolutely  incompressible,  in  which  case  all  pulsations  would 
be  instantaneously  diffused  throughout  space,  there  would  on  this  theory  be  repulsion 
between  bodies  at  distances  greater  than  a  quarter  wave  length,  and  bodies  would  at 
certain  distances  repel  one  another,  which  is  contrary*  to  observation. 

The  electrical  phenomena  of  attraction  and  repulsion  are  capable  of  explanation  by 
the  results  proved  in   this  paper.     If  we  suppose  two  groups  of  particles  to  be  pulsating, 

so  that  the  phases  of  the  particles  in   the   first  group  lie   between  ^  and  —  ^,  and  that 

those  of  the  other  group  lie  between  -^-  and  — -^;  2/>  being  the    complete   period;    we 

shall  find,  by  an  obvious  extension  of  equation  (2),  §  10,  *that  the  particles  of  the  same 
group  will  repel  each  other,  the  law  of  force  being  that  of  the  inverse  square  of  the 
distance,  and  will  attract  the  particles  belonging  to  the  other  group  according  to  the 
same  law  of  force.  This  is  in  accordance  with  observed  electrical  actions,  and  is  baseil 
on  the  hypothesis  that  the  medium  which  transmits  electrical  vibrations'  is  the  same  as 
that  by  which  the  undulations  of  light  are  transmitted.  The  observed  electrical  effects 
of  attraction  and  repulsion,  conduction  and  induction,  can  be  explained  on  this  hypothesis, 
as  in  the  ordinary  two  fluid  theory.  It  should  however  be  observed  that  the  laws  of  . 
attraction  and  repulsion  are  supposed  to  hold  good  only  for  distances  which  do  not  exceed 
a  quarter  wave  length  of  the  displacement  corresponding  to  the  period  of  the  particles* 
pulsation.  This  is  as  yet  unverified  by  experiment,  but^  if  it  be  untrue,  all  hypotheses 
of  electrical  action  arising  from  supposed  periodic  disturbances  of  the  intervening  medium 
owing  to  the  electrical  condition  of  the  body  will  in  like  manner  be  vitiated.  It  should 
also  be  noticed  that  no  hypothesis  is  made  concerning  the  shape  or  density  or  other 
properties  of  the  two  groups  of  particles,  which  may  be  supposed  to  differ  in  any  or  all 
of  these  respects : — the  only  suppositions  made  concerning  them  are  that  they  are  pulsating, 
and  that  their  phases  satisfy  the  conditions  above  indicated.  Several  other  electrical  pheno- 
mena may  be  explained  by  a  hypothesis  similar  to  that  given  above.     If  we  suppose  the 
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atoms  composing  matter  to  be  also  pulsating,  then,  by  proper  suppositions  with  regard 
to  their  phases,  we  can  explain  the  cohesion  of  two  or  more  atoms  to  form  a  molecule, 
the  apparent  comparative  affinity  for  one  or  the  other  kind  of  electricity  that  bodies 
appear  to  possess,  and  several  of  the  phenomena  of  electrolysis. 
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IV,  On  the  curves  of  constant  intensity  of  homogeneous  polarized  light  seen  in  a 
uniaxal  crystal  cut  at  right  angles  to  tlie  optic  axis.  By  C.  Spurge,  B.A. 
(Plate  II.) 

[Read  January  28,  1884.] 

In  a  paper  published  in  the  Proceedings  of  this  Society  I  have  demonstrated  many 
important  general  properties  of  the  curves  given  by  the  polar  equation 

^  =  .+  8in25sinr* 

which  are  interesting  from  a  physical  point  of  view*. 

The  forms  of  the  curves  in  the  simple  cases  when  k  =  1,  /c  =  0  when  the  curves 
are  very  neiurly  point  curves  and  when  r  is  very  small  were  there  shewn. 

The  object  of  the  present  communication  is  to  shew  what  is  the  general  form  and 
relative  position  of  the  whole  system  of  curves  by  giving  an  accurate  tracing  in  which 
the  positions  of  a  number  of  points  on  the  curves  sufficiently  close  together  are  determined 
by  actual  numerical  calculation  {vide  Plate  IL). 

The  results  of  the  calculation  are  given  in  the  tables  appended 

The  method  of  conducting  the  calculation  was  as  follows.    The  values  of  —. — ttx   were 

°  sm  25 

tabulated  for  every  two  degrees  of  angle  as  regards  5  and  for  values  of  k  increasing  from 

*1  to  *9.    As  these  values  can  be  easily  computed  from  a  table  of  natural  cosecants  it  is 

unnecessary  to  give  them.    From  the  known  values  of  -: — ^^  (which  is  equal  to  sin  r^)  the 

least  positive  values  of  r^  were  obtained  and  reduced  to  circular  measure.  The  values  of 
r*  thus  obtained  are  given  in  Table  L  The  rest  of  the  values  of  r^  were  found  from  the 
formula  nir±f^,  where  fi  is  an  integer  and  the  square  roots  having  been  extracted  the 
absolute  values  of  r  were  determined  to  three  places  of  decimals. 

Thus  the  -polai  co-ordinates  of  a  number  of  points  were  calculated. 

To  trace  the  curve  lines  were  drawn  through  the  origin  at  angular  distances  apart  of 
2^,  and  on  these  lines  the  values  of  r  were  set  off  according  to  a  certain  scale.  The  scale 
of  the  map  which  was  adopted  to  get  the  curves  within  the  limits  of  the  sheet  of  curve 
paper  was  that  a  radius  vector  of  absolute  value  1  is  represented  by  -^^  scale  divisions. 

♦  See  Proc,  Camb.  Phil.  Soe.  Vol.  v.  Pt.  ii. 
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The  values  of  r  in  scale  divisions  are  exhibited  in  Tables  II.  a,  by  c,  d,  e.  Thus  the 
curves  were  accurately  traced  except  near  the  points  of  contact  of  the  tangents  (rom  the 
origin  to  the  curves  where  r  varies  very  considerably  for  a  small  increment  in  0.  Con- 
sequently the  form  of  the  curves  near  the  points  of  contact  was  traced  by  describing  a 
small  arc  of  the  circle  of  curvature  at  such  a  point.  The  values  of  p,  the  radius  of 
curvature  obtained  for  this  purpose,  will  be  found  in  the  central  column  of  the  Tables  II. 

The  tracing  represents  that  part  of  the  curve  which  lies  in  the  first  quadrant.  It 
is  unnecessary  to  give  the  rest  as  the  curve  is  symmetrical  in  the  four  quadrants. 

In  conclusion  I  desire  to  express  my  best  thanks  to  Mr  R.  T.  Glazebrook  for  valuable 
suggestions  at  some  stages  of  the  work. 


I.    LEAST  POSITIVE  VALUES   OF  r». 


K  s 

•I 

•2 

•3 

•4 

•5 

•6 

•7 

8 

9 

tf-  2» 

4* 

■8016846 

6» 

•5017646 

i^2940404 

8« 

•37"76o 

•81 18925 

IO» 

•2967  IS  » 

•6245851 

I  •0698771 

«• 
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t4* 
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•8034824 

1*0426320 
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I  •228371 2 

26* 

•1272435 

•2566079 

•3905549 

•5323991 
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10936380 

28* 

'1209162 

•2436471 

•3702681 

•5032981 

•6473930 

8091933 

1-0053557 

1-3053458 

so" 

•I  157280 

•2330437 

•3537414 

•480 1 1 36 

•615479s 

•7653923 

•9412419 

1*1777850 

32' 

•1114910 

•2243963 

•3403113 

•4612198 

•5899277 

•7309284 

•8927845 

1*0975240 

34' 

•1080631 

•2174156 

•3294897 

•4460591 
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1*0408361 
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36' 

•1053409 

•21 18740  . 
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•6826833 
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38* 

•1032446 
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•3143347 
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•9693010 

I '187807 1 

4o' 

•1017171 
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•4182593 

•5325280 

•6551219 

•7906323 

•9481548 

11527489 

42* 

•1007210 
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•3064253 

•4139219 

•5267818 

•6476385 
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•9346756 

I^i3i2789 

44* 

•1002286 

•201482 1 

•3048841 

•41 1 7826 

•5239504 

•6439579 

•7760110 

•9281077 

1*1210286 
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V.     On  a  certain  Atomic  Hypothesis.     By  Professor  Karl  Pearson,  M.A, 
Communicated  by  H.  T.  Stearn,  M.A. 

[Read  Ffbruatry  2,  1885.] 

On  a  certain  Atomic  HypoiJiesis. 

1.  That  view  of  the  physical  universe  which  regards  it  as  an  absolutely  continuous 
medium  seems  to  be  rapidly  replacing  the  old  molecular  hypotheses.  In  some  manner  or 
other  we  suppose  certain  portions  of  this  medium  to  be  differentiated  off  from  the  rest, 
these  portions  are  indestructible,  are  possessed  of  an  internal  energy  and  an  external 
energy  (i.e.  one  of  translation),  and  by  reason  of  this  energy  give  rise  to  that  group  of 
phenomena  which  we  are  accustomed  to  class  as  attributes  of  'matter.'  One  extremely 
beautiful  hypothesis  would  make  these  differentiated  portions,  which  for  the  purposes  of 
this  paper  I  shall  term  atoms,  consist  in  vortices.  It  might  perhaps  be  sufficient  to 
suppose  that  these  atoms  were  portions  of  the  universal  medium  in  motion,  that  the  portions 
themselves  were  unchangeable  and  their  motion  indestructible,  in  character.  It  would  then 
be  the  aim  of  science  to  explain  by  means  of  these  atoms,  that  is,  by  the  very  fact  of 
their  motion,  vibratory  and  translatory,  within  this  continuous  medium  all  the  usual 
phenomena  of  matter,  gravitation,  electricity,  heat,  light,  magnetism,  etc.  Let  us  mark 
the  difference,  and  it  is  a  fundamental  one,  between  the  old  and  the  new  view  of  the 
universe,  the  old  view  endowed  its  atoms  with  certain  inherent  forces,  and  having  done 
so,  more  or  less  completely  ignored  the  existence  of  the  medium;  the  new  view  endows 
its  atoms  with  no  inherent  forces,  but  with  motion — it  looks  to  the  action  of  this  motion 
on  the  medium  to  explain  the  action  of  one  atom  on  another.  The  old  vi^w  saw  every- 
where in  the  universe  force,  the  new  view  finds  everywhere  motion — ^that  is  a  gross  way 
of  putting  the  difference.  Wherever  we  now  find  force,  we  must  seek  for  atomic  vibra* 
tions,  oscillations  or  translations,  which  will  produce  the  requisite  stream  lines  in  the 
continuous  medium,  and  so  the  apparent  force.  The  whole  problem  of  physics  is  reduced 
to  one  of  hydrodynamics,  and  a  new  meaning  seems  to  be  thrown  upon  the  recurrence 
of  certain  typical  equations  in  nearly  all  branches  of  physics.  The  strongest  light  hitherto 
cast  upon  this  view  of  the  universe  has  been  from  the  researches  of  Prof  Bjerknes  of 
Christiania  on  the  phenomena  which  he  has  classed  under  the  term  Hydromagnetism.  Two 
spherical  bodies  oscillating  in  a  fluid  medium  are  found  to  act  with  similar  forces  to  two 
magnetic  molecules  placed  at  their  centres  with  axes  in  the  directions  of  the  oscillations. 
If  we  suppose  our  ultimate  atoms  to  be  spherical,  this  result  throws  considerable  light 
on  the  nature  of  that  atomic  nu>tion  iQ  the  all  pervading  medium,  which  may  give  rise 
to  magnetic  phepomena^ 
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2.  The  object  of  this  paper  will  be  to  seek  a  corresponding  analogy  between  the  re- 
sults of  some  motion  of  the  atoms  and  phenomena  which  are  usually  classed  as  gravitation, 
cohesion,  chemical  combination,  etc.  It  will  be  noted  that  this  theory  does  not  deny  the 
truth,  for  instance,  of  such  a  hypothesis  as  the  Kinetic  Theory  of  Gases,  rather  it  throws 
new  light  upon  it,  by  suggesting  the  nature  of  the  "forces"  which  act  between  two  free 
molecules  of  a  gas.  The  motion  of  an  atom  will  be  of  two  kinds,  vibratory  and  trans- 
latory  (the  motion  of  rotatiou  is  for  our  present  purpose  neglected);  now  if  we  suppose 
the  vibratory  motion  to  be  of  the  same  kind  as  the  vibrations  which  we  term  light,  the 
velocity  of  translation  of  an  atom  due  to  its  motion  with  the  planetary  system  through 
space,  will  be  an  indefinitely  small  quantity  compared  with  the  rate  at  which  a  point 
on  the  surface  of  the  atom  is  capable  of  moving.  For  example,  let  the  atoms  be  spherical, 
and  let  q^,  y,  be  the  translatory  velocities  of  the  atoms  in  directions  A^,  A,;  let  a^,  a,  be 
the  radii  of  the  spheres  and  7  the  distance  between  their  centres;  d^,  d^  the  otitward 
velocity  of  the  extremity  of  any  normal,  supposed  the  same  all  over  the  same  atom; 
p  the  'density'  of  the  medium;  then,  it  has  been  shewn  {Quarterly  Journal  of  Math, 
Vol.  XX.  p.  77)  that  there  are  terms  in  the  total  energy  of  the  two-atom  system,  which, 

so  far  as  terms  of  the  order  -j — tml  d'  ta      \   ^®  concerned,  may  be  written 

Now  if  Ji,  Jj  be  merely  velocities  of  the  atoms  through  space  of  a  kind  which  we 
may  term  planetary  motion  and  d^,  d^  velocities  corresponding  to  light  vibrations,  the  first 
term  is  here  all  important  and  the  others  may  be  neglected.  If  however  g^,  q^  were 
velocities  due  to  oscillations  of  the  spherical  atoms  capable  of  producing  phenomena 
analogous  to  the  magnetic,  then  the  last  three  terms  might  be  as  important  as  the  first. 
We  might  then  divide  the  terms  of  the  above  energy-expression  as  follows: 

Ist  term.  Involves  only  vibrations  of  the  atoma  perhaps  analogous  to  those  which 
produce  light,  heat,  etc. 

2nd  term.  Involves  only  oscillations  of  the  atoms  perhaps  analogous  to  those  which 
produce  magnetic  phenomena. 

Srd  and  4th  terms.  Involve  both  vibrations  and  oscillations  of  the  atoms  and  perhaps 
give  rise  to  phenomena  analogous  to  those  in  which  light  and  magnetism  are 
intimately  connected. 

It  will  be  noted  that  these  are  only  analogies  and  analogies  too  of  the  vaguest 
description,  yet  it  cannot  be  denied  that  they  suggest  possible  directions  of  research,  which 
might  at  least  throw  light,  if  only  of  a  negative  kind,  on  the  constitution  of  the  "con- 
tinuous medium." 

3.  For  the  object  we  have  at  present  in  view  we  shall  suppose  no  "  hydromagnetic " 
oscillations  of  the  atoms  to  exist,  we  shall  also  neglect  all  interstellar  motion  of  the  atoms, 
and  suppose  them  to  be  "endowed**  only  with  vibratory  nK>tion8»  To  bring  the  analyns 
within    comparatively    narrow    limits,   we    shall   suppose   a    very   simple    character  for  our 
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atoms  and  their  vibtations,  namely,  that  they  are  spherical  portiona  differentiated  &om 
the  ccmtinaons  medium  (henceforth  merely  for  brevity  to  be  termed  ike  tthet)  and  that 
their  Tibrations  are  uniform  over  their  entire  surfaces,  or  as  it  were  pulsatione  of  their 
entire  surfaces.  These  pulsations .  may  of  course  consist  of  a  number  of  terms  of  different 
periods,  and  when  an  atom  is  "free,"  as  in  the  case  of  gas  or  vapour,  at  very  small 
pressure,  it  will  be  pulsating  with  a  certain  number  of  "beats"  of  fixed  period  characteristic 
of  that  particular  class  of  atom,  these  may  be  termed  its  natural  pulsations.  Wheii  how- 
ever an  atom  is  constrained  by  its  proximity  to  other  atoms,  it  is  probable  that  a  certain 
number  of  forced  pulsations  take  the  place  of  the  natural  pulsations;  it  is  probable  that 
these  will  not  be  uniform  over  the  surface  of  the  sphere,  but  have  a  polar  character ; 
for  the  purpose  however  of  our  present  investigation  we  shall  ultimately  suppose  all 
vibrations  of  the  atoms  whether  natural  or  forced  to  be  imiform  or  non-polar,  we  shall 
denote  by  pulsation  such  a  non-polar  vibration.  The  natural  pulsations  in  the  case  of 
9k  Jree  atom  will  be  analogous  to  those  peculiar  vibrations  in  the  case  of  a  molecule  which 
in  the  kinetic  theoi^  of  gases  are  supposed  to  give  the  bright  lines  of  the  gas's  spectrum*. 
Now,  so  far  as  the  light  spectrum  is  concerned,  we  have  reason  to  believe  that  at  small 
pressure  and  not  too  high  temperature  we  get  a  single  bright  line  only  from  any  gas  or 
vapour.  Hence  we  might  from  analogy  assume  that  there  was  only  one  natural  pulsation 
in  any  given  class  of  atoms;  as  however  such  assumption  would  not  alter  our  analysis  it 
seems  unnecessary  at  present  to  adopt  it.  As  our  atoms  become  more  and  more  con- 
strained by  increase,  for  example,  of  pressure,  a  series  of  forced  pulsations  is  imposed  on 
the  free  pulsations,  till  at  last  in  the  solid  state  the  latter  are  absolutely  indistinguishable. 
Let  us  follow  the  analogy  with  tha  spectrum:  as  the  pressure  of  the  gas  increases,  the 
number  of  bright  lines  increases,  the  spectrum  becomes  more  and  more  complex  and  after 
passing  through  various  stages  of  semi-continuity,  at  last  in  the  case  of  a  solid  becomes 
absolutely  continuous;  in  other  words,  the  molecules  in  the  case  of  a  solid  (or  liquid) 
must  within  certain  limits  be  giving  out.  all  conceivable  vibrations.  What  is  the  analogy 
in  the  case  of  our  pulsating  atoms?  namely  that  when  they  are  in  a  state  of  great 
constraint  as  in  the  case  when  they  form  a  solid  or  liquid  bod/,  the  enforced  pulsations 
give  a  continuous  range  of  ''beats'';  even  as  a  piece  of  iron  or  a  piece  of  platinum  give 
the  same  continuous  spectrum,  so  the  atoms  of  any  two  solids  though  they  may  have 
different  natural  pulsations,  yet  owing  to  the  en/orcsd  pulsations  have  all  the  same  con- 
tinuous range  of  "beats."  This  is  an  analogy  which  will  be  found  of  the  highest  sug- 
gestiveness,  when  we  endeavour  to  explain  the  phenomenon  of  gravitation.  Furthermore, 
we  may  remark  that  it  is  not  difficult  to  understand  how  a  molecule  may  be  composed 
of  a  group  of  like  or  different  spherical  atoms;  such  a  molecule  may  itself  have  free 
vibrations,  while  the  atoms  which  compose  it  have,  owing  to  their  mutual  action,  constrained 
pulsations;  the  free  vibrations  of  this  molecule  may  have  no  apparent  relation  to  the  natural 
pulsations  of  the  atoms  which  compose  it,  even  as  the  spectrum  of  a  compound  bears  no 
obvious  relation  to  those  of  its  elements.  Or  again  a  substance  composed  of  like  atoms 
may  exist  in  various  molecular  states  each  with  its  own  spectrum.    All  our  hypothesis  has 
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hitherto  forced  us  to  assume  is  this:  that  when  any  substance  is  completely  disassociated, 
ie.  its  molecules  broken  up  into  their  ultimate  atoms  and  these  atoms  sufficiently  &r 
from  each  other  to  be  vibrating  freely,  then  these  atoms  are  spherical  dilBTerentiated  portions 
of  the  ether  with  certain  definite  natural  pulsations  only. 

4.  We  proceed  to  consider  the  hydrodynamical  theory  of  such  pulsating  spherical 
atoms.  We  suppose  that  a  velocity  potential  exists  and  therefore  that  there  is  no  rotational 
motion  of  the  ether,  at  least  outside  the  differentiated  spherical  portions.  As  surface  con- 
dition at  such  portion  or  atom  we  make  the  normal  velocity  of  the  fluid  equal  to  that 
of  the  surface.  It  will  be  sufficient  to  consider  two  atoms,  the  results  will  be  with  certain 
modi6cations  capable  of  extension  to   any  number. 

Let  a^,  a,  be  the  radii  of  the  two  atoms;  r,,  r^  the  distances  of  any  point  in  the  ether 

from  their  centres,   and  7  the  distance  between   their   centres.      Then  -r-    will  denote  a 

differentiation  in  the  direction  of  7;  in  order  to  mark  the  direction  o(  this  differentiation 

we  shall  use  ^ —   when  we  are  considering  7  as  measured  from  the  centre  of  first  to  the 

centre  of  second  atom;  -^ —  to  denote  the  opposite  direction,  so  that  ^7,,  =  — cty^.     Let 

d,,  d,  be  the  outward  velocities  of  the  extremity  of  any  normal  of  either  sphere  respectively 
at  time  t.  The  normals  i^^,  v^  will  be  measured  outward  into  the  fluid.  The  conditions 
which  the  velocity  potential  '^  must  satisfy  are  the  following:  at  an  infinite  distance  it 
must  be  constant  or  zero,  throughout  space  not  occupied  by  the  atoms  we  must  have 

and  finally  at  the  surfaces  of  the  two  atoms  we  must  have 

5?"^*'     dj"^*  respectively. 
A  value  of  '^^  which  satisfies  the  first  two  conditions  is  given  by 

*--'{<jb<m «• 

Can  we  by  a  proper  choice  of  the  constants  -4^,  B^  make  it  satisfy  the  third  set 
of  conditions?    If  we  can,  -^  will  then  be  the  required  solution. 

Let  P  be  any  point  whose  distances  from  the  centres  C^  and   (7,  are  r^  and  r,.    Let 
the  aCJO^P^O  and  cos0  =  fi.    Then,  if  7  be  a  constant, 
r,  is  a  function  of  r^  and  /*,  jw 

r/  =  7»  +  rj»-2/*r,7. 

And  hence,  if  7  be  greater  than  v^, 

hl'^'Cy)'-^'^^ ••("^'       ^^ 

where  Pp(ji)  denotes  the  p^  zonal  harmonic  of  /*. 
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the  subject  to  be  operated  upon  being  a  function  of  r,. 
Now  dy„.fl  =  -dr^, 

dy^  Bbx0 1*  r^d9 ; 
and  therefore  dy^  sin*^  «  —  r,rf/» ; 

therefore  _._|___  +  ^_j. 

Hence       ^Jr.-.P»}  =  -rr|(l-/*«)^-  +  »V*P.}  — «r.-«P„0*); 

therefore  ^.  {r/P.  0*)}  =«(»-!)  r,-P^  0*). 

And  generally^ 

^h-P.O*)}  =  (-l)'«(«-l)...(n-i)  +  l)r.-^P^O*). 
We  have  then 

^,{^)-^^K(^)'''(.'-t)-(o-P+i)P^(M) .(iii). 

£.©-^'^» 0')- 

Differentiatbg  these  with  regard  to  r^,  we  have 

_*:i_riUtin£±lp,o.) 

dr.dyArJ  rr  '^' 

To  find  ^  we  must  substitute  o,  for  r^  in  (v)  and  then  take  (v)  in  conjunction 
with  (i);  we  obtain 

(vi). 

5.  It  remains  to  equate  to  zero  the  coefficients  of  the  various  zonal  harmonics.  We 
may  note  however  that  equation  (vi)  gives  us  a  means  of  solving  a  still  more  general 
problem;  namely,  if  instead  of  a  simple  pulsation  as  given  by  d^,  we  had  a  vibration  of 
the  atom  symmetrical  about  a  pole  coinciding  with  the  central  distance,  i.e.  if  d^  was 
a  function  of  the  form 

4^»  +  ^.i*iO*)  +  4^0*)  +  etc. 


(V). 
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A  vibration  however  about  a  pole  not  peculiar  to  the  atom  such  as  this  would  not  be 
one  of  its  free  vibrations;  it  would  however  be  the  pole  about  which  the  free  pulsations 
of  the  second  atom  would  create  forced  vibrations  in  the  first.  In  order  to  see  more 
clearly  the  nature  of  these  forced  vibrations,  we  shall  for  the  present  follow  the  more 
general  problem,  and  assume 

It  will  always  be  possible  to  return  to  our  original  problem  by  putting  all  tbe  ^'s=:0, 
except  «j>f  and  if>^'. 

Equate  the  coe£5cients  of  P^ifi)  in  (vi). 


«. 


i,        ^,«-^..a.». 


Hence,  ^^,'= J,        jB^  =  -0/.a/,  by  symmetry. 


Equate  the  coeflScients  of  P,(fi), 

-  Cp  +  3) l>  +  2)(l>  + 1)  ^  +  etc.! (vii). 

By  symmetry, 

-(l.  +  S)(y  +  !)(p+3)^  +  ete.| (viii). 

We   have  here   types    of   the  two  sets    of   equations    which    enable   us  by  continual 
approximation  to  determine  the  value  of  the  4's  and  B*b  in  terms  of  the  0's  and  ^"'s. 

We  see  generally  that 

J^xz  ■  ^^—^y  + terms  of  the  order  Ml    , 


^>=  ^    Ip  +  I      4'  +  te""B  of  the  order  (|)    . 

Now  7  is  greater  than  o,  +  a„  and  hence,  the  atomic  radii  being  supposed  nearly  equal, 

-'   and  ^  will  be  leas  than  i.     Therefore  for  any  considerable  value  of  p  we  should  be 
7  7 

justified  in  putting 


For  example,  in  the  case  of  A^^  and  B^^  the  terms  omitted  would  be,  roughly  speaking, 
.j^^j^th  of  those  retained. 
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6.  Before  proceeding  to  calculate  the  valaes  of  the  coe£Scients,  let  us  determine  the 
form  of  the  total  kinetic  energy  of  the  fluid.  Supposing  the  density  of  the  fluid  unity, 
we  require  the  value  of 


2}^  dv 


da 


taken  over  the  surface  of  the  two  atoms^ 
Now  at  the  sur&ce  of  the  first  atom 


..    ,  If,  i^.       ,-s»A4(-i)pJy 

-(|.  +  8)(j.  +  2)(p  +  l)^+ete.j. 

Now   for  the  series  in  J?s  under  the  second  summation  we  can  substitute  from  equa- 
tion (vii). 

We  find  for  all  values  of  p  >  0, 

Hence        —^^^^^^da  =  -t,      (2p  +  l)ar 

-^{^.-f^tlf-^f-etcj 

*»i)(2p  +  l)  +  '^  a,*-' 

We  may  therefore  write  the  total  kinetic  energy  of  the  fluid  as  follows,  remembering 
the  values  of  A^  and  B^, 
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or' 


Now  we  have  supposed  the  velocity  of  the  extremity  of  any  radius  of  the  first  atom 
to  be  given  by  d^^'t^,P,(/i),  hence  we  may  represent  the  increase  in  the  length  of  the 
radius  as  given  by  't^,.P,(ji),  and  ^,  may  be  termed  a  generalized  co-ordinate  of  the 
atom. 

7.  If  we  wish  to  calculate  exactly  the  kinetic  and  potential  energies  of  an  atom  we 
must  adopt  some  hypothesis  as  to  its  nature.  Suppose,  for  example,  it  were  an  uniformly 
elastic  spherical  solid,  then  we  might  deduce  the  internal  displacements  at  any  point  corre- 
sponding to  a  normal  surface  displacement  =  ^^pPp  (j^),  fi^om  these  displacements  obtain 
the  forces  of  elasticity,  and  so,  by  Clapeyron's  Theorem,  the  internal  work.  [The  displace- 
ments are  found  from  equations  (xii)  and  (ix)  and  the  corresponding  forces  from  equation 
(x)  of  a  paper  on  the  "  Distortion  of  a  Solid  Elastic  Sphere,"  Qiuirterly  Journal  of  Mathe^ 
maticSy  VoL  XVI.  p.  377.]  On  calculating  such  internal  work,  it  will  be  seen  that  it 
contains  not  only  squares  but  products  of  the  generalized  co-ordinates;  every  co-ordinate 
^,  occurring  in  two  products,  namely,  <l>,<l>p.i  and  ^,<t>,^i.  Remembering  this  special  case, 
we  shall  not  assume  that  the  ^'s  are  the  normal  co-ordinates  of  our  atom,  but  suppose 
the  potential  energy  F  to  be  of  the  form: 

Similarly  the  kinetic  energy  of  the  atom  will  be  supposed  in  like  manner  to  be  given  by 

The  like  letters  dotted  will  be  used  to   denote    sinular   quantities  for  the  second  atom. 
Hence,  if  JD  be  the  difference  of  the  kinetic  and  potelitial  energies  for  the  whole  system, 

and  the  equations  of  motion  will  be  of  the  type 

d  (dL\     dL 

8.  We  may  here  stop  to  note  a  very  curious  possibility;  since  K^  ia  &  quadratic 
function  of  the  ^'s 

•(i>  +  l)(2p  +  l)'^*»(P  +  l)(2i>  +  l)' 
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80  fsir  as  the  tenns  independent  of  7  are  concerned;  it  follows  that  the  vibrations  in  the 
fluid  appear  to  inci-ease  \  by  ^ — .  iwo  4.t\'  ^^^  ^^  *^®  expression  for  the  kinetic 
energy  of  the  atom,  the  X's  are  what  express  the  mass  of  the  atom.  But  if  all  the  X's 
were  zero,   they  would  still   have    an    apparent    value,  i.e.   z — .  iwo    .  i^  »  owing  to  the 

fact  that  the  vibrations  were  taking  place  in  the  fluid.  Hence  we  are  not  compelled  to 
suppose  our  atoms  to  have  any  mass  at  all,  they  will  still  have  an  apparent  mass  owing 
to  the  vibrations  taking  place  in  the  fluid.  It  is  a  strange  possibility  that  atoms,  the 
supposed  foundation  of  all  matter,  may  be  the  one  thing  in  the  universe  immaterial;  and 
that  their  supposed  mass  may  arise  purely  from  the  fact  of  their  existing  in  the  ether! 
A  like  train  of  argument  applies  to  linear  motion  of  atoms  in  the  ether,  they  too  have  an 
apparent  mass,  which  may  be  their  only  mass.  It  must  be  noted  however  that  in  order  to 
obtain  the  vibrations  it  is  necessary  to  suppose  them  or  their  surfaces  possessed  of 
a  potential  energy  similar  to  that  given  by  the  V*6  above.  The  notion  of  an  atom  as 
a  perfect  vacuum  (even  as  to  ether)  in  the  boundary  of  which  in  some  manner  potential 
energy  is  resident  seems  at  first  sight  startling,  but  it  does  not  appear  altogether  incon- 
ceivable. 

9.    Suppose  now  7  very  great,  so  that  the  atoms  have  no  mutual  action,  then: 

-  5^  =  tA  + /'»o^.  +  P«^t  + /'n^«  +  e*«- 
Hence  the  equation  of  motion  gives: — 


We  may  write  down  as  many  other  equations  as  there  are  ^'s.     Assume  a  vibration 


of  period  —  and  we  obtain  the  following  determinant  firom  which  to  calculate  n\ 


T,-n*(\  +  4iro,»), 


/>«■ 


•»Vm. 


P«-»M«. 


ft.-»>i 


'M> 


r,  -n»  (\+  ^j ,  />«-  »Va 


/>•.-«>». 


Pu-n>n> 


.-.-(x.*^*),... 


=  0. 


This  determines  the  free  vibrations  produced  by  a  *'  single  pole "  disturbance,  if  the 
atom  is  disturbed  and  then  left  to  vibrate  freely  in  the  ether.      In  the  case  where  the 
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free  vibration  is  to.  be  a  pulsation,  all  the  ^'s  except  ^,  must  vanish,  and  we  find 


^^  =  \/5 


47ra,»  ' 


that  is  what  we  have  considered  as  the  peculiar  vihration  of  an  atom,  that  which  finds 
its  analogy  in  the  single  bright  line  of  the  spectrum  in  the  case  of  a  gas  or  vapour 
at  low  pressure  and  not  too  high  temperature. 

10.  Let  us  suppose  for  a  moment  that  the  natural  pulsation  of  our  atom  does  coincide 
with  the  single  bright  line  vibration.    Then  the  period  of  the  light  wave  will  be  given  by 

2^  *  /  _2 l£  ^  where  p,  the  ether  density,  has  been  introduced  to  preserve  the  order 

V  To 

of  quantities.  Now  \  (if  it  be  not  zero)  will  vary  as  the  volume  of  the  atom  com- 
bined with  its  density,  and  t^  will  of  course  be  of  the  third  dimensions  in  space  but 
may  only  vary  as  a^  \  for  example,  if  the  potential  energy  is  resident  in  the  surface, 
it  will  also  contain  some  factor  representing  the  mechanical  structure  of  the  atom — for 
example  its  elasticity.  Hence  we  see  that  the  period  will  very  probably  be  a  function 
of  the  density  or  radius  or  both  of  the  atom.  It  is  a  noteworthy  fact  that  "there  is  a 
connection  between  the  atomic  weight  of  the  metalloids  and  the  region  of  the  spectrum 
in  which  their  lines  appear  under  similar  conditions"  (Lockyer,  p.  143).  A  careful  ex- 
amination of  the  position  of  the  'single  bright  line'  and  the  atomic  weights  of  various 
substances  might  possibly  throw  some  light  6n  the  value  of  \  and  r^,  and  so  on  the 
mechanical  nature  of  atoms.  Does  the  spectrum  order  of  the  single  bright  lines  in  the 
cases  of  the  elementary  gases  in  any  way  follow  the  order  of  their  atomic  weights  ?,  or 
of  atomic  diameters  as  calculated  in  the  Kinetic  Theory  of  Gkses  ?  (See  Oskar  Meyer, 
Die  kinetische  Theorie  der  Gase,  p.  206). 

11.  We  may  here  note  why  it  possibly  is,  that  the  natural  pulsation  is  of  more  im- 
portance than  any  of  the  other  free  vibrations  of  the  atom.  These  latter  may  occur  about 
any  pole  or  any  number  of  poles  in  the  same  atom,  while  in  another  atom  they  may 
be  taking  place  about  an  entirely  diflferent  pole  or  system  of  poles.  Suppose  two  atoms 
to  collide  and  then  separate  and  pass  beyond  their  sphere  of  mutual  action;  each  will 
vibrate  freely  about  the  point  of  colliding  contact,  but  the  position  of  the  corresponding 
poles  in  each  will  have  no  relation  whatever  to  the  poles  of  the  vibrations  produced  by 
the  contact  of  another  pair  of  atoms.  The  free  pulsations  in  all  cases  will  be  the  same 
and  from  any  small  volume  will  have  a  common  direction;  the  free  vibrations  will  however 
have  no  common  direction,  and  so  produce  nothing  like  the  effect  of  the  free  pulsation 
upon  the  ether. 

12.  Let  us  now  suppose  the  atoms  to  be  so  close  as  to  enforce  vibrations  on  each  other. 
We  shall  look  at  this  problem  in  the  following  manner.  When  no  such  influence  existed 
we  calculated  the  free  vibrations  of  a  single  atom,  we  now  ask  what  are  the  free  vibrations 
of  a  system  of  two  atoms  acting  upon  each  other?  Such  free  vibrations  are  when  con- 
sidered with  reference  to  one  atom  alone  forced  vibrations,  they  occur  only  owing  to  the 
mutual  position  of  the   two.       What  are  really  the  free   vibrations  of  a  system  of  atoms 
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mutually  reacting?    Here  we  shall  find   a  new  set  of  periods  differing  from  the  old,  in  that 
they  are  functions  of  the  distance  between  any  two  atoms. 

Now  the  expression  for  K^  is   a  quadratic  function  of  4>  and   <f>\  which  may  be  ex- 
pressed as  follows: — 

+  2^,  M,  •  \%.  +  higher  terms  in  -I 

We  note  at  once  from  this  that  the  terms  due  to  the  mutual  influence — 

(a)  Bring  in  products  of  the  ^'s,  but  that  these  products  become  of  small  importance 
when  the  order  of  the  ^'s  is  considerable  or  the   distance  between  the  atoms  sensible. 

(6)  Affect  also  the  coefficients  of  the  squares  of  the  generalised  velocity-components, 
but  when  the  order  of  the  component  is  considerable  to  a  very  small  extent  In  other 
words  the  mutual  action  affects  most  the  co-ordinates  of  the  lowest  orders,  in  particular 
the  natural  pulsation, 

13.    Proceeding  as  before  to  form  the  equations  of  motions,  we  obtain  a  series  of  linear 

relations  between  the  ^'s,  the  coefficients  of  every  term  being  functions  of  - .    Assuming 

values  of  the  type  Ccosnt  for  the  ^*s,  we  obtain  linear  equations  between  the  C's  and  n*. 
Eliminating  the  (7's  by  a  determinant,  we  arrive   at    an  equation  to  determine  n\      The 
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coefficients  of  the  powers  of  n  in  this  equation  are  functions  of  - ,  and  therefore  its  roots 
may  bo  expressed  in  the  form 

n,  =  S,  +  -»4-5  +  etc. 

2ir 
If  7  bo  great,  \^ 8^  and  -^  will  be   one  of  the  vibrations  of  one  or  other  atom 

a 

considered  as  vibrating  freely.    If  7  decrease,  we  shall  have  to  consider  the  next  term  —^ ; 

if  this  however  be  still  small,  the  period  will  diflfer  but  little  from  that  given  by  8^  Still 
from  one  pair  of  atoms  to  another  7  will  vary,  and  thus  we  shall  have  a  number  of 
periods  grouped,  as  it  were,  round  the  natural  period.  If  these  vibrations  correspond  to 
light  vibrations,  we  should  expect  to  find  the  spectrum  lines  spreading  out  into  bands 
as  the  atoms  of  a  gas  are  brought  nearer  together.  Finally,  let  the  atoms  be  brought 
very  close  together,  then  we  shall  have  to  consider  a  long  series  of  terms 

5  +  ^.  +  §  +  etc., 

7     7«    y» 

altering  n,  very  considerably  from  8^,  In  other  words  the  vibrations  given  by  any  two 
atoms  will  diflfer  very  considerably  from  the  free  vibrations  of  either.  Furthermore  the 
vibrations  given  by  diflferent  pairs  will  depend  on  their  distances,  and  so  vary  from  pair 
to  pair.  Hence  there  will  be  a  continicous  series  of  periods  between  certain  limits,  built 
up  out  of  the  vibrations  of  systems  of  atoms  at  diflferent  distances.  If  these  vibrations 
correspond  to  light  vibrations,  we  should,  when  the  atoms  are  close  together,  expect  a 
continuous  spectrum. 

Supposing  for  an  instant  that  a  chemical  combination  consisted  of  two  atoms  in  a 
very  close  union,  we  see  that  the  free  vibrations  of  the  two  would  diflfer  very  materially 
from  the  free  vibrations  of  either  alone,  hence  we  should  not  expect  the  spectrum  of  such 
a  combination  to  be  identical  with  the  spectra  of  its  two  components  superposed. 

14.  Hitherto  we  have  been  dealing  only  with  two  atoms,  we  may  now  ask  what 
diflference  is  introduced  into  the  above  results  if  three  (or  more)  atoms  are  aU  within  their 
mutual  range  of  action? 

The  calculation  of  the  value  of  K^  for  three  atoms  in  the  most  general  case  of  polar 
vibrations  presents  considerable  difficulties;  we  shall  content  ourselves  with  examining  the 
nature  of  the  pulsations  of  any  number  of  atoms  mutually  reacting.  It  is  not  difficult  to 
shew  that  in  the  case  of  three  atoms: — 

7jS  V8l  vu 

+  terms  with  higher  powers  of  -. 
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Forming  as  before  the  equatioiis  of  motion,  we  find 

781  Tu 

with  two  similar  equations. 

Now  assume  ^^^C^coant,  ^^^C^cosnt,  if)^" ^C^ cos nt,  where  nt  is  written  shortly  for 
nt  +  a.     Then 


Let 

Then 
similarly 


y,t 


Eliminate  0^,  (7^  0^  and  we  have  the  following  well-known  characteristic  equation  to  deter- 


mme  ~, : — 


^•<-"C7-^-)(?-^)(^-,^)-«.'-(?-S 

Therefore  the  three  values  of  n  are  the  lengths  of  the  semi-axes  of  the  quadric 


and  — I,    —^,   — i  are  separated  by  the  quantities 

15.    Let  us  consider  some  particular  cases. 

a.  Suppose  the  free  pulsations  of  the  three  atoms  not  to  be  nearly  equal,  and  let 
v,,  y,,  V,  be  in  order  of  magnitude,  so  that  following  the  analogy  of  the  spectrum  the  bright 
lines  of  the  three  atoms  would  be  grouped  from  the  violet  to  the  red  in  order. 
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We  find  approximately, 


1-1    q:  v>!    <?.'  ".v 


•••o    "1 


•o'o  -1 


1  =  1-^ 


"•*"•*  __^  "•'"•* 


't'» 


n'     V*     t't,p*  —  v'     t't"v'-v- 


n/".'/     rl'r'vJ^v}     t."t.  i*."  -  r.' ' 


'0     '0    "8 


•  ©  •  0  ''a 


and  it  follows  that  — ,  is  less  than        — , , 


w, 


—J  is  greater  than  — ^  ; 


and  therefore  greater  than- 

Hence  the  following  quantities  must  be  in  order  of  magnitude, 

where  — ^  and  —5  lie  between  the  limits  given,  but  which  is  greater  is  not  determined.    If 
we  draw  a  figure  corresponding  to  the  spectrum,  we  have  the  following  result. 

violet  any  9^ &     y>        n, c y»  fii  nd 


Here  v^  i/,,  i',  represent  the  bright  lines  corresponding  to  the  free  pulsations  of  the 
three  atoms,  a,  h,  c  denote  the  position  of  the  lines  corresponding  to  the  quantities   which 

separate  the  roots  of  the  cubic  for  -^  . 

The  thick  lines  n^,  w,,  n,  denote  the  spectrum  given  by  the  system  of  three  atoms, 
according  however  to  the  mutual  distances  between  the  atoms,  n,  may  be  right  or  left  of  y,, 
i.e.  may  take  up  a  position  marked  by  the  line  d 

We  note  that  the  position  of  the  lines  n^,  n,,  n,  within  the  limits  thus  determined 
will  vary  according  to  the  distances  of  the  atoms  from  each  other. 

Suppose  now  the  molecule  of  a  certain  substance  to  be  composed  of  three  different 
atoms,  then  when  that  substance  is  in  such  a  condition  (as  a  gas  or  vapour  at  low 
pressure  and  not  too  high  temperature)  that  its  molecules  are  vibrating  freely,  its  spec- 
trum will  be  of  the  kind  here  described,  and  will  in  part  consist  of  two  bright  lines,  the 
one  nearer  to  the  violet  and  the  other  nearer  to  the  red  than  any  bright  line  due  to  its 
component  atom  when  they  are  pulsating  freely. 
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We  may  express  the  surface  displacements  of  the  three  atoms  as  follows : 

^.  =  (7.co8;J7«-C7..||(l-l)'co8;;7-C'..^(ij-l,)"*cosV. 
^,' =  -  O. .  ^  (^,  -  ^)"'co8  V  +  ^.  •  cos ^< -  <7.  •  ^  (^.  -  ^)"' cos  V. 

^/'  =  -^,  V*  f^-rirCOS^irf-C'..;^,  A  -  A)  *C08^«+ <?,COS  V. 

It  follows  that 

with  like  quantities  for  ^l  and  ^^". 

Since,  when  v^  is  more  nearly  =1/,,  (— , A    is  a  large  quantity,  we  deduce  the  foUow- 

ing  theorem :  the  more  nearly  the  pulsation-periods  of  two  atoms  agree,  the  intenser 
will  be  the  vibrations  of  the  system  compounded  of  the  two.  For  example,  in  the  sup- 
posed spectrum  given  above,  if  the  lines  v^v^  are  close,  then  the  lines  n^n^  of  the  combined 
spectrum  will  be  very  bright,  and  the  line  n,  will  be  very  much  to  the  left  of  i/^,  while  w, 
will  be  to  the  right  of  v^. 

On  the  other  hand,  when  v^  and  i/,  are  very  different,  the  intensity  of  the  vibrations 
will  be  diminished.  [Cf.  Lockyer,  Studies  in  Spectrum  Analysis^  p.  140,  for  a  somewhat 
similar  analogy  in  the  case  of  vibrations  damped  by  the  encounters  (?  approach)  of  dis- 
similar molecules.] 

/8.  Suppose  two  of  the  atoms  to  be  alike,  or  j^*  ^  "I- ,  and  v^  and  v^  to  be  not  nearly 
equal,  then  the  discriminating  cubic  becomes: 

We  find  approximately 


n,      v;        T^T^ 


The  following  are  the  spectra  of  the  molecules  composed  of  two   like  atoms  and   one 
unlike — when. 

First,  the  pulsation  of  the  two  like  atoms  is  more  rapid  than  that  of  the  unlike, 
Secondly,  the  same  pulsation  is  less  rapid. 
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viciUt        %  »i ttj    t%    *,  red 


violet             «i    '3                                                                «i          F 

I         "«           red 

V^>V^. 


We  see  from  the  values  of  w^n,  that  the  corresponding  lines  will  be  fatiher  fnm,  v^ 
than  n,  is  from  v,. 

7.    Let  us  consider  the  case  of  three  like  atoms  within  the  sphere  of  their  mutual 
influence. 

The  discriminating  cubic  now  becomes 


m 


where 


t» 


"W"nO 


Hence  we  see  that  m  has  three  values  of  the  forms 

a«,  ^,  and  -(a^  +  ^S^, 


or 


1 

1 

-o*. 

1 

1 

-/9*. 

1 

We  have  then  the  following  spectrum: 


r«<l 


In  the  case  where  the  three  atoms  are  at  equal  distances  from  each  other  the  lines 


72^  n,  coincide: 


viciUt               fi}        p 

i                     11,                                         r«d 
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Here  ve  have 


1  =  1  +  2^ 


The  line  n^  however  will  probably  be  now  much  brighter. 

16.    Second  set  of  cases.    Suppose  we  have  only  two  atoms  mutually  reacting,  then 

*^<^.+  (Wa;+\')  ^; + T.>;=o. 

Assume  ^,  =  G^  cos  nt,    ^/  «  (7,  cos  nt, 

therefore  {r,  -  (\  +  ^a^)  n"}  C,  -  Qn*  (7,  =  0, 

{<-  (V+  4™.-)  n-)  C,  --  (2n«  C,  =  0. 

Hence,  with  the  old  notation, 


^v(^-^)(^.4)-«'. 


or  we  have  now  a  discriminating  quadratic  instead  of  the  cubic.    We  find  approximately, 
provided  that  v^  and  v^  are  not  nearly  equal, 

Let  y,,  y^  be  in  order  of  magnitude,  then  {v^>v^ 

iij    is    >yj, 
and     fi^    is    <  v^^ 
or  n^  and  n,  lie  outside  i^,  to  v^. 

Hence  we  have  the  following  spectrum  for  the  combination: — 


violet              fij        Fi                                                       1 

r,            fi,                rtfd 

Suppose  we  substitute  for  n'  to  find  the  relation  between  C^  and  (7,,  it  easily  follows 


that 


^,=      fi  cos  n,t  -0,.^^  {v;-^v,^  ^^  '"'^ 

Vol.  XIV.  Pabt  II. 
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where  as  before  

n^t  =  n^t  +  a,, 

We  note  from  these  values  that  while  the  period  of  the  free  vibration  of  the  first 

2ir        2ir 
atom  is  changed  from   —  to  — ,   yet  the    forced  vibration  having  an  amplitude  varying 

with  -  will  not  rise  into  very  much  importance  unless  p^  be  nearly  equal  to  v^. 


17.    If  ]  •_   4,  the  discriminating  quadratic  becomes 


or 


Q 


!  =  !  +  « 


We  then  have  a  theoretical  spectrum  of  the  following  kind : — 


violet                                  Hi          w 

I            n^                                                         red 

In  both  cases,  that  of  two  atoms  and  that  of  three  atoms  all  equal,  we  get  a  double- 
lined  theoretical  spectrum,  but  with  these  distinctions :  the  line  n/  is  situated  in  exactly 
the  same  position  in  both,  in  the  three-atomed  spectrum  it  will  probably  be  much 
brighter ;  the  line  n,  in  the  two-atomed  spectrum  is  replaced  in  the  three-atomed  spectrum 
by  a  line  n,  still  further  removed  towards  the  red.  What,  if  any,  is  the  diflference  between 
the  spectra  of  an  element  in  two  diflferent  molecular  conditions  (e.g.  oxygen  and  ozone)  ?  * 

In  the  case  of  two  equal  atoms  we  find 


<t>0 


where 


=      Cj  cos  n^t  +  C^  cos  njt) 
'  =  —  (7,  cos  Tijt  +  C,  cos  njtj 


18.     Third  Set  of  Cases.     Suppose  there  to  be  j>  mutually  reacting  atoms  of  different 
kinds. 

In   order    to  simplify  the  notation,  as  we    are    treating   only  of   pulsations  and  not 
polar  vibrations,   we   shall    signify  by  ^,,   ^, ...  ^^  the  several  pulsations,   by  \...\  the 


*  It  may  be  shewn  that  the  energy  lost  in  the  dis-  hold  them  together.    Thas  disassooiation  of  a  diatomic 

association  of  a  diatomic  molecule  ^'^i^i^SLzM^  ap-  °^^1«^^«  ^"8*^*  ^  ^  accompanied  by  greater  generation  of 

2  ^  heat  the  nearer  the  single  bright  line  is  to  the  violet  end  of 

proximately.    This  is  positive,  if  C9>  C^ ,  which  is  also  the  the  spectrmn,  e.g.  the  fundamental  line  of  hydrogen  shoald 

condition  (Art.  33)  that  the  force  between  the  atoms  should  be  nearer  the  violet  than  that  of  carbon. 
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coefficients    of   i<f>^,   J^,*,   etc.    in  the  kinetic    energies    of    the  respective  atoms,  and  by 

T,  ...  T,  the  coefficients  of  i^/,  i^>', ...i^/  in  the  respective  potential  energies;  — — 

will  be  the  periods  of  the  free  pulsations  as  formerly. 
Then 


4irrra}a! 


Here  as  previously  we  only  retain  quantities  of  the  order  - . 

Applying  the  typical  equation  of   motion  and   putting    Q^—  ^^— ^,  we  find: 

Assume    (f>^  —  0^  cos  nt,  etc.,    hence, 

Cr  {t.-  n*(\+47ra/)}  -n«S(2„C.=  0, 

Eliminating  the  (7s  by  a  determinant,  we  have  the  following  equation  to  determine  -5 . 

'•C?-^')'       ^-'       ^" 


Assume  — , -,  -  /tt,  and  suppose  /*  is  small,  then 

A*.T,r....T,(l,-l)(l-l) (1-ji.) 

+  e.VT.r,...T,(l.-i,)(i-l) (1-1) 

+  etc. 
Hence,  if  the  v  s  are  not  any  of  them  nearly  equal, 

and  generally 


■'W"n')' 


=  0 


12—2 


Digitized  by 


Google  _ 


90  Peof.  PEARSON,   ON  A  CERTAIN  ATOMIC  HYPOTHESIS. 

We  have  then  a  means,  given  the  free  pulsations  of  any  number  of  atoms,  of  cal- 
culating the  pulsations  peculiar  to  their  combination,  or  of  deducing  the  theoretical 
spectrum  from  the  known  single  bright  line  spectra  of  the  component  atoms. 

Adding  together  these  expressions  for  — j  we  obtain  the  result 

n  V 

From  which  we  deduce  the  following  conclusion: 

2 — 5  =  2  t; 

or  in  words,  If  any  number  p  of  different  atoms  (we  shall  see  later  that  they  need  not 
all  be  different)  be  mutually  reacting  upon  ^ach  other's  pulsations  in  any  mxmner  what- 
ever, or  if  some  of  them  be  reacting  and  some  not  reacting,  the  sum  of  the  squares  of 
the  periods  of  the  pulsations  given  by  tiie  p  atoms  is  always  a  constant.  The  constant  of 
course  being  equal  to  the  sum  of  the  squcu^s  of  the  periods  of  the  p  atoms  pulsating 
freely. 

If  the  p  atoms  enter  into  a  chemical  combination  (form  a  molecule)  altogether  or 
form  several  different  chemical  combinations  (different  molecules)  the  result  is  still  true. 
This  seems  somewhat  suggestive  when  applied  to  the  bright  lines  in  the  spectrum  of  a 
compound. 

Further  we  have  by  considering  the  minors  of  the  above  determinant  when  w  =  nj, 


Hence  we  may  write 

^^^G,co6^-t.^^r^l:.cosiQk,  {r  =  l,  2,  4  ...  p} 
C  Q  p*p^            

<f>-  =  (7,cosn-«—  2.— 7-F^^-ir. cos nj,  {r  =  1  to  p  —  1}. 

The  above  equations  then  determine  the  periods  and  intensities  of  the  pulsations  of  the 
combination   of  p   atoms. 

19.  The  whole  question  of  deducing  a  compound  spectrum  from  the  single  bright 
lines  of  given  elements  depends  on  the  consideration  of  the  above  symmetrical  determinant 
and  its  minors.    The  cases  in  which  2,  3,  4, ...  all  p  atoms  are  of  like  kind,  may  be  deduced 

by  respectively  putting  ■}  *  ""  *f  >■}*""*""  'r ,  etc.  in  the  above  determinant. 
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20.  We  may  note  the  following  general  property  of  the  combination  spectrum,  if  j/^ ...  Vp 

1  1  1  1 

be  supposed    in   order    of  magnitude,  then  -—  is  <  —   and  —  is  >  — ,  or  the  combination 

n,  v^  n,  V,' 

spectrum  will   (theoretically)   have  two  bright  lines,   the  one  nearer  the  violet,  the  other 

nearer  the  red  than  any  of  the  single  bright  lines  of  the  elements. 

21.  One  v^ry  important  result  of  the  above  investigations  is  the  following.     If  all 
the  atoms  are  alike, 

Ti  =  T,  =  T,==:...  =  T,  and   v^^v^^...^v,, 

and  we  may  write  the  discriminating  determinant 

^  Qn  Qis  -  QiP 


=  0, 


QpiQp,  QpB  -  ^ 

where  m^rl-^ — A  .  We  then  note  that  in  this  equation  for  m,  the  power  iwT*  does 
not  occur.    Hence  the  sum  of  the  p  values  of  m  is  zero,  or 

!/•     ny^     n^j^     tiy-"     "• 

that  is:  If  owing  to  the  effect  of  pressure  or  temperature  an  element  gives  p  spectral 
lines  instead  of  a  single  bright  line,  then  the  sum  of  the  squares  of  the  periods  corre- 
sponding to  the  p  bright  lines  is  equal  to  p  times  the  square  of  the  period  corresponding 
to  the  single  bright  line. 

22.  Again,  if  A^^  denote  the  determinant  obtained  from  the  discriminating  determinant 
by  omitting  the  first  f  rows  and  columns,  then  (Salmon's  Higher  Algebra,  Lesson  vi.) 
the  roots  of  the  equation  Aj^  =  0  separate  the  roots  of  the  equation  A,.^j=:0.  In 
other  words,  if  there  be  a  spectrum  of  q  bright  lines  due  to  q  mutually  reacting  atoms, 
and  if  another  atom  be  introduced  into  the  sphere  of  mutual  reaction,  then  the  first  set 
of  q  lines  will  separate  the  second  set  of  ;  + 1  lines. 

23.  It  must  be  noted  that  in  all  calculations  as  to  the  theoretical  spectrum  of  a  com- 
bination of  atoms,  we  must  not  expect  always  to  have  as  many  bright  lines  as  atoms  in 
the  combination ;  for  first,  some  of  the  atoms  even  may  have  natural  pulsations  which  corre- 
spond to  ultra-red  or  ultra-violet  rays,  in  which  case,  since  the  combination  always  has 
two  periods,  one  greater  than  the  greatest  and  one  less  than  the  least  period  of  the  free 
atoms,  it  follows  that  the  combination  will  have  at  least  two  invisible  (so-called  heat  or 
chemical)  rays,  it  may  have  more.  Next,  if  all  the  pulsations  of  the  free  atoms  corre- 
spond to  light  rays,  yet  since  the  combination  has  at  least  two  periods  greater  and  less 
than  these,  it  may  have  one  or  more  periods  which  correspond  to  either  chemical  or 
heat  rays. 
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24.  Lastly,  we  may  note  that  all  the  periods  calculated  for  any  combination  of  atoms 
depend  upon  the  central  distances  between  the  atoms.  If  the  atoms  are  changing  their 
relative  distances  the  periods  also  will  change.  Now  suppose  the  distances  of  the  atoms  of 
a  combination  to  vary  about  a  mean  position,  then  about  each  mean  there  would  in  any 
interval  of  time  be  a  series  of  others  differing  slightly  from  it,  there  would  be  the 
appearance  of  bands  in  the  spectrum;  in  other  words,  a  combination  of  atoms  which 
are  oscillating  about  their  mean  distances  would  give  a  fluted  spectrum.  The  oscilla- 
tions of  the  combiuation  of  atoms  could  arise  in  various  ways,  as  by  the  action  of  one 
combination  upon  another  (one  molecule  on  another),  or  even  by  impact  if  such  became 
frequent  owing  to  close  proximity  of  the  combinations,  as  in  the  case  of  a  gas  at  consider- 
able pressure,  or  in  a  solid  or  liquid  body. 

25.  There  is  however  another  statical  or  average  method  of  looking  at  the  pulsations 
which  may  possibly  give  rise  to  a  fluted  spectrum.  If  a  great  number  of  atoms  be  at  each 
instant  within  the  sphere  of  mutual  action,  and  we  suppose  their  distances  not  to  vary,  then 
there  would  be  a  very  great  number  of  pulsations  corresponding  to  all  the  different  central 
distances;  the  very  complexity  of  these  lines  may  make  it  impossible  to  distinguish  them 
from  bands,  and  so  a  fluted  spectrum  arise.  This  would  be  more  or  less  the  case 
when  we  consider  .an  element  not  in  a  molecular  state  and  whose  atoms  were  very  close 
together. 

In  the  accompanying  figures  let  the  atoms  be  supposed  at  rest  and  uniformly  distri- 
buted, or  else  suppose  the  average  nunlber  of  atoms  in  a  given  volume  to  be  uniformly  dis- 
tributed over  the  volume  at  their  mean  distance. 


(i)  (ii)  (iii) 

In  the  first  figure  the  mean  distance  is  one-fourth  of  what  it  is  in  the  second,  and  one- 
fifth  of  what  it  is  in  the  third  figure.  If  the  radius  of  the  sphere  of  mutual  action  be  a  little 
more  than  four  times  the  mean  distance  in  the  first  case  {=JTS  times  the  mean  distance), 
we  find  3-I-7  +  7  +  9  +  9  +  9  +  7  +  7  +  3  atoms  in  the  plane  of  the  paper,  and  about  340 
atoms  in  the  sphere  of  mutual  action  in  figure  (i),  7  atoms  in  figure  (ii),  and  1  atom  in 
figure  (iii).  In  the  last  case  we  should  expect  a  single  lined  spectrum,  in  the  second  a  7 
line  spectrum,  while  the  first  case  would  present  us  with  340  lines.  The  densities  in  the 
three  cases  are  as  1  :  ^  :  xi^,  or  supposing  the  temperature  to  be  the  same  the  pressures 
are  in  the  density  ratio.     For  example,  suppose  the  spectrum  of  some  element   to   have  at 
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ordinary  pressure  some  300  lines;  hence,  the  temperature  remaning  the  same,  at  ^  the 
ordinary  pressure  it  should  have  a  spectrum  of  not  more  than  7  lines,  and  before  the 
pressure  reaches  y^^th  it  should  give  only  one  line.  This  is  not  unsuggestive  when  we 
consider  the  spectrum  of  iron. 

Here  of  course  we  suppose  that  the  ultimate  atom  of  the  element  (which  is  supposed 
to  consist  of  uniform  atoms)  has  only  one  free  pulsation. 

26.  This  method  of  considering  the  arrangement  of  the  atoms  of  a  body  may  perhaps 
be  useful  in  explaining  some  peculiarities  of  the  spectra  of  solid  bodies  or  of  elementary 
bodies  whose  atoms  are  all  uniform,  but  when  we  come  to  the  consideration  of  bodies 
composed  of  unlike  atoms  we  are  forced  to  consider  the  atoms  grouped  together  in  com- 
binations or  as  they  are  termed  molecules.  The  fact  that  a  mixture  of  two  elements  gives 
a  totally  different  spectrum  to  their  chemical  combination  forces  upon  us  the  notion  of 
atoms  united  in  groups.  We  are  then  led  to  consider  the  forces  which  must  exist  between 
our  pulsating  atoms  when  they  are  united  into  groups  or  molecules,  these  we  shall  term 
chemical  forces;   the  forces  between  groups  of  atoms  or  molecules  will  be  termed  molecular 

forces;  while  the  forces  which  act  between  groups  of  molecules  at  considerable  distances 
will  be  termed  gravitation  forces.  Can  our  theory  of  atoms  as  spherical  bodies  pulsating 
in  a  fluid  medium  throw  any  light  on  these  three  kinds  of  forces?  In  order  to  investigate 
this  point,  let  us  return  to  the  expression  for  the  total  kinetic  energy  of  atoms  and  fluid. 
We  shall  consider  it  only  so  far  as  it  refers  to  pulsations,  leaving  out  of  account  all  polar 
vibrations.    From  equation  (ix)  we  have 

jr.  =  2™.V.'  +  2^«.V  -  ^^  {b.  -  5.  + 12  ^-  -  etc  j 
where  ^„  =  -<^^a,',  B^=-<f>Ja^,  and  generally 

27.  We  proceed  to  approximate  to  the  values  of  the  A's  and  Ba. 
First  Approximation, 

»      27*  ^'"  »      27*  ^^ 
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Second  Approadmation, 

r/tird  Approximation. 

A— 2y^<«+  2y"9»  +  ^7^*" 

■^«  -  "2/' ^»  +  "2^  ^»  ■'' "7~  *•  • 

Lastly  we  may  note  that  A^  and  B^  are  of  the  order  -j,  and  hence  appear  only  in 
K^  in  terms  of  order  -p ;  which  we  may  very  reasonably  neglect. 

28.  For  possible  future  use  it  may  be  as  well  to  put  on  record  the  value  of  these 
constants  in  the  case  of  polar  vibrations  so  far  as  terms  of  the  order  -g . 

A -- 2" ^. + -27" *•  "*■  "2:/"  *' ■''^7  *«  ■*"¥/ 'P' ■*■  ~2y "  ^» • 

■Si-Y^i+-2y  9o+^^x  +  -^^,  +  -2;y.  9.+-^^.. 
R-     ?«!jL'    5l5!lA      "Xjl 

i<    _°1*J.     ■   "X  1  >  R  -^'  X'J.^1^1 

^«     24^»  +  "V^«'  -^•=24^*+"87'**- 

29.  It  remains  to  substitute  the  first  set  of  constants  in  the  expression  for  K^ ;  arranging 
the  terms  according  to  powers  of  7  we  find : 


7 

4-^<°''^°'*-*-"»'>^.^;  +  etc. 
=  2tOj'^,»  +  2ira/^,'«  +  £7,  say. 
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If  we  suppose  the  two  atoms  to  have  linear  velocities  g,,  g,  in  directions  A^,  A,,  then 
as  mentioned  in  Art.  2  we  must  add  to  the  above  value  of  K^  the  expression 


-  '^«^?'<^''  5$a;  © + 2^^o'?A  V  ^^  (J) 

+  2^^o?i«X^  (-)  +  higher  powers  of  -  . 


Now  if  jj,  q^  are  small  compared  with  <f>^,  <l>^\  those  terms  involving  only  products  of 
the  forms  q^q^  and  5^^  may  be  neglected  in  the  value  of  K^^  as  compared  with  those 
which  involve  squares  and  products  of  the  ^'s.  In  other  words  we  shall  suppose  for  the 
present  that  the  motion  of  the  atoms  about  their  mean  positions  or  in  space  has  nothing 
like  the  magnitude  at  which  a  point  on  their  surfaces  is  moving.  (We  might  express 
this  more  concisely  by  saying,  that  the  linear  velocity  of  the  atoms  has  no  magnitude 
like  that  which  by  our  theory  is  supposed  to  produce  the  phenomena  of  magnetism.) 

We  have  to  introduce   a   term   im^q*  +  ^m^q^  into  the  expression  for  the  total  energy 

of  the  system.       We   shall  also   suppose   some   system  of  forces  to  act  on  the   two   atoms 

capable   of  expression  by  the  force  function    W,  so  that  the    force  in  direction  k  on   the 

dW 
first  atom  is  given  by  -w;  ,  so  that  the  equations   of  motion  for  any  variable  x  say,  take 

the   form, 

d  /dL\  _dL^ dW 

dt  \dx)      dx"  dx' 

30.    We  have  now   to   consider   two   totally  diflferent   cases   which    correspond   to  the 

following  circumstances : — 

(1)  Two  atoms  which  affect  each  other's  pulsations  or  atoms  in  the  same  molecule, 

(2)  Two  atoms  which  do  not  affect  each  other's  pulsations  or  atoms  of  different 
molecules. 

Now  i  =  ^.  +  27ra,-<^,'  +  "^  q,'  -  F 

+  Z';+2^.Vo''+^'y.«-F' 
+  U 

=^,+  ir;-7-F'+i7; 

if  we  suppose  the  coefficients  in  K^  and  K^'  altered  so  as  to  include  the  terms  which 
denote  apparent  increase  of  mass.  Now  let  %  be  a  coordinate  of  the  first  atom  then 
the  equation  of  motion  may  be  written 


d(dK^\     dV^dU    dW_dfdU\ 
dt\dx)^dx      dx'^dx      dtUx) 


Case  (i).  Let  two  atoms  be  mutually  influencing  each  other  (i.e.  atoms  of  the  same 
molecule),  but  uninfluenced  so  far  as  pulsation  is  concerned  by  any  other  external  forces, 
then  }f=0  or  the  atoms  will  appear  to  move  as  if  they  were  not  in  a  fluid  medium 
but  were  with  altered  mass  and  subject  to  a  force  function  U. 

Vol.  XIV.  Part  II.  13 
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If  X  =  A  we  have  the  equation 

dt\dqj       dh' 

to  calculate  translation  so  far  as  influenced  by  pulsation,  for  the   velocity  of  the   atom   in 
direction  h. 

Case  (ii).      Let    the    two    atoms   not    be  mutually  influencing  each  other's  pulsations 
(i.e.  atoms  of  diflerent  molecules  at  some  distance). 

The  pulsations  of  the  atoms  will  now  be  looked  upon  as  completely  independent;  these 

pulsations  will  in  fact  be  considered  either  as  absolutely  free  or  as  the  forced  pulsations  due 

to  other  members  only  of  the  molecules  to  which  the  atoms  under  consideration  respectively 

belong.      In  order  to  find  the  force  between  two  atoms  of  different  molecules,  we  shall 

then  assume  that  in  the  expression  for  the  force-function,  the  pulsation  velocities  are  fully 

dV  dV 

determined  by  molecular  construction  as  in   Case  (i).     We  in  fact  neglect  -r-  and  -p-    so 

dV  XX 

far  as  they  depend  on  intermolecular  distances,   but  retain   -,,-   as   giving  intermolecular 

force. 

31.     I.    Atomic  Forces.    The  forces  between  atoms  of  the  same  molecule. 
The  force  function  between  two  such  atoms  is  given  by 


SiraM* 


(a.-^o'  +  <i,^4>ol  +  -ll""^^ K'  +  a.-)  M,'  +  etc. 


Now  fj>^  is  of  the  form  R  cos  n^t  +  8  cos  n^t,   and 

^0' ii'cosnj^  +  /Sf'  cosn-j^. 

Thus  the  product  ^0^0'  ^^^  vary  with  the  time,  but   it   must    be  remembered   that 
—  and  —    are  infinitely  small — each   pulsation  of   any  atom  being  gone  through  billions 

of  times  a  second,  if  we  are  to  judge  from  the  analogy  of  light  vibrations.  Hence  we 
shall  be  justified  in  taking  the  mean  value  of  the  product  ^o^o*  or  the  sum  of  the  mean 
values  of  its  terms.  If  m^  be  not  equal  to  m^  the  mean  value  of  cos  wi,^ .  cos  7^=0; 
if  however  m^^m,  the  mean  value  of  cos'm^  =  J.      It  follows  that  the  mean  value  of 

J   I ,     RR'  +  88' 
9o0o  = o , 


Digitized  by 


Google 


Prof.  PEARSON,   ON  A  CERTAIN  ATOMIC  HYPOTHESIS.  97 

and  of  00  =  — 2 —  ' 

<Po  = — 2 • 

Now  R,  R,  S,  8'  are  functions  of  -   which   have  already  been    calculated  to    a    first 

7 
d^ree  of  approximation,  i.e,  when  the  first  term  of   U  was  included  in   our  equations  of 

motion.      In  order  however  to  see  more   generally  the   character  of  the   force  function  we 

shall  calculate  its  value  in  this  simple   case    on   the  supposition    that   its  second  term  is 

also  considered. 

The  equations  of  motion  may  then  be  written : 


where  P  = J—*-  and  the  other  symbols  have  the  meanings  already  assigned  them. 

I*t  ^^  =  (7,  cosni,    <f>^'  =  0,  cos««, 

Then.  |x.(l,_ij) -Pa.|  (7.  -QC, -  0. 

Hence  we  find  approximately,  v^  and  i/,  being  supposed  not  very  nearly  equal: — 
1  _  1        (2*      v^v^     Pa,     Jl_      v.V 

We  have  at  once  ^o  =  -  K  <^x «'»  V  +  "A'  8»ii  V)) 

^,'  =  -  (WjC,  sin  n^  +  »,(/,'  sin  nj)\ 

13—2 
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-"2  .'.'-.'.nT;     T.  r^       4 

2t.t;  (..,»- O'l       T.'  T.        J 

r    7 

where  /*,  =  8ir*aX* .  ^,^J^,  |-^ -  -^ J  , 

128irXV      y.V      (fiV(i>.*-20  _  G,\*(v*-2v*)] 

and  as  before  v^>v^. 

32.    Now  unless  we  make  some  assumptions  as  to  the  internal  construction  of  atoms  it 
is  not  easy  to  predict  anything  with  regard  to  the  nature  of  fi^  and  /li,.      We  see  however 

that  II.    will   be  positive  if  — S^  is  >    '    '  .      If  (7^  =  (7/  and   t/  =  t^  this  will  certainly 

To  Tp 

/ 

T  T 

be  the   case;    or  again  if    G.^C',  since   y^*  =      ^ — 5,    y,'=     ,     ^^ — 5    it    seems    not 

improbable,  that  if  j/j>i/,,  t^  will  be  >  t/,   and  hence  that  v^r^  will  be  >  v*t^\      In  like 
manner  /li,  consists  of   two    parts,    the  first    of   which  is  always  positive  and  the  second 

negative  or  positive    according  as      ^  ^     ^, ^  is  greater  or  less  than     *    '      ' . 

If  Cj  =  C^  and  t^  =  t^'  the  latter  part  of  /*,  will  certainly  be  negative ;  as  again  if  -^ 

'^0 


Gl\ 


I 


be  >  ^*    ^  ;  but  whether  /i^  as  a  whole  is  positive  or  negative  we  cannot  determine   till 

we  know  the  relation  of  the  potential  and  kinetic  energies  of  an  atom  to  its  radius. 

We  have  however  obtained  the  following  result : — Thj&  force  between  two  atoms  which 
are  mutually  influencing  each  other* 8  pulsations,  i.e.  the  'atomic  force*  between  two  atoms, 
varies  partly  as  the  inverse  cube,  partly  as  the  inverse  fifth  power  of  the  central  distance. 
In  order  that  two  atoms  may  combine  to  form  a  molecule,  the  force  between  them  must 
be  attractive;  hence  as  a  first  condition  for  a  molecular  union  of  two  atoms  it  is  necessary 
that  /Ltj  be  negative,  or 

*-7^  be  <    '    '  . 
•To  To 

But  if  7  becomes  very  great  we  have 

^0  =-0,1;,  sin  iJ^, 
4>^ ^ -  Ojf^^ml^t, 
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or  CjV/  represents  the  'intensity'  of  the  free  pulsation  of  the  first  atom,  while  C,V/ 
is  the  like  quantity  for  the  second. 

In  order  then  that  the  atoms  may  form  a  molecular  union,  it  is  necessary  that  the 
product  of  the  potential  energy  coefficient  and  the  intensity  of  the  free  pulsation  should 
be  greater  in  that  atom  whose  pulsation  has  the  greater  free  period. 

We  have  of  course  only  calculated  the  lowest  powers  of  -  in  the  force  function,  but 

these  will  be  the  most  important.  When  7  is  of  any  magnitude  compared  with  the 
atomic  radii  the  first  of  these  is  really  the  all  important  term,  and  we  might  say  that: 
Forces  of  chemical  combination  vary  as  the  inverse  cube. 

33.  In  order  to  throw  more  light  on  these  forces,  let  us  suppose  the  atoms  equal ; 
then  we  find: 

and  ^0  ^ ""  ^1^1  ^^  ^i^  "  ^8^11  ^^  V> 

^^'  s     n^Oj  sin  n^—  n,(7,  sin  nj;. 
Hence 

Hence  if  Cj  be  not  equal  to  (7,,  two  equal  atoms  within  their  sphere  of  mutual 
reaction  act  upon  each  other  with  the  following  forces: 

(a)    A  force  varying  as  the  inverse  square  of   the  distance,  which  is  attractive   if 
C,  <  C;,  repulsive  if  C^  >  C,. 

(6)    A  force  always  repulsive  varying  as  the  inverse  cube  of  the  distance. 

(c)  A  force  varying  as  the  inverse  fourth  power  of  the  distance  and  attractive  or 
repulsive  according  as  C^  <  or  >  C^, 

(d)  A  force  varying  as  the  inverse  fifth  power    of   the  distance  which  is  attrac- 

tive  or  repulsive  according  as   —  — g-  +  Pa  is  positive   or  negative ;  or  adopting  the  pre- 

''"0 

vious  notation  according  as  r-f-g  >  or  <  ^2  —  1. 

If  (7j  =  0,  the  first  and  the  third  forces  vanish,  and  exactly  as  in  the  case  of  two 
unequal  atoms  we  have  central  forces  as  the  inverse  cube  and  inverse  fifth. 
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34.  We  may  here  make  some  observations  referring  to  both  kinds  of  atom-pairs.    If  an 

27r      2'7r 
increase  in  i/,,   i/,  or  a  decrease   in   the    periods   —  ,    —  does  not   denote  a  decrease    in 

the  radii  of  the  atoms,   we  see  that  these  forces  of  atomic  union  or  chemical  forces  are 

2<7r      Stt 
greater  the  greater  are  the   quantities   v^,   v^    or  the  less  the  periods  — ,    — ;  in  other 

^%       ^« 

words  a  molecule  which  gives   lines    towards    the    violet   end  of  the   spectrum   or  in  the 

ultra  violet  will  be   a  stronger  chemical   combination   than  one   which  gives  lines  further 

removed  towards  the  red  end  of  the  spectrum. 

35.  It  may  then  be  questioned  whether  the  nature  of  the  equilibrium  in  a  diatomic 
molecule  is  statical  or  dynamical?  There  are  two  kinds  of  statical  equilibrium  con- 
ceivable, either  the  atoms  are  in  contact  or  it  is  possible  that  the  repulsive  force  between 
them  may  at  some  distance  greater  than  the  sum  of  their  radii  be  equal  to  the  attrac- 
tive force.  If  the  equilibrium  is  dynamical  we  must  suppose  one  atom  describing  an 
orbit  relative  to  the  other;  in  this  case  we  may  compare  a  molecule  to  a  planetary 
system  and  the  action  of  one  molecule  on  another  to  that  of  one  planetary  system  on 
another.  In  one  case  the  disturbance  due  to  the  approach  of  two  molecules  will  be 
from  the  statical  position  of  equilibrium,  in  the  other  case  it  will  be  from  the  mean  orbit. 

When  the  atoms  are  equal,  and  supposing   C,  =  C,,  we  find  the  force  between  them 
and  this  vaixishes,  or  there  will  be  a  non-contact  position  of  equilibrium,  if 

To  V 

that  is.  if  ^:— ^  +  7 V-N*'  -1  =  0 

(remembering  ..•  =  ^^^^^). 

Now  7  must  be  greater  than  2a^  for  such  a  position ;    hence, 

Whether  or  not  this  is  possible  depends  on  the  internal  construction  of  an  atom 
concerning  which  we  have  made  no  assumptiona  It  must  be  noted  however  that  if  the 
atoms  be  supposed  to  have  no  mass  (\'s  =  zero),  this  non-contact  position  of  equilibrium 
becomes  impossible. 

36.  Let  us  now  turn  to  the  case  of  a  relative  orbit.  In  order  to  find  its  form  we 
may  suppose  that  forces  equal  and  opposite  to  those  acting  on  one  atom  are  imposed  on  the 
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other.     This    really  amounts    to  no  more    than  altering  in  a  certain  ratio  the  constants 
of  the  force  function,  and  hence   to  find  the   relative  orbit  we  may  still  assume  that  the 

force  function  is   of   the    form   ^-r-': — supposing  that  the  atoms  are  not  similar  or,   if 

they  are,  that  C^  —  G^. 

Let  -  =  w  and  6  be  the  angle  7  makes  with  some  fixed  straight  line,  then  we  have 

to  integrate  dO^^'^^ hFa* ^^^'^"^ "" *^*^^^ 

where  A*  is  a  constant. 

Or  ultimately,  (j^j  =^a^  +  ltf  -cu^, 

r du 

where  a,  /  and  k  are  constants. 

where  tA  =  cos<^  and  a,  /9,  k  are  other  constants. 
It  follows  that 

or    u^coaam(a0  +  /3). 

Since  u  —  0  when  aO  +  fi  =^  {2n  +  l)  R^  it  follows  that  the  form  of  the  orbit  thus  given 
is  not  as  a  general  rule  a  closed  curve  ;  in  other  words  there  is  no  permanent  union 
of  the  atoms  to  form  a  molecule.  Hence  in  this  particular  case  of  two  unlike  atoms 
a  dynamical  stability  of  the  molecule  does  not  seem  probable. 

Whether  the  atoms  of  a  molecule  are  in  statical  or  dynamical  equilibrium  seems  a 
question  of  considerable  interest ;  it  is  possible  that  they  change  the  nature  of  their 
equilibrium  as  the  molecular  state  of  the  body  is  changed.  For  instance,  the  atoms  of 
the  molecule  in  a  solid  body  may  be  in  statical,  while  the  atoms  of  a  molecule  in  a 
rare  gas  may  be  in  dynamical  equilibrium. 

37.  We  pass  now  to  the  f(»rces  between  p  unlike  atoms  forming  a  molecule.  Here 
we  are  certain  that  the  first  term  of  the  force  function  will  be  of  the  form 

in 

where    ^^    and    <f>,    are    the   pulsations   of  the    rth    and    «th    atom    respectively,   and   are 
given  by 

^,  =  -  n,asin  M  +  2  ^^^j!^J/)  w-sin^e* 

—     ^  0  Q   V  'v'  

^.  =  -  w.C.  sin  n/+  S  ^^^^'^^  Zp})  ^«^^"  ^nf' 
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Now  we  need  only  the  terms  of  most  importance  in  the  product ;  these  are 
-n,C,  sxn  n^-^-^—-,^-n,  C,  sin  „/ -^-f— ^  , 
or  -with  mean  values,  if  v,  >  v, 

Q^r'v;        /v/g/        ".'CA 


Hence 


77_  KQdi>i_(^:c:  v;cr\ 


We  see  at  once  then  that  the  force  between  any  two  unlike  atoms  in  a  molecule 
varies  inversely  as  the  cube  of  their  distance,  and  that  if  the  quantity  n^C  is  greater 
for  the  atom  whose  free  pulsation  has  the  greater  period,  then  the  force  is  attractive; 
if  however  it  is  greater  for  the  atom  which  has  the  less  period  in  its  free  pulsation  the 
force  is  repulsive. 

38.  The  expression  tv^C*,  or  the  product  of  the  potential  energy  coefficient  and  the 
'  intensity'  of  the   free  pulsation,  may  be  termed  the  chemical  intensity  of  an  atom.     The 

expression     '    \  \     JL*'   *  >   ^^  ^^  difference  of   the    chemical    intensities    of   two  atoms 

divided  by  the  difference  of  the  squares  of  their  periods,  may  be  termed  the  chemical  coeffir 
dent  of  the  two  atoms.  If  the  chemical  coefficient  is  positive  the  two  atoms  will  attract  each 
other,  if  negative  they  will  repel.  Its  sign  thus  determines  the  possibility  of  two  atoms  en- 
tering into  combination.  If  F^^  represent  the  chemical  coefficient,  the  quantity  — — *— *-  .  J^„ 
measures  the  strength  of  the  force  between  the  two  atoms.  The  force  between  them 
= — - .  jPj,  .  — J ,  tending  to  decrease  7,   and  is  therefore  attractive  if  F^^  be  positive. 

It  might  perhaps  then  be  better  to  adopt  as  our  definition  of  the  chemical  coefficient  the 

-     ^      «   difference  of  chemical  intensities        ,    .,  . .^      647r*a/a  *  ^        .     -         ,    , 

product  of  -TT>« c r     -'—A^  ^^^  ^^  quantity  *— ^  *.      A   knowledge 

^  difference  of  squares  ot  penods  ^  "^         t^t,  ® 

then  of  the  chemical  coefficients  of  every  two  of  a  set  of  p  atoms  would  enable  us 
to  determine  the  possibility  of  p  atoms  uniting  to  form  a  molecule,  and  also  the  stability 
of  the  molecule  so  determined.  Again,  if  r  other  molecules  were  added  to  the  p  already 
combined  it  would  enable  us  to  determine  whether  this  action  would  destroy  the  com- 
bination of  p  atoms. 

39.  Let  us  consider  the  simple  but  very  suggestive  case  of  a  third  atom  being  added 
to  two  already  in  combination. 

2'7r      2'7r 
Let  —  ,   —  be  the  periods  of  those  in  combination.     Let  also  j/,  be  >  v^,  and  therefore 

V  V  I  8» 

Sir 

for  combination  I^<I^»  If  —  be  the  free  period  of  the  atom  added  to  them,  we  obtain 
the  following  results. 

*  This  chemical  coefficient  might  perhaps  be  termed  the  **  chemical  affinity.'* 
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Case  (i).     v^>v^. 

(a)  If  the  'chemical  intensity*  of  the  third  atom  is  less  than  those  of  the  other 
two  (i,  </,  and  </j),  it  is  capable  of  entering  into  a  combination  with  the  molecule  formed 
of  the  two,  because  it  is  attracted  to  both. 

(6)  If  the  chemical  intensity  of  the  third  atom  is  greater  than  either  of  the  other 
two  (/g  >  J,  and  >  JJ,  it  is  incapable  of  uniting  with  them  to  form  a  molecule  because  it 
is  repelled  from  both. 

(c)  If  the  chemical  intensity  of  the  third  atom  is  greater  than  the  one  and  less  than 
the  other  chemical  intensity  of  the  already  combined  atoms  (/,  lies  between  I^  and  /,),  it 
attracts  the  second  atom  and  repels  the  first.  Then  in  order  that  it  may  remain  in  the 
combination  we  must  have 

A       A 
?<"-?  (where  the  A'^  represent  chemical  affinities). 

'/is  798 

The  first  element  will  then  be  turned  out  of  the  combination,  if 

%«  781 

We  shall  then  have  the  second  and  third  atoms  left  together  attracting  each  other 
irrespective  of  whatever  changes  may,  owing  to  external  disturbance,  take  place  in  their 
distance.    In  other  words  we  have  a  new  stable  compound  of  two  atoms. 

A  A 

If,  on  the  other  hand,  — 4  > \i 

7iji  781  * 

the    first   atom    will    not    be    forced    out    of   the    combination,   but    we    shall    have    two 

mutually  repelling  atoms  united  by  means  of  a  third  which  attracts  both.    In  this  case 

the  forces  uniting  the  various  atoms  of  the  molecule  are  not  all  attractive;  it  is  obvious 

that  the  molecule  requires  less  to  disassociate  it,  and  we  may  say  that  we  have  an  vmxUihle 

compound  of  three  atoms.     Such  theoretically  unstable  compounds  seem  to  throw  light  on 

the  nature  of  easily  decomposed  or  even  explosive  substances. 

The  other  cases  may  be  treated  more  briefly  as  they  present  no  further  novelty. 

Case  (ii).  v^  <  v^  and  >  i/,.  Remembering  that  since  the  first  two  atoms  form  a  mole- 
cule and  v^  >  v^y  therefore  /,  >  I^  we  find : 

(a)  73>7,  and  </,. 

The  three  atoms  will  unite  to  form  a  new  molecule. 

(b)  Jj  >  /,  and  therefore  >  7^. 

The  third  atom  will  attract  the  first  atom  and  repel  the  second. 

the  third  atom  will  enter  into  a  combination  with 
the  first  atom  and  turn  out  the  second. 


If, 

7„' 

7u 

and 

A. 
7.. 

> " 

7«  J 
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If,  --1<^I 

— H>  — H 

%8  7.8 


an  unstable  c(Hnpound  of  the  three  atoms,  will  be  formed 


A       A                                                                               A        .  A 

If ^  >  —4  >  then,   since  7„  can  never  get  very  small, %  will  be  less  than  — ^  , 

788  781  788  781 

and  the  third  atom  will  be  forced  away  from  the  compound  of  the  first  two  atoms.  If 
(as  by  the  application  of  some  mechanical  force  to  bring  the  third  atom  and  the  molecule 
of  the  compound  together,  perhaps,  for  example,  extreme  pressure)  7„  could,  notwith- 
standing the  repulsive  force   on   the  third  atom  from  the  diatomic  compound,  get  so  small 

A       A 
that *l  >  — ^ ,  then  the  result  of   adding   the    third    atom    to    the    diatomic  molecule 

788  781 

would  be  that  all  three  atoms  would  be  disassociated.  Yet  it  seems  probable  that  even 
this  would  ouly  be  possible  in  the  case  of  a  limited  number  of  molecules,  and  we  might 
almost  venture  to  state  it  as  a  general  law:  that,  'no  element  in  its  disassociated  state 
(i.e.  when  its  own  atoms  are  not  in  molecular  union)  could  possibly  so  break  up  a  di- 
atomic compound  of  two  other  elements  that  all  three  elements  would  appear  disassociated.' 
This  law  might  be  very  easily  generalized. 

(c)  If  /j  <  /j  and  therefore  <  7,,  the  third  atom  repels  the  first  and  attracts  the  second. 
Possible  relations  may  be  considered  as  in  (J). 

Case  (iii).    v^<v^. 

(a)     I^>  I^  and  therefore  I^>i^. 

Stable  union  of  all  three  atoms. 

(6)     I^<I^  and  therefore  I^<I^. 

The  diatomic  molecule  will  not  be  broken*  up  by  the  presence  of  the  third  atom. 

(c)     Ii>Ii  and  T^<I^,  the  third  atom  attracts  the  first  and  repels  the  second. 

Variations  may  be  considered  as  in  Cases  (i),  (c)  and  (ii),  (6). 

40.  It  will  be  noted  that  while  considering  the  relation  of  the  three  atoms  in  the 
cases  of  forces  partly  repulsive  and  partly  attractive  we  have  deduced  our  results  by 
supposing  the  atoms  in  a  straight  line.  This  is  the  position  in  which  the  repulsive  force 
is  least,  and  therefore  that  in  which  we  may  suppose  the  atom  to  approach  the  com- 
pound.    Suppose,  for   example,   3  is  attracted  by  2   and   repelled 

by   1.     Then,   if  3  describe  a  circle  about  2,  the  repulsive  force  —"</'» 

between  3  and  1  will  be  least  when   3,  2,  1  lie  in  a  straight  line,  ^^^..^^""""^y^ 

and  therefore  3  will  tend  to  take  up  such  a  position.  i  a 

41.  The  above  example  may  perhaps  show  how  this  theory  of  atoms  may  be  made 
to  throw  light  on  the  laws  of  chemical  combination  and  decomposition.  The  question  of 
chemical  combination  and  decomposition  would  become  one  of  calculation  were  we  able 
to  observe  the  period  of  free  pulsation  of  every  elementary  atom  and  to  tabulate  chemical 
intensities  and  chemical  coefficients  or  the  equivalent  chemical  affinities. 
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42.    IL    Molecular  Farces. 

We  have  now  to  consider  the  force-function  between  two  molecules  or  combinations 
of  atoms.  In  the  case  of  a  gas  we  may  assume  that  the  atoms  of  a  molecule  at  ordinary 
pressure  and  density  while  mutually  affecting  each  other's  pulsations  do  not  affect  the 
pulsations  of  atoms  of  other  molecules.  When  two  molecules  are  brought  near  together, 
they  probably  affect  the  distances  between  the  atoms  first,  and  afterwards  the  atoms  in 
different  molecules  will  begin  directly  to  affect  each  other's  pulsations.  In  the  case  of  a  solid 
or  liquid  we  should  expect  great  complexity  in  the  pulsations  of  each  atom  and  continuous 
variation  of  the  atomic  distances  (the  continuous  oscillation  of  atoms?);  these  phenomena 
lead  to  the  continuous  spectrum.  Let  us  consider  the  force  between  two  molecules  whose 
atoms  may  be  supposed  not  to  be  reciprocally  affecting  their  pulsations.  In  this  case  an 
atom  of  the  one  will  be  pulsating  independently  of  an  atom  of  the  other,  and  so  far  as 
they  are  individually  concerned  their  pulsations  may  be  looked  upon  as  forced.  Hence, 
if  ^^,  ^/  be  the  respective  atomic  pulsation  velocities,  these  velocities  will  be  supposed 
fully  determined  by  the  inter-action  of  the  atoms  of  one  molecule,  and  to  be  unaffected 
by  those  of  the  other.  Thus  the  resulting  force-ftmction  will  be  treated  as  affecting  only 
the  distance  between  two  atoms  of  different  molecules  (intermolecular  distance).  It  follows 
that: 

gives  this  force-function.  In  order  then  to  obtain  the  force-function  between  two  mole- 
cules we  must  sum  the  force-function  between  every  pair  of  atoms  in  either.  If  we  only 
wish  the  first  terms  of  this  force-function,  since  the  molecules  are  at  very  great  distances 
compared  with  those  of  their  component  atoms,  we  may  assume  that  7  is  the  same  for 
every  pair  of  atoms;  this  value  of  7  will  be  looked  upon  as  the  distance  between  the 
two  molecules.  Suppose  we  have  two  p-atomic  molecules,  then  the  r^  atom  in  the  first 
molecule  will  (see  page  90)  have  a  velocity  pulsation  given  by 

^,  =  -  n^C,  siu  (M  +  «,)  +  2  ^r^r^  COS  (nj  +  a,). 
and  the  8^  atom  in  the  second  molecule: 

^;=-n.Cr.'sin(n.«  +  a.') +  2  ^?^^'^coB(».<  +  «.'). 

We  see  then  that  the  value  of  the  product  ^,<^/i  when  we  replace  the  products  of  sines 
and  cosines  by  their  means,  will  not  rise  into  importance  unless  r  is  equal  to  «,  in  which 
case  its  value  becomes 

-^—^  (co8a^co8a,.  +  sm«,.8ma^) 

At 

^.-L.^!^' COS  (a, -a',). 
We  can  tJien  write  the  force-function  between  the  two  molecules 

7      7 

14—2 
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where  /*i  =  ^  2iro>,*  (7,0',  cos  (a,  -  a',), 

11  ^ 

We  see  that  /m^  is  always  positive — i.e.  ttiH)  moleculea  always  attract  each  other  with  a 
force  varying  inversely  as  Ihe  fifth  power  of  tiieir  distance, 

43.  But  with  regard  to  /i^  we  see  that  its  sign  depends  on  the  difference  of  phases  of 
the  atoms  of  like  kind  in  the  two  molecules.  If  these  differences  can  be  anything  what- 
ever there  may  or  may  not  be  a  force  between  any  two  molecules  varying  as  the  in- 
verse square  of  their  distance,  and  that  from  molecule  to  molecule  this  force  may,  if  it 
exists,  be  attractive  or  repulsive.  We  should  then  have  the  following  result — ^the  molecules 
of  a  gas  would  be  in  part  attracting  and  in  part  repelling  each  other.  In  this  case  it 
seems  possible  that  a  quantity  of  gas  might  be  obtained  whose  particles  had  a  disasso- 
ciative  tendency: — in  other  words,  that  a  gas  on  expanding  would  lose  interned  (molecular 
configurational)  energy,  but  the  experiments  of  Joule  and  Thomson  seem  to  show  that  a 
gas  always  does  some  however  small  amount  of  work  in  overcoming  the  cohesion  of  its 
own  molecules  when  it  is  expanding.  If  this  be  granted  we  are  compelled  to  consider 
that  the  differences  of  phase  of  two  atoms  of  like  kind  in  two  different  molecules  are 
not  purely  arbitrary,   and  to  assert  that  the  differences  of  phase   of  any  two  like  atoms. 

does  not  generally  exceed   ^.    If   we   get   over   this  diflSculty  by  supposing   that  in  any 

finite  portion  of  a  gas  such  as  it  is  possible  to  experiment  on,  we  shall  have  as  many 
repelling  as  attracting  molecules,  and  these  in  all  varieties  of  difference  of  phase,  we 
find  that  in  the  expression  for  the  internal  energy  of  a  gas  (due  to  molecular  configu- 
ration) there  will  be  no  terms  whatever  varying  inversely  as  the  first  power  of  the  distances, 
and  this  internal  energy  will,  varying  entirely  as  the  fourth  power  of  the  distances,  be 
a  very  small  quantity  as  shown  by  Joule  and  Thomson's  experiments. 

44.  But  even  this  assumption  does  not  free  us  from  new  difficulties.  These  molecular 
forces  must  in  the  cases  of  a  solid  or  liquid  become  the  forces  of  cohesion  or  of  viscosity, 
if  we  do  not  suppose  in  either  case  the  atoms  of  different  molecules  to  be  as  near  each 
other  as  the  atoms  of  the  same  molecule,  and  so  the  forces  between  different  molecules 
to  become  in  reality  what  we  have  termed  chemical  forces.  Yet  if  these  chemical  forces 
become  the  chief  forces  of  cohesion  in  the  case  of  a  solid  it  is  difficult  to  understand 
how  the  molecules  are  preserved  in  such  a  case.  All  the  molecules  would  be  forced  into 
chemical  combination  with  one  another,  and  there  would  seem  no  reason  why  a  solid 
should  always  present  us  with  a  gas  composed  of  the  same  kind  of  molecules.  We  are 
compelled  then  to  consider  a  solid  as  composed  of  molecules  whose  distances,  if  small 
compared  with  the  gases,  are  yet  great  compared  with  the  atomic  distances.  That  the 
atoms  of  one  molecule  influence  those  of  another  either  by  slightly  affecting  their  respective 
pulsations,  or  still  more  probably  their  respective  distances,  the  continuous  spectrum  of  a 
solid  forces  us  to  believe,  but  if  the  molecules  are  to  remain  distinct  we  must  suppose  the 
principal  forces  between  them  are  what  we  have  termed  molecular  forces  and  not  chemicsd 
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forcea  If  this  however  be  so  how  can  the  forces  between  a  number  of  molecules  be 
partly  attractive  and  partly  repulsive  ?  Under  such  a  state  of  things  cohesion  seems  im- 
possible.    This  leads  us  to  the  conclusion  that  in  any  substance   the  difference  of  phase 

between  two  like  atoms  in   different   molecules    cannot    exceed    ^  ;    or  rather   it  will  be 

sufficient  if  for  every  pair  of  molecules 

Sa,VC,0;c08(a,-a;) 
is  positive. 

In  the    case  of  monatomic  molecules   we  must  have  the  difference   of  phase   of  the 

atoms  always  less  than  |. 

In  the  case  of  diatomic  molecules  we  must  have 

«  C.C^j  COS.  (a,  -  a\)  +  a,  V  ^»C^.  cos  (a,  -  a' J 
always  positive,  and  so  forth. 

45.  Now  it  must  be  acknowledged  that  these  seem  tery  arbitrary  distinctions,  and  one 
is  inclined  to  demand  a  general  law  which  would  include  them  all.  The  difficulty  lies  in 
this :  What  is  it  that  determines  the  difference  of  phase  between  two  atoms  ? 

It  is  obvious  that  we  may  consider  the  (7s  as  all  positive,  since  any  negative  sign  would 
be   brought  into   the   argument   by  alteration    of  the    phase,   the   condition   then   that   the 

differences  of  phase  shall  not  exceed  -^  is  sufficient  although  not  necessary.    We   may  then 

ask :  Is  it  necessary  that  two  like  atoms  in  different  molecules  should  have  any  difference  of 
phase  ?  May  not  the  state  of  pulsation  in  every  molecule  both  as  to  amplitude  and  phase  or 
at  least  a>s  to  the  latter  be  the  same  for  their  like  atoms? 

Is  there  anything  which  at  all  confirms  this  view? 

Suppose  we  attempted  to  find  the  result  of  a  number  of  molecules  whose  pulsations  of 
like  period  had  every  conceivable  variety  of  phase  disturbing  the  ether  at  any  point.  Then 
if  one  molecule  produced  at  that  point  what  might  be  termed  a  positive  disturbance,  another 
could  be  found  owing  to  the  difference  of  phase  giving  an  equsd  and  opposite  negative  dis- 
turbance,  and  so  the  total  effect  of  all  the  disturbing  molecules  might  be  almost  zero.  In  the 
TJndulatory  Theory  of  Light  we  are  compelled  to  suppose  at  the  same  instant  every  point  in 
the  plane  face  of  a  small  wave  to  have  the  same  phase.  It  is  hard  to  conceive  how 
such  is  possible,  if  at  the  same  instant  every  molecule  helping  to  form  that  wave  has  its 
corresponding  pulsation  in  a  different  phase. 

For  example,  if  one  molecule  produced  a  disturbance  given  by 

D  sin  (nt  —  fix -h  tc) 

at  any  point  of  the  ether,  another  owing  to  its  difference  of  phase  would  produce  a  dis- 
turbance of  the  form  D  sin  {nt  —  fix^-  k), 

and  the  total  value  of  such  disturbances  would  be  zero  if  we  gave  k  all  possible  values. 
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Hence  we  have  suggested  to  us  the  following  conclusion : — Like  atoms  in  like  moUciilee 
are  jmlsating  in  the  same  phase. 

We  can  then  deduce  the  following  law  of  molecular  force.  The  force  between  two 
molecules  consists  in  its  more  important  terms  of  a  part  varying  as  the  inverse  square  and 
a  part  varjring  as  the  inverse  fifth  power  of  the  molecular  distance;  both  these  components 
are  attractive. 

46.  We  may  draw  the  following  conclusions: — 

Every  term  of  the  intensity  of  this  attractive  force  varies  inversely  as  some  (period)'  of 
the  molecular  pulsations  (i.e.  has  a  factor  n').  Hence  those  substances  which  give  bright 
lines  nearest  to  the  violet  (supposing  a*n^^  to  increase  with  n^)  will  have  their  molecular 
forces  greatest.  In  other  words,  they  will  do  more  internal  work  in  expanding.  Or  again, 
when  in  a  solid  state  their  forces  of  cohesion  will  be  strongest  or  they  will  be  what  might 
be  termed  '  tough  *  substances.  According  to  this  theory ^  then  the  toughness  of  pure  metals 
would  be  in  the  same  order  as  the  frequencies  of  their  single  bright  lines. 

Again  the  relative  orbit  of  two  molecules  so  far  as  they  are  uninfluenced  by  other 
molecules  will  be  very  approximately  (retaining  only  the  first  term  of  the  force-function) 
a  conic  section  about  the  other  molecule  in  the  focus. 

It  may  be  noted  however  that  Clerk  Maxwell's  experiments  on  the  viscosity  of  gases 
led  him  to  suppose  a  repulsive  and  not  an  attractive  force  varying  as  the  inverse  fifth  power 
of  the  distance  between  two  very  near  molecules^  a  result  with  which  unfortunately  our 
theory  does  not  appear  to  coincide  (ct  ClifiFord's  Lectures  and  Essays,  I.  p.  241,  however). 

Let  us  return  to  the  statement  that  like  atoms  in  like  molecules  are  pulsating  in 
the  same  phase.  Supposing  the  atoms  not  in  molecular  union  with  others  or  monatomic 
molecules,  we  are  led  to  the  result  that  all  like  atoms  when  they  are  not  portions  of 
molecular  compounds  are  vibrating  in  the  same  phase. 

47.  It  is  however  not  necessary  to  suppose  that  the  phase  of  the  free  pulsation  when 
altered  to  a  forced  pulsation  is  itself  not  altered.     It  is  sufficient  if  the  alteration  be  a 

function  of  - ,  and  vanish  when  -  becomes  insensible.     The  following  example  will  perhaps 

cast  light  on  the  meaning  of  this  statement. 

Let  us  suppose  four  atoms  two  and  two  alike,  and  that  they  are  about  to  unite  one  of 
each  kind  to  form  two  diatomic  molecules.  Let  the  free  pulsations  of  the  first  like  pair  be 
given  by  ^,  =  D, cos  (i/^<  +  a^)  1  f  <^,  =  ^,cos  (i;,^  +  a,) 

^>i);cos(i;,^  +  a,)J    *'''*   U;  =  ^;cos(i.,«  +  a,) 

be  the  free  pulsations  of  the  second  like  pair,  each  pair  being  in  the  same  phase. 

Then  the  efiPect  of  atom  ^^  on  atom  ^,  is  as  follows: — 

(1)    to  alter  the  free  period  in  a  manner  given  by  the  following  equation : — 

1       1       Q"      v>/ 


'1  *^i  ^0^0    *^i  *'l 
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(2)    to  alter  E^  say  to  G^\ 

(8)    to  alter  a,  to  «,+  Qfi^  say. 
Then  we  find  ^,  =  (7,  cos  {nj;  +  cr,  +  Q/aJ. 

But    to    this  we   must  add  a  forced  pulsation    with  the  altered  period    of   the  first 

atom,  namely :  -  J-)^Ll^\ ^ (^* + ^i  +  ^^i)' 

the  intensity  of  which  is  also  a  function  of  Q. 
We  thus  have  finally 

^,=  C.cos  (n,«+  a,  +  Q/i.)  -  ^^"i^l^  cos(^<  +a,  +  0/.,). 

If  7  were  very  great  however  the  second  term  would  vanish,  n^^v^,  and  0^  must 
become  «^„ 

or  ^,  ^  j&,  cos  (n,^  +  a). 

Thus  (7,  can  only  diflfer  from  E^  by  quantities  of  order  Q. 

The  same  reasoning  gives  us 

Hence  so  far  as  these  terms  are  concerned  the  attractive  force  between  the  molecules 
IS  given  by  —  ~;j»  — ^^' 

and  since  Q'fi\'-QfJi'^  is  always  very  small  fof  the  order  -5,]   it   is  less  than  ^,  and  the 

force  as  given  by  each  pair  of  terms  will  be  attractive. 

In  order  that  the  pulsation  periods  of  each  molecule  may  be  the  same,  it  is  neces- 
sary that  Q  ==  Q'.  In  order  to  obtain  a  wave  of  light  from  a  number  of  different  molecules 
it  appears  not  improbable,  though  perhaps  not  absolutely .  necessary,  that  f^t^f^r 

There  is  still  another  point  to  be  noted :  the  chemical  affinity  of  the  molecules 
formed  from  the  atoms  <f>^  and  ^^  is  a  function  of  D^  and  E^;  the  chemical  affinity  of  the 
molecule  formed  from  the  atoms  ^/  and  <f>^  is  a  function  of  i>/  and  E^\  or  as  it  would 
be  perhaps  better  to  say,  of  (7,,  (7,  and  of  (7/,  (7/.  Now  when  a  substance  is  under  con- 
stant conditions  we  cannot  suppose  the  chemical  affinity  to  vary  much  from  molecule  to 
molecule,  and  hence  we  must  have  Cj  and  (7/  nearly  equsd  to  C,  and  (7/.  Hence  we 
may  say  that  when  the  molecules  of  a  substance  are  subject  to  much  the  same  external 
conditions,  not  only  the  phases,  but  the  amplitudes  of  the  atomic  pulsations  of  the  molecules 
are  for  the  coiTesponding  atoms  of  different  molecules  very  nearly  alike. 

48.  We  have  seen  that  the  action  of  one  atom  on  another  is  a  vanishing  quantity 
when  the  atoms  are  at  any  distance  great  compared  with  their  linear  dimensions ;  if  however 
a  great  number  of  atoms  are  all  tending  to  influence  another  atom  even  at  a  great 
distance  in  a  like  fashion,  especially  if  they  are  all  tending  to  force  upon  it  a  pulsation 
of  equal  or  nearly  equal  period  to  its   free    pulsation,  then  the  sum   of  these  vanishing 
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individual  actions  becomes  so  magnified  as  to  be  of  importance.  One  atom  in  the  sun 
does  not  in  the  very  slightest  affect  the  pulsations  of  an  earth-atom,  but  an  infinite 
number  of  such  atoms  in  the  sun  may  affect  the  pulsations  of  an  earth-atom.  We  cannot 
in  that  case  treat  the  action  of  individual  atoms  upon  each  other,  we  must  rather  look 
at  the  outcome  of  the  infinite  number  of  atoms  in  producing  a  wave,  and  at  the  effect 
of  this  disturbance  on  an  individual  atom  in  its  neighbourhood.  Even  then  it  seems  im- 
probable that  it  will  be  much  affected  unless  there  is  a  period  of  the  wave  of  equal  or 
nearly  equal  magnitude  with  the  free  period  of  the  atom.  In  this  case  we  must  suppose 
the  amplitude  of  the  free  pulsation  of  the  atom — or  in  the  case  of  the  atom  being  in 
molecular  union  its  principal  pulsation  or  the  pulsation  corresponding  to  the  free  pulsation 
but  with  somewhat  altered  period — to  be  most  affected.  Such  a  change  of  amplitude 
however  will  affect  the  chemical  intensity  of  the  atom,  and  thus  the  chemical  affinity 
of  two  atoms.  Hence  we  note  how  it  may  happen  that  waves  of  different  period  may 
tend  to  alter  the  constitution  of  a  body  either  as  to  outward  appearance  or  molecular 
construction;  waves — termed  for  convenience  chemical,  light  and  heat  waves — may  affect 
the  body  in  different  ways  because  they  alter  the  chemical  intensity  of  its  atoms,  the 
chemical  affinity  between  the  atoms  of  the  same  molecule,  and  lastly  the  molecular  forces 
between  the  parts  of  a  body. 

49.  If  magnetism  and  electricity  consist  in  the  oscillations  of  the  ultimate  atoms  of 
a  body,  they  will  not  directly  affect  the  pulsations,  but  by  altering  the  atomic  distances  they 
will  indirectly  affect  them.  When  however  the  atoms  are  pulsating  freely,  it  is  impossible 
any  longer  for  alterations  in  the  mutual  distances  to  affect  their  pulsations.  Hence  if 
once  a  body  is  completely  disassociated,  magnetic  or  electric  action  according  to  our  theory 
ought  not  to  affect  its  spectrum. 

60.  We  may  note  then  that  in  order  to  fully  grasp  the  '  state '  of  a  body  we  must  know 
not  ouly  its  atoms  and  the  particular  manner  in  which  they  are  united  into  molecules,  but 
also  the  exact  condition  of  the  ether  in  the  spot  where  the  body  is  situated.  For  instance 
if  P  be  a  body,  and  8  a  closed  surface  surrounding  it,  then  the  condition  of  the  body  P 
depends  at  every  instant  on  what  is  happening  in  the  ether  over  the  surface  8.  Its  so-called 
mechanical  chemical  and  physical  properties  vary  with  what  is  happening  in  the  ether  at  the 
surface  S.  For  example,  the  molecular  theory  of  gases  supposes  the  molecules  of  a  gas  only  to 
be  affected  by  the  close  neighbourhood  of  other  molecules,  when 
they  are  supposed  to  exert  force  upon  each  other.  In  the 
above  theory  the  condition  of  a  molecule  at  any  time  must  be 
looked  upon  as  a  function  of  the  disturbance  in  the  ether 
at  the  spot  where  it  may  chance  to  be.  If  we  knew  the 
exact  characteristics  of  the  disturbance  of  the  ether  at  that 
neighbourhood  at  the  given  time,  we  should  be  able  to 
determine  every  property  of  the  molecule  without  reference  to  other  existing  molecules. 

61.  III.     Ghravitation  Forces. 

If  this  theory  of  a  continuous  medium  producing  by  its  disturbance  all  the  phenomena  al 
the  physical  world  be  at  all  a  true  one  we  must  expect  it  to  give  some  explanation  of  the 
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ao-called  principle  of  gravitation.  If  two  bodies  P  aud  Q  are  apparently  drawn  together 
by  a  certain  force,  it  can  only  be  because  they  are  both  disturbing  the  ether,  and  the 
effect  of  their  disturbance  can  be  represented  by  that  force*  Whatever  "force  Q  exerts 
on  P"  must  be  the  result  of  the  state  of  the  ether  as  produced  by  Q  over  a  surface 
enclosing  P;  there  is  not  such  a  thing  as  a  force  "inherent"  in  either  P  or  Q.  Now  the 
only  method  whereby  P  can  affect  the  ether  is  by  its  motion,  whether  of  translation  (in- 
cluding oscillation),  rotation,  or  vibration.  Now  the  motion  of  translation  of  two  spherical 
atoms  produces  between  them  a  force  of  a  magnetic  character,  a  sort  of  inverse  magnetism 
if  the  translations  or  oscillations  of  the  spheres  are  forced  upon  them,  but  a  direct 
magnetism  if  they  are  free  translations  or  oscillations  of  mutually  reacting  spheres.  Hence 
the  force  of  gravitation  cannot  have  its  origin  in  the  translatory  or  oscillatory  movement 
of  the  atoms.  With  regard  to  a  motion  of  rotation  it  is  difficult  to  see  what  effect  the 
rotation  of  a  sphere  could  have  in  a  perfect  fluid,  if  on  the  other  hand  we  suppose  the 
atoms  ellipsoidal  it  will  be  found  on  calculating  the^  kinetic  energy  of  the  fluid  due  to 

two  ellipsoids  rotating  about  their  axes  that  no  term   occurs  in  it  of  the  order  -,  in  other 

words  two  rotating,  ellipsoids  do  not  mutually  act  on  each  other  as  if  subject  to  a  gravita- 
tion force.  We  are  then  thrown  back  on  vibration  or  pulsation  as  the  cause  of  so-called 
gravitation,  and,  as  we  have  seen,  the  pulsation  of  spherical  atoms  does  introduce  terms 
corresponding  to  the  ordinary  gravitation  potential  If  two  atoms  be  pulsating  with  periods 
not  muttmlly  dependent,  we  have  seen  that  the  force-function  is  given  by 

Now  if  the  atoms  be  at  sensible  distances,  the  second  term  may  be  neglected  as 
compared  with  the  first.  The  first  will  he  aU  important,  at  the  same  time  the  gravitoLion  term 
wiU  only  be  the  first  of  a  long  series,  the  rest  of  whidi  may  he  safely  neglected  as  insensible. 

52.  We  see  then  that  two  spheres  with  pulsation  velocities  ^^  and  ^^'  have  a  potential 
given  by 

y 

Suppose  ^p  and  <l>^'  to  have  terms 

*»j^j  cos  {mj;  -f  aj   and  m^,  cos  (m,<  +  q^, 

27r     Stt 
then  the  potential  will  vary  with  the  time,  unless  — ,  — ,  the  pulsation  periods,  be  so 

small  that  we  may  take  the  mean  of  <f>^  and  ^/.  We  then  find  as  a  first  condition 
for  a  gravitation  potential  that  two  atoms  must  be  vibrating  in  the  same  period,  for  if 
not  the  mean  of  cos  (m^t -^  a^  cos  {mJt-hci^^O. 

Furthermore,  in  order  that  the  force  may  always  be  attractive,  it  is  necessary  that 
the  two  terms  should  have  the  same  phase,  or  fi^,  0^  being  taken  positive,  that  a^  =  a,. 
(See  however  Arts.  44  and  46.)  In  other  words  we  are  led  to  the  following  conclusion: 
mther  every  atom  has  one  pulsation  at  least  of  commxm  period  and  phase  with  every  other, 
or  else  the  law  of  gravitation  does  not  hold  for  aU  atoms.  . 
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53.  Let  us  consider  the  first  case.  If  we  suppose  that  all  atoms  are  not  alike,  we  are 
naturally  led  to  the  conclusion  that  their  free  vibrations  are  diflferent ;  or  even  if  we  were  to 
suppose  all  atoms  alike  or  all  their  free  vibrations  alike,  then  in  the  state  of  combination 
these  periods  would  be  changed,  and  every  atom  would  thus  cease  to  necessarily  attract 
every  other  atom.  We  must  then  suppose  a  sort  of  'gravitation  beat'  which  is  distinct 
from  the  free  pulsation  of  the  atoms.  Each  atom,  besides  its  free  pulsation  and  pulsa- 
tions arising  from  combination,  must  be  looked  upon  as  pulsating  in  a  definite  unchange* 
able  manner,  amplitude,  period  and  phase  being  unalterable  by  any  mutual  action  of  the 
atoms.  Let  myS^  cos  (m^  +  a)  represent  this  pulsation  for  one  atom,  myS,  cos  (m< -f  a)  for 
another,  then  the  force-function  between  the  two  atoms  will  be 

7 
If  we  take  P."^;     '^•^2"^/  ^^  ^'=^' 

we  may  write  the  above  u^ffL^t^PAitlBM^ 

y 

and  might  define  fi  as  the  constant  of  attraction  and  p^  and  p,  as  the  densities  of  the 
atoms,  where  of  course  the  densities  oif  the  atoms  are  not  the  densities  of  any  sub- 
stances formed   of  them,  but  if   n  be   the    number   of   atoms  in  a  volume  p  times  the 

volume  of  a  single  atom  the  density  of  the  substance  would  be  equal  to  — . 

Such  a  'gravitation  beat'  common  to  all  atoms  might  perhaps  be  called  upon  to 
explain  the  phenomenon  of  gravitation.  Unfortunately  it  does  not  seem  in  harmony  with 
our  previous  investigations.  It  is  inconsistent  with  the  alteration  of  the  period  of  an 
atom  owing  to  the  influence  of  other  atoms  in  its  neighbourhood.  Besides  which  it  is 
diflScult  to  conceive  what  supply  of  energy  an  atom  could  contain  which  would  enable 
it  to  continue  this  'gravitation  beat'  notwithstanding  that  the  pulsations  peculiar  to  its 
position  with  regard  to  neighbouring  molecules,  etc.,  were  something  very  different.  If 
we  reject  the  notion  of  a  gravitation  beat,  we  seem  thrust  on  a  conclusion  which  seems 
to  deny  the  principle  of  gravitation  itself,  namely,  that  it  is  not  always  true  for  all 
bodies.  The  result  would  appear  to  many  so  startling  as  to  drive  them  back  to  the  con- 
ception of  'inherent'  force.  Let  us  endeavour  to  mark  the  results  to  which  our  theory 
leads  us  when  we  endeavour  to  explain  gravitation  by  it. 

54.  First  Two  different  atoms  freely  pulsating  do  not  gravitate  towards  each  other.  If 
two  atoms  are  capable  of  influencing  each  other's  pulsations,  there  is  a  force  between  them 
varying  as  the  inverse  cube  and  not  as  the  inverse  square,  but  such  influence  only 
takes  place  at  completely  insensible  distances.  Two  like  atoms  freely  pulsating  would 
attract  each  other  according  to  the  inverse  square,  granting  that  they  are  in  the  same 
phase  as  we  have  assumed  above.  Their  attraction  however  would  depend  upon  the  am- 
plitudes of  their  free  pulsations.  [It  must  be  remembered  throughout  these  remarks  on 
gravitation  forces,  that  they  are  of  a  totally  different  character  and  degree  to  chemical 
forces;  of  the  same  character,  but  of  a  totally   different   degree   to   molecular   forces.    In 
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other  words  the  molecular  force  (or  cohesive  force)  between  two  molecules  is  often  sensible, 
the  gravitating  is  always  utterly  insensible ;  only  when  billions  and  billions  of  molecules  are 
attracting  a  like  number  does  gravitation  become  a  sensible  force.] 

Secondly.  Suppose  the  molecules  of  a  gas  to  be  vibrating  freely,  that  is,  suppose  the 
gas  at  such  a  temperature  that  the  atoms  of  one  molecule  are  not  producing  pulsations 
in  another,  then  the  molecules  of  such  a  gas  will  exert  no  gravitating  force  on  the  molecules 
of  another  gas  freely  vibrating  unless  some  one  or  other  of  the  free  vibrations  of  these  two 
sets  of  molecules  have  a  common  period.  Hence,  if  we  could  be  sure  that  the  molecules 
of  two  gases  had  no  common  period,  the  following  might  theoretically  be  adopted  as  an 
experiment  to  shew  their  respective  molecules  had  no  attraction  for  each  other.  Let  W 
be  the  internal  work  done  by  the  first  gas  in  expanding  to  double  its  previous  volume 
F  to  2F.  Let  W  be  the  amount  of  work  done  when  the  second  gas  expands  from 
F  to  2F,  then  if  the  two  gases  be  mixed  (the  same  amounts  as  above)  in  a  volume 
F,  the  work  done  by  this  mixture  of  gases  in  expanding  to  2F  ought  to  equal  TT+TT'. 
If  however  the  molecules  of  one  gas  do  attract  those  of  the  other,  then  the  amount  will 
be  greater  than  1F+  TF,  for  the  molecules  of  each  gas-  have  not  only  to  overcome  resistance 
in  being  separated  from  like  molecules,  but  also  from  molecules  of  the  other  gas. 

Thirdly.  Let  us  consider  the  case  of  a  solid  or  liquid.  Since  such  give  continuous 
spectra  it  is  obvious  that  there  is  a  force  varying  as  the  inverse  square  between  every 
solid  or  liquid  and  every  other  solid  or  liquid;  or  again  between  a  solid  or  liquid  and  a 
gas.  We  obtain  however  the  apparently  startling  result, — that  if  the  solid  in  its  dis- 
associated state  had  no  period  common  with  a  certain  gas,  it  would  upon  being  liquefied, 
then  rendered  gaseous  and  finally  absolutely  disassociated,  cease  to  exert  any  force  upon 
this  gas  I 

55.  Since,  however  small  a  portion  of  a  solid  we  take,  we  always  get  a  continuous 
spectrum,  we  must  suppose  in  any  the  smallest  element  of  volume  of  a  solid,  wherever 
we  take  that  element,  the  like  numbe):  of  atoms  having  the  same  period.  For  all  these 
atoms,  7,  the  distance  from  any  atom  not  at  atomic  or  molecular  distance  may  be 
supposed  the  same.  Hence  for  every  little  element  of  a  solid  we  may  write  a  term  in  the 
force-function  between  it  and  any  atom  (a,)  of  the  form 

jj_     4i7ra^^^Xn^G^  sin  {n^t  +  a^) 
7 
where  n,.  is  to  be  given  a  continuous  range  of  values. 

Now  the  atom  ^^  may  be  either  freely  pulsating  or  be  under  the  influence  of  neigh- 
bouring atoms.    In  the  latter  case  we  may  write 

^.  =  -n.5.sin(n^  +  /80  +  |^^^n,sin(V+i8,). 

The  all-important  term  here  is  the  first,  as  involving  no  Q  factor.  It  is  that  which 
corresponds  to  the  free  pulsation  of  the  atom  with  altered  period.  Hence  in  the  summa- 
tion in  CT  we  must  t«ke  n,.  =  w„  taking  the  mean  we  find  for  U  the  quantity 

27raX5.(7.cos(a.-/3.) 
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IT 


Now  this  will  not  give  rise  to  an  attractive  force    unless  a,  — fi,    be    <  ^^ .     Let  us 

examine  what  this  means.  Precisely  as  in  the  case  of  molecular  forces,  we  note  that  the 
term  j5,  cos  (n^^  + /3,)  in  <f>^  has  arisen  from  a  term  -4,  cos  (i/^  +  #cj  or  the  free  pulsation  of 
the  atom.     Here  5,  will  be  very  nearly  equal  to  -4„  and 

1  _  1      ^  (?„•     v^v! 

So  that  n,  does  not  differ  so  very  much  from  i/„  only  in  fact  by  terms  of  the  order  Q*. 
The  like  holds  for  /3,  and  /c„  so  that  as  7  increases  ^,  equals  more  and  more  nearly  k^,    . 

Now  the  argument  n,i+a,  in  the  pulsation  of  the  atoms  of  an  element  of  the  solid 
must  have  arisen  by  alteration  of  the  free  periods  of  some  set  of  atoms  in  the  element,  say 
among  others  perhaps  of  one  with  the  argument  v,t  +  K^,  Hence  a,  can  only  differ  from 
/e,  by  a  small  quantity.     It  follows  therefore  that 

a,  —  /3,  =  ^,  —  it,  +  terms  of  small  magnitude. 

If  then   a,  — y8,  is  to  be  less  than   -^ ,  we  may  ask   whether  it  be  not  possible  that 

K,  =  Kp  ?  Hitherto  we  have  only  assumed  as  necessary  that  all  like  atoms  when  pulsating 
freely  should  be  in  the  same  phase;  that  is,  they  appear  to  have  begUD  pulsating  at  the 
same  instant  We  seem  now  led  to  the  conclusion  that :  All  atoms  in  the  universe  of  what- 
ever kind  appear  to  have  hegv/n  pulsating  at  the  same  instant  A  result  due  we  may 
suppose  to  some  not  yet  fully  grasped  physical  cause.  With  this  assumption  again  we 
have  the  term  of  the  force-function,  (since  cos  (a,  —  /3J  =  1  nearly) — 

2iraS.^B,a 


^g  •"«  ■^$  ^t 


Ztr 
If  we'  sum  this  for  all  atoms  vrith  a  period  —  in  an  element  of  the  second  solid,  we 

C'C 
get  an  expression  of  the  form  --^— *. 

Now  G^  (7/  are  evidently  proportional  to  the  volumes  ^vBv  of  the  elements  of  the 
solids  we  have  taken.  Again,  so  long  as  the  two  solids  are  pulsating  through  a  continuous 
range  of  beats,  we  must  sum  for  all  values  of  «  in  that  range.  We  may  then  write  the 
force  between  two  elements  which  give,  a  continuous  spectrum 

tP.'D.SvSv' 

^      -/       \  ,  .    _    ..     .;/      ; 

56.  Now  in  order  that  this  may  be  identical  with  the  ordinary  law  of  gravitation  we 
must  suppose  S-D^/  to  break  up  into  two  factors,  each  dependent  only  on  the  constitution  of 
one  of  the  elements.  These  factors  would  then  be  defined  as  proportional  to  the  '  densities ' 
of  the  bodies.  In  order  that  this  breaking  up  into  factors  should  occur,  it  appears^ 
necessary  to  suppose  that  D,  and  2>/  are  independent  of  s,  and  functions  only  of  the) 
total  number  of  atoms  and  their  kinds  in  either  respective  element.  In  other  words, 
that  the  attractive  force  between -two  elements  so  far  as  it  is  dependent  upon  common 
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pulsations  of   one  period  is  precisely  equal  to   that  portion  of  the    force  which  depends 
upon  common  pulsations  of  another  period.    In  this  case  we  might  write   the  attractive 

-         -  •  tipp'SvSv' 

force  between  two  elements  =    ^'^  , , 

7 

where  p  would  be  defined  as  'density/ 

There  seem  however  many  objections  to  such  a  supposition  as  that: — the  portions  of 
the  attractive  force  arising  from  the  same  period  occurring  in  both  elements  are  the  same 
for  all  periods; — foremost  among  them  being  the  fact  that  as  one  element  changes  its 
state,  the  number  of  atoms  giving  a  definite  period  may  grow  less  and  vanish  ultimately 
altogether.     We  are  then  led  to  reconsider  the  expression 

If  we  were  to  retain  the  one  element  the  same  but  vary  the  other,  the  first  set  of 
constants  D,  would  remain  fixed,  while  the  second  D/  would  change.  There  would  then  be 
no  inconsistency  in  defining  22^/D,  as  proportional  to  the  density  of  the  one  body  which 
gave  the  set  -D/.  The  only  result  would  be  that  the  density  of  a  body  if  measured  by 
means  of  the  attraction  of  another  body  would  vary  according  to  the  attracting  body  we 
might  select.  For  example,  let  the  earth  be  taken  as  standard,  then  if  we  determine  the 
relative  densities  of  two  bodies  by  means  of  their  weights,  these  relative  densities  will  be 
in  the  ratio  of  2Z>/D,  to  2-D/'A«  But  if  we  proceed  to  determine  them  by  means  of  the 
attraction  of  any  other  body  with  attraction-constants  27/',  their  relative  densities  will  be  in 
the  ratio  of 

XA'A'"  to  SA"A" 
and  this  by  no  means  need  be  the  sanie  ratio   as    that  given   by   their  weights.    It  is 
probable  that  the   attraction-constants '  for  most  solid    bodies  which   have   been   taken   as 
standards  may  have  been  nearly  proportioned,  so  that 

and  that  the  density  of  any  given  substance  as  found  by  diflferent  methods  may  be  nearly 
the  same. 

'  Such  a  result  however,  seemingly  aflfecting  the  very  basis  of  physics,  is  perhaps 
sufScient  to  shew  that  these  pul^tions  are  not  sufficient  to  explain  the  phenomenon  of 
gravitation.  On  the  other  hand  it  may  be  noted  what  very  different  results  have  been 
obtained  by  different  methods  for  .the  mean  density  of  the  earth,  ranging  from  less  than 
5  to  6*6.  Even  in  Baily  s  experiments  the  average  mean  density  as  obtained  from  a 
set  of  experiments  with  one  kind  of  balls  on;  the  torsion-rod  differed  from  that  obtained 
from  experiments  with  balls  of  a  different  substance.  ' 

57.  We  are  not  however  compelled  to  consider  the  'mass,'  whatever  that  may  mean,  of 
a  body  as  varying.  All  we  must  suppose  is  that  the  force  of  gravitation  is  not  that  of 
the  product  of  the  masses  divided  by  the  square  of  the  distance.  It  is  a  certain  function 
of  the  constitution  of  both  bodies  divided  by  the  square  of  the  distance.  This  function 
may  be  in  the  case  of   most   solid    bodies    almost  Exactly  equal  to  the  product    of  what 
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we  term  their  masses,  but  it  is  in  itself  a  fanction  of  their  relative  atomic  conditions,  and 
can  in  certain  cases  be  conceived  as  vanishing.  For  example,  in  the  case  of  two  gases 
whose  molecules  are  vibrating  freely  and  which  have  no  common  pulsation  period. 

58.  We  may  remark  at  once  that  such  a  theory  does  not  suppose  it  possible  for  a 
body  to  be  without  weight,  because  a  solid  body  like  the  earth  (or  a  liquid)  with  a 
continuous  range  of  beats  will  attract  all  other  bodies  whatever  may  be  their  atomic  con- 
dition. Nor  is  it  difficult  to  understand  how  it  is  possible  that  change  in  the  atomic 
condition  may  not  aflFect  the  weight. 

2tr 
Let  C,  be  the  attraction-coefficient  of  an  element  of   the    earth  for  the  period    — . 

Then  the  attraction  of  that  element  of  the  earth  on  an  atom  (aj    pulsating  with  that  period 

is  (as  above,  Art  65): —  '—i — '—'. 

Now  suppose  in  some  (say  solid)  state  we  had  m  equal  atoms  all  influencing  each  other, 
then  we  should  have  to  sum  the  quantity  n^Bfl^  for  a  practically  continuous  set  of 
values  of  «.  On  the  other  hand,  if  the  solid  becomes  completely  disassociated  we  may  suppose 
its  m  atoms  to  be  pulsating  with  some  period  27r/n^  •  In  order  that  the  weight  may  be 
the  same  we  must  suppose : —         Xn^Bfi^  —  m  .  n^B/J^, 

or  that  „;5,a  =  ?2^§!^., 

or  that  the  attraction  on  one  atom  pulsating  freely  is  the  mean  of  the  attractions  on  all 
m  atoms  pulsating  with  mutually  enforced  periods.  Now  if  we  remember  how  n^  is  formed 
from  n^,  differing  first  above  and  then  below,  and  the  like  holding  probably  for  B,,  B^  and 

(7„  Cv,  the  above  relation  seems  perfectly  intelligible.    If  J5„  (7„  etc.,  vary  as  —5,   the  con- 

dition  would  become  — 1  =  — 2— i, 

a  relation  proved  before  to  be  true.     (Art.  21.) 

Again,  supposing  the  solid  or  liquid  to  pass  into  that  state  in  which  its  molecules  are 
freely  vibrating,  and  that  these  molecules  consisting  of  p  different  atoms  are  then  disasso- 
ciated.   The  weight  of  the  p  different  atoms  freely  pulsating  will  be  the  same  as  that  of 

the  molecule  if  iaX'B.C,  =  la,V£/(7;, 

1  1 

where  —.  =  -.-2.%^. 

Hence,  if  B^cc  —5—,  and   C^  as  — j , 

BJ  cc  -J—,  and   CJ  as  -1, 

wQ  must  have  2  — § «  2  — i 

which  follows  at  once  from  the  values  of  —3,  etc.    (Art.  18.) 


Digitized  by 


Google 


Prof.  PEARSON,  ON  A  CERTAIN  ATOMIC  HYPOTHESIS.  117 

59.  The  above  are  only  taken  as  hypothetical  cases  to  shew  how  it  might  be  possible 
that  the  weight  of  a  body  or  a  mixture  of  bodies  might  remaia  unaltered  notwithstanding 
molecular  or  chemical  changes.    Such  changes  alter  the  period  and  perhaps  the  amplitude 

of  each  atom's   pulsation  (B^),  but  if  this  amplitude   varies  as      ^   ,  they  will  not  alter 

the  'weight'  We  have  supposed  however  that  waves  of  like  period  to  the  pulsation  affect  its 
amplitude.'  In  other  words,  if  an  atom  pulsating  fireely  were  placed  in  a  disturbance  of  the 
ether  of  its  own  period  that  the  amplitude  of  its  pulsation  would  be  increased.  The  absorp- 
tion of  light  and  heat  forces  this  conclusion  upon  us.  In  such  a  case  our  theory  would 
compel  us  to  believe  that  the  gravitating  power  of  the  atom  or  its  weight  had  been  increased. 
It  is  possible  that  such  increase  of  the  amplitude  may  be  very  minutey  even  when  a  great 
number  of  atoms  are  put  together,  still,  however  minute,  it  is  capable  of  presenting  to  our 
senses  all  the  different  stages  which  iron  passes  through,  for  example  from  an  ordinary 
temperature  to  a  white  heat,  before  it  begins  to  change  its  atomic  condition.  Some  trace, 
however  slight,  we  should  expect  to  find  of  this  alteration  in  the  weight.  In  the  above 
theory  a  red-hot  iron  ball  ought  to  be  heavier  than  one  at  ordinary  temperature.  If  no 
such  trace,  however  minute,  can  be  found,  it  would  seem  an  additional  argument  against  a 
theory  of  gravitation  as  due  to  pulsation  of  spherical  atoms  in  the  ether. 

Pulsating  spherical  atoms  as  the  basis  of  physical  phenomena  seem  capable  of  throwing 
considerable  light  on  chemical  and  molecular  physics.  We  may  have  to  look  further  for  an 
explanation  of  the  principle  of  gravitation,  either  in  the  shape  of  the  atoms  themselves,  in 
their  method  of  vibrating,  or  still  more  probably  in  the  nature  of  the  medium  in  which 
these  atoms  are  vibrating.  If  the  ether  be  not  a  'perfect  fluid,'  if  there  be  something  of 
the  nature  of  'skin  friction'  between  atom  and  ether,  it  is  possible  that  a  rotatory 
motion  of  the  atoms  may  be  the  origin  of  gravitation.  Be  this  as  it  may  the  explanation 
of  gravitation  even  as  of  magnetism  and  electricity  must  be  sought  in  the  translatory, 
rotatory  or  vibratory  motion  of  the  ultimate  atoms. 


Appendix. 

We  have  supposed  each  free  atom  to  have  in  its  pulsation  only  one  period.  The 
free  period  is  given  by  the  equation 

Now  it  is  possible  that  r^  and  \  are  functions  of  n,  as  for  example  if  the  atom  be 
looked  upon  as  a  solid  elastic  sphere.    In  this  case  let 

then  we  have  the  following  equation  to  determine  the  free  periods  of  the  atom : 

l"-i^,(n).n«  =  0. 

Let  ji/j,  ,Vj,  jVj  ...  etc.  be  the  roots.  The  number  of  these  roots  will  probably  be 
infinite  (as  in  the  case  of  an  elastic  sphere).  If  then  we  suppose  every  gas  or  vapour 
of  an  element  when  completely  disassociated  to  give  only  one  bright  line,  we  must  suppose 
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only  one  of  the  roots  to  give  a  period  -whicli  falls  within  the  light  spectrum,  and  the 
existence  of  the  other  roots  will  not  be  disproved  by  the  phenomenon  of  single  bright 
line  spectra. 

In  the  case  of  two  atoms  the  equations  which  deternmie  the  alteration  of  their  periods 
due  to  mutual  influence  are 


7 
or 


or 


X»('»){^.-^.(")}c.-QCr.=0, 
X.(»)X.(n){^.-V^.(")}  {^-V^.(«)}  =  <2'- 


Now   Q"   is   small,   and   hence  -s  cannot    difiTer   much   firom    — •, ,   — i,  etc.,  or  from 
.  «  ."i      .". 

1        1 

— ,,  —s,  etc. 

T    *  11 

Let  «»  =  .;7-"*' 

therefore  X.  WXtC".)**  {i.V^.' W  +  M  {-;^  +  V^.  W}  =  C*. 

Q' 

Now  in  the  case  when  there  was  only  one  free  period  we  found 

"°      /I     IV 

Hence  in  our  results  we  have  merely  to  replace 

by  the  expression        x.  C",)  X.  W  (i  ^.*  "^i'  OJ  + 1}  |-  ^.  +  ^,  w} 
where  it  occurs  in  the  vibnttion  of  the  first  atom ;  and 

by  x.Wx.W{i^/t.'W+i}  {-^.+^.w} 

where  it  occurs  in  the  vibration  of  the  second  atom. 
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We  find  C.  = . ^^— 


X.W.{|i-V'.W}* 


We  have  then  to  sum  for  all  values  of  v^,  and  we  can  at  once  write  down  the 
general  expression  for  the  pulsation  in  either  atom. 

The  result  may  be  at  once  extended  to  any  number  of  atoms.  It  will  be  noted  that 
it  does  not  differ  in  character  from  the  result  in  the  case  of  only  one  free  pulsation. 
About  every  firee  pulsation  we  may  draw  conclusions  very  similar  to  those  we  have  formed 
coDceming  the  single  free  pulsation. 

In  the  case  of  an  elastic  sphere  both  r^  and  \  are  transcendental  functions  of 

na,€,, 

where  e^  is  a  certain  function  of  the  elasticity  of  the  sphere.    Hence  there  is  an  infinite 
number  of  roots  corresponding  to  an  infinite  number  of  free  pulsations. 

If  we  suppose  the  free  atoms  to  pulsate  with  only  a  single  period  or  a  definite 
number  of  free  periods,  we  cannot  suppose  their  nature  to  be  akin  to  that  of  a  solid  elastic 
sphere. 

Indeed  such  a  supposition  does  not  carry  us  further  towards  a  final  solution  of  the 
problem ;  we  are  compelled  to  suppose  an  elastic  sphere  composed  of  atoms,  and  we  only  get 
one  step  further  back  in  what  would  then  bear  the  aspect  of  an  infinite  chain  of  atoms  of 
different  orders.  We  naturally  ask  the  question,  whether  it  is  possible  to  conceive  a 
spherical  portion  of  the  ether  in  any  way  differentiated  from  the  rest?  The  only  method 
hitherto  suggested  by  which  atoms  might  be  considered  as  differentiated  portions  of  the 
ether  is,  so  far  as  I  am  aware,  the  vortex  ring  of  Sir  William  Thomson.  It  is  not 
easy  again  to  see  how  our  spherical  atom  could  be  considered  as  built  up  of  vortex  rings 
or  to  be  differentiated  off  from  the  rest  of  the  ether  by  any  kind  of  vortex  motion.  On 
the  other  hand,  if  it  be  not  a  difference  of  motion  which  distinguishes  an  atom  from  the 
rest  of  the  ether,  we  are  compelled  to  suppose  two  primary  substances,  ether-substance  and 
atom-substance,  or  to  start  with  a  dualistic  physical  conception.  It  does  not  simplify  matters 
to  suppose  that  the  one  ether  substance  can  have  two  different  states,  or  that  atoms  are 
akin  to  steam  bubbles  in  water,  for  the  very  notion  of  change  of  state  seems  to  point  to 
an  atomic  construction,  and  we  should  be  explaining  our  atoms  by  means  of  an  ether 
which  would  in  itself  be  atomic. 

March  11,  1883. 


NOTE. 

This  paper  was  written  before  Mr  Leahy's  interesting  memoir  on  the  pulsation  of 
spheres  in  an  elastic  medium  had  been  published,  and  was  printed  before  a  copy  of 
that  paper  reached  my  hands.  It  appears  to  me  that  to  treat  the  ether  as  a  'perfect 
fluid,'  however  far  such  may  be  from  the  actual  state  of  affairs,  leads  to  not  uninteresting 
or  unsuggestive  results  in  relation  to  chemical  and  molecular  forces.    There  are  of  course 
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very  considerable  difficulties  in  imagining  the  propagation  of  light  under  such  circumstances. 
If  the  'jelly*  theory  of  the  ether  be  accepted  with  the  additional  assumption  that  it  acts 
as  a  perfect  fluid  for  displacement  velocities  incomparably  less  than  those  of  light  vibrations, 
it  would  not  seem  satisfactory  to  obtain  atomic  and  molecular  forces  from  pulsations  whose 
periods  we  have  identified  with  those  of  light  waves.  On  the  other  hand  it  may  be  noted 
that  Sir  William  Thomson  (Lectures  on  Molecular  Dynamics,  pp.  277,  278)  finds  it  probable 
that  the  vibrations  of  the  molecules  which  produce  light  have  a  velocity  commensurable 
with  that  of  those  translations  which  we  consider  in  the  kinetic  theory  of  gases.  Hence 
it  would  seem  necessary  for  the  same  magnitude  of  velocity  to  treat  the  ether  both  as  a 
perfect  fluid  and  as  an  elastic  solid.  That  the  ether  itself  must  by  its  constitution  explain 
gravitation  is  a  proposition  not  to  be  lightly  rejected,  nor  is  it  satisfactory  to  suppose  two 
media,  the  one  carrying  light  vibrations  being  an  elastic  solid,  and  the  other  explaining 
gravitation  and  chemical  forces  being  a  perfect  fluid.  It  is  difficult  to  understand  how 
these  media  could  be  superposed.  If  we,  however,  assume  space  capable  of  a  varying 
curvature  and  explain  rays  of  light  by  waves  of  space-distortion,  we  are  able  to  fill  space 
with  a  perfect  fluid  such  as  we  require.  An  atom  would  then  have  to  be  treated  as  an 
element  of  given  curvature  capable  of  transfemng  its  position  in  space,  but  of  such  a 
curvature  that  it  could  not  be  penetrated  by  the  fluid  medium.  The  vibrational  motion  of 
such  an  element  would  appear  as  normal  pulsations  at  the  atomic  surface  in  the  fluid 
medium  and  as  waves  of  space-distortion  (light-waves)  in  space — ^both  being  vibratory  motions 
of  the  same  period. 


Aprily  1885. 
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Analysis: — Potentials  and  Isotropic  Elasticity.     By  J,  Larmor. 

[Read  April  27,  1885.] 


1.  There  are  two  well-known  methods  of  dealing  with  physical  questions  of  con- 
tinuous differential  analysis. 

In  the  first  and  more  ordinary  one  the  differential  equations  satisfied  by  the  quantities 
involved  are  investigated  directly  from  the  relations  and  properties  of  the  sy3tem ;  and 
their  transformation  from  simple  rectangular  to  curvilinear  coordinates  may  be  effected 
either  by  direct  transformation  of  the  quantities  and  their  differential  coefficients,  or  by 
an  independent  investigation  with  the  new  variables.  This  latter  process  is  easy  where 
only  differential  coefficients  of  the  first  order  are  concerned,  for  these  obey  the  laws  of 
all  vector  quantities  such  as  forces ;  but  when,  as  is  usual,  differential  coefficients  of  the 
second  order  occur  it  involves  the  use  of  vector  differentiation  or  some  similar  process, 
which  is  of  a  more  complicated  character. 

In  the  second  method,  which  was  invented  by  Lagrange,  and  developed  and  applied 
by  Gauss,  Green,  and  others,  the  equations  are  expressed  as  the  conditions  that  a  certain 
quadratic  function  of  the  differential  coefficients  of  the  first  order,  integrated  over  the 
system,  shall  retain  a  stationary  value  when  small  variations  are  imposed  on  the  variables. 
In  statical  questions  this  function  is  the  potential  energy  per  unit  volume  at  the  place, 
and  its  integral  is  the  total  potential  energy  of  the  system.  When  its  value  is  known, 
the  equations  of  the  system  are  obtained  at  once  by  application  of  the  Method  of 
Variations.  Now  this  quadratic  function,  being  a  purely  scalar  quantity,  will  usually  be 
expressible  in  a  form  which  does  not  closely  connect  it  with  any  special  system  of 
coordinate  directions;  and  in  any  case,  it  may  be  transferred  without  difficulty  from  one 
system  of  coordinates  to  another  by  means  of  the  vector  laws  obeyed  by  the  fluxions. 

The  second  method  of  procedure  is  therefore  an  easy  and  straightforward  one  when 
it  is  wished  to  express  the  equations  in  terms  of  special  systems  of  coordinates.  The 
first  method  involve^  a  detailed  examination  of  the  internal  properties  of  the  system, 
and  is  therefore  well!  suited  to  the  clear  exposition  of  the  relations  of  a  system  whose 
internal  structure  is  ^  known,  and  to  their  expression  in  terms  of  the  more  simple  co- 
ordinates.    And  the  'two  are  of  course  complementary  to  each  other. 

The  object  he^e  proposed  is  to  illustrate  the  use  of  the  second  method  by  its  general 
application  to  som^'  problems  of  common  occurrence. 

16—2 
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2.  The  character  of  a  system  of  space-coordinates  is  completely  determined  by  the 
nature  of  the  expression  for  the  square  of  the  distance  between  two  neighbouring  points 
in  terms  of  the  differentials  of  the  coordinates  of  those  points:  this  will  be  a  quadratic 
function  of  the  differentials,  with  coefficients  which  may  or  may  not  be  functions  of  the 
coordinates  themselves. 

There  is  another  function  related  to  this,  and  in  a  manner  reciprocal  to  it,  viz.  the 
expression  for  the  square  of  the  resultant  force  or  flux  at  a  point  corresponding  to  a  given 
potential  function,  in  terms  of  the  rates  of  variation  of  that  function  with  respect  to 
the  coordinates. 

These  two  expressions  can  be  made  the  basis  of  the  whole  analysis,  when  the  relations 
considered  are  of  an  isotropic  character. 

3.  Suppose  the  position  of  a  point  to  be  expressed  in  terms  of  f,  17,  f,  which  are 
given  functions  of  the  rectangular  Cartesian  coordinates  w,  y,  z  by  which  it  may  be 
originally  specified.    These  coordinates  will  retain  constant  values  over  the  surfaces 

f= constant,        17  =  constant,        f=  constant (1), 

respectively. 

The  square  of  the  distance  ds  between  two  consecutive  points  f ,  17,  f  «^d  f  +  df ,  17  +  drj, 
f  +  d^,  in  the  space  will  be  given  by 

d^^Ad^  +  JBdv*  +  Cd^  +  2Ddr)d^+2Ed^d^  +  2Fd(dr, (2), 

where  A,  B,  C,  D,  E,  F  are  constants  or  functions  of  f,  17,  f>  which  are  determined  by  the 
nature  of  the  coordinate  system. 

If  the  system  is  determined  by  a  triple  series  of  parallel  planes,  the  coefficients  will 
be  constants;  and  if  a,  /8,  7  be  the  angles  between  the  directions  in  which  these  planes 
intersect  respectively,  i.e.  between  the  axes  of  coordinates,  we  have 

&"  =  df  +  dv"  +  dS*  +  %dvd^  cos  a  +  2d5df  cos  /8  +  2d(dr)  cos  7. 

If  the  system  is  determined  by  a  triple  series  of  orthogonal  surfaces,  D,  E,  F  are 
zero,  and,  in  Lamp's  notation, 


^.i.,..e.,..(D-.(D%(g)- 

^=»^.""-v=©'.(D%(S)' 


•(3). 


so  that 

"^  V^V   V "'' ^*^- 

As  examples,   there  are  the  common   cases   of   rectangular,  polar,   and  ellipsoidal   co- 
ordinates. 
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If  the  system  is  determined  by  the  triple  series  represented  by  (1),  whose  curves  of 
intersection,  drawn  through  the  point  f,  rj,  ^  cut  at  angles  a,  13,  y,  respectively,  and  if 
h^,  h^  h^  are  defined  as  above,  then 


h} 


K 


h.h. 


AA 


hX 


CO87. 


.(3). 


4.    The  properties  of  the  coordinate  system  f,  tj,  f  will  in  every  case  be  completely 
specified  if  the  ooefiEicients  of  the  expression  in  (2)  are  known. 


Comparing  it  with  (5),  we  find  that  the  element  of  volume  is 


d^fld^. 


(6). 


A  F  E 

F  B  D 

E  D  C 

and  the  elements  of  area,  on  each    of  the  coordinate   surfaces  {= constant,  «;  =  constant, 
^s  constant,  are  respectively 


B    D 
D    0 


dt)d^. 


C    E 
E    A 


dm 


A     F\\ 
F    b\ 


d^dai 


.(7). 


5.  Suppose  the  potential  function  F"  to  be  expressed  in  terms  of  the  coordinates 
f,  17,  f,  and  it  is  required  to  find  the  expression  for  the  resultant  force  or  flux  at  the 
point  f,  1;,  f  in  terms  of  F. 

Let  the  direction  of  this  resultant  make  angles  a,  5,  c 
respectively  with  the  lines  of  intersection  of  the  coordinate 
surfaces  at  the  point  f,  17,  f ;  these  angles  will  be  related 
to  a,  /8,  7,  as  in  the  annexed  scheme  supposed  drawn  on 
a  spherical  surface. 

If  B  represent  the  magnitude  of  the  required  resultant, 
we  shall  have,  by  the  fundamental  property  of  the  po- 
tential, 


dV 
A,  377  =  iJ  cos  a, 

A,  -5-  =  jB  cos  d 

h.'^7;^BC0SC. 

But  the  relation  between  the  mutual  distances  of  four  points  on  a  sphere  gives 


.(8), 


1  cos  7  COS  13  cos  a 

cos  7    1  cos  a  cos  6 

cos^  cos  a    1  cos  c 

cos  a  cos  b  cos  0    1 


=  0. 


.(9). 
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Therefore 


COS7        cosp      K"^ 

dV 

drf 

dV 


1 

cos  7        1  cos  a     A, 

cos/3      cos  3         1        \ 


=  0.. 


(10), 


(IIX 


.dV       dV         dV 
*'d|-     '^'d^     ^'d^       ^ 
or,  what  is  the  same, 

(1  —  cos'a  —  cos'/9  —  cosV  -f  2  cos  a  cos  /9  cos  7)  iJ* 

0/       n  M.Z  dV  dV     ^,  o^tt  dV  dV 

+  2  (cos  p  cos  7  —  cos  a)  hji^  -j — —  +  2  (cos  7  cos  a  —  cos  p)  hji^  -rp   1^ 

+  2(cosacosp  — cos7)AjA,-,-^  -r- 

the  expression  for  iJ'  which  was  required. 

In  particular,  if  the  coordinates  form  an  orthogonal  system, 

^.-V(f)'-vQVv(fy in, 

as  obviously  should  be  true.      *  ^ 

6.     To   complete  the  expressions  (10)   aij^  (11),  we  should  express  cos  a,  cos /9,  cos  7 
in  terms  of  f,  t),  ^,    This  is  easily  done,  and  it  will  be  found — if  we  represent 

df)  df)  drf 

d(v,  g) 


the  array 


and  the  array 


dx  dy  dz 

d^  dX  d^ 
dx  dy  dz 

d^  di  ^ 
dx  dy  dz 


by 

by 


di^x,  y,  z)' 


d  {x,  y,  z)  ' 
with  similar  notations  for  other  cases  (as  already  employed  by  Ptof.  Cayley) — that 


cos*7  = 


(  d{ri,  K)         d{K,  g)  y 
\d(x,  y,  z)  •  d{x,  y,  z)) 

.      *       [d{s,  y,  z)     d{x,  y,  z))\l*   '      \d  {x,  y,  z)     rf(x,  y,  z))  _ 


.(13). 


with  corresponding  expressions  for  cos' a  and  cos'/9. 

If,  however,   we    adopt    (2)    as    the    fundamental    relation^  we    have    the    simple    ex- 
pressions of  form 

-=w,F=ri;y 


C0S7: 


as  ia  the  next 'section. 


\ABJ 


•(1*). 
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7.  The  reciprocal  relation  between  these  two  fundamental  scalar  formulae  (2),  (10), 
wiU  be  clearly  brought  out  by  the  following  purely  analytical  method  of  deducing  the 
second  from  the  first: — 

If  ds  denote  an  element  of  length  in  any  direction  through  the  point  f,  17,  f, 
we  have 

ds  "ds  df  ^ds  drj  '^ds  d? ^  ^^• 

The  value  of  R  is  the  maximum  value  that  this  expression  can  have  subject  to  the 
necessary  relation  (2)  which  connects  d^^  dff,  d^  and  ds,  viz.  to 

*'-^m^^m'^o  (f)v.4'  f  .^||.,4f  g=, ae,. 

We  are  therefore  to  have  S  -p  =  0  subject  to  the  relation  8^  =  0 ;  and,  proceeding 
by  Lagrange*s   method  of  undetermined  multipliers,  we  obtain 

as        as         as         a^ 
as        as        as         dfj 


together  with 


d^  ds      dij  dt      d^  ds 


From  tbe  first  three  equations,  we  find  immediatelj 

1+\R  =  0 


and  then,  eliminating  the  unknowns  -5^,  ^,   j^>  we  have  for  5*  the  equation 


A    F    E 
F    B    D 


dV 
dt) 


df   dfi    df 


=  0. 


or 


AF  E 

F  B  D 

E  D  C 

^nEF.AD)'^'f^^2iFD-BE)%% 


which  agrees  with  (11). 


+  2(i>i;-C10f^ 


•(17). 


(18); 


•(19), 


.(20), 
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This   equation   is   also   clearly  that    which   determines  an   element  of   area  in  terms 
of  its  projections  on  the  three  coordinate  surfaces  at  the  place  where  it  is  situated. 

I.    8.    We  now  proceed  to  the  expression  of  Laplace  and  Poisson's  equation  in  terms 
of  the  coordinates  f,  17,  f. 

The  potential  energy  of  a  system  of  attracting  masses  is  well-known  to  be 

Z7=^Ji?.dvol (21), 

extended  throughout  all  space,  where  R  is  the  expression  for  the  resultant  force.  If 
we  take  Cartesian  coordinates  x,  y,  z 

^-M/{(S'-(f)'^(S]**^ <-)■ 

and  the  ordinary  method  of  variation  gives 

4nrjjj\dx    dx       dy  dy       dz    dz  )        ^ 

1   {/d}V  ,  <fF,  cPFx.T-   ,     , 
=  -i^jfe  +  ^  +  ^0^^-'^^°' (23). 

on  integration  by  parts;  for  the  terms  at  the  limits  vanish,  the  attracting  bodies  being  sup- 
posed to  lie  at  finite  distances.  If  we  take  generalized  coordinates,  iJ'  is  given  by  (10)  or 
(11).    Using  the  former  expression,  and,  writing  for  shortness, 

0  for  1  —  cos'jt  -  cos'/8  —  cos'y  +  2  cos  a  cos  ^  cos  7, (24) 

we  have 

+  2  (cos  /8COS7  —  cos  a)  A,^3-7-  ^ttH-  2  (cos  7C0S  a  —  cosp)  h^\  ,y  -jp 


therefore 


H.e-»|l(c».c<»#-oo,„)f+A..ta./3.^+^l{co,^co3,-o».)f}^^ 

.  «a-l  fl  /  osdV       \  ,        a  .dV 

\h  (''osycosa  — C08/S)  jj  +  t- (cos  p  cos  7  —  cos  a) -j- 

j    A,    .  ,     dV\  dhV\  ,yj   ,^ 


on  iutegration  by  parts  as  before. 


47r/[|(®'*^-J^+|^®'*^-^)  +  |(®"*{-J)]®"**''^«'^«^^'^'"'--(2^)' 
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Comparing  this  result  with  (23),  with  which  it  must  be  identical,  we  see  that 

.-^       J»F    d»r    dT 
^^^'^^+^  +  57 

is  equivalent  to 

e-UAA.[^(e"*{...})  +  ^(e~'{...})+^(e"*{...l)] (28). 

where  {...}  denotes  the  respective  expressions  within  the  {}  in  (26). 

The  equation  ^^V^  —  inrp  is  thus  transformed  to  the  new  coordinates;  and  the  result 
agrees  and  may  be  compared  with  that  obtained  by  the  method  of  flux  in  Thomson  and 
Tait's  Natural  Philosophy,  2  Edn.,  Appendix  A„. 

If  the  coordinates  form  a  rectangular  system,  we  obtain  Lamp's  equation 

VA[|(^^^0.|(A-f).|(A_f)]-4,, ,.,,. 

9.  If  in  the  general  case  (28)  f ,  •;,  ^  are  potential  functions,  Le.  are  such  that 
they  satisfy 

V'f=0,    v^'O,     v*r  =  0. (30) 

throughout  the  space  considered,  then  f,   i;,   or  ^  substituted   for    V  in   (28)  makes  the 
expression  vanish ;   and  by  virtue  of  this  simplification  the  expression  for  ^V  reduces  to 

hXh. 


+  ^(co6^oo8y-co8a)2^+^^(cosTrco8a-co8y9)^^ 


2  ^F'T 

+  j-(cosacos/3-cos7)-j|^J, 


i.e.  to  6^    Aj  sm'a.^=f  +  A,  sin'/S.^-i^  +  Aj^sm^y.^p- 
+  2A^,  (cos/9  C0S7  -  cos  a)^-^^  +  ^A  (^^  7  cos  a  -  cos  /3)  ^^tj 

€PV~\ 

+  2AjA,(cosacos)8-cos7)^|^    (31). 

When  the  coordinates  form  a  rectangular  system,  this  reduces  again  to  Lam^s  result 

^r.vf^+v^+V^ (32). 

The  more  general  result  (31)  may  be  expressed  by  saying  that  if,  with  the  conditions  of 
this  section, 

™_,/dr    dV    dV\     ] 
then  r^v^f(4-    i.    AW 

^  "^   ^\dS'  dn'  d^J  ^ 


(33). 
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It  may  be  observed  that  it  is  always  possible  to  choose  a  coordinate,  say  f,  so  that 
it  shall  preserve  a  constant  value  over  any  bounding  surface,  and  shall  satisfy  the  equation 
V'f  =  0;  for  it  has  only  to  be  taken  proportional  to  the  potential  of  a  free  electric  dis- 
tribution on  the  surface,  supposed  conducting,  in  free  space, — or  it  may  be  in  the  presence 
of  other  charged  bodies,  but  in  that  case  there  will  be  discontinuity  at  the  places  occupied 
by  those  charges,  if  they  are  in  the  part  of  the  field  considered. 


10.    If  we  employ  the  other  form  (2)  for  fi*,  and  denote  the  determinant 


A  F  E 

F  B  D 

E  D  C 

by^. 


.(84), 


we  have  at  once 


-4//K'K^(w)'-- 


H-... 


^^(EF-AD/^f^* 


.1  d^dvd^ (85), 


and  it  follows  as  before  that  ^V  ^s  equal  to 


^-'[|*-' 


dVdVdV 
d^  dfi  d^ 

FED 

EDO 


dij 


A    F  E 

dVdVdV 
d^  dij  d^ 

E  DC 


4^-* 


A    F  E 

FED 

dVdVdV 
df  dij  ^ 


] 


.(36); 


and  corresponding  simplifications  may  occur. 


II.    11.   We  now  proceed  to  apply  a  similar  analysis  to  the  dynamical  theory  of  an 
isotropic  elastic  solid. 

We  have  first  to  determine  the  quadratic  expression  for  the  energy  of  deformation 
per  unit  volume.  Following  Kirchhoflf*,  let  us  take  an  element  of  the  solid,  and  let 
/,  g,  h  denote  its  three  principal  elongations,  and  F,  0,  H  the  three  tensions  which  act 
on  it  per  unit  area  in  the  directions  of  those  elongations;  we  may  conveniently  take 
the  element  to  be  a  right  solid  with  its  edges  along  these  directions.  In  any  case 
J'',  (7,  H  represent  the  complete  system  of  forces  to  which  the  element  is  subjected  from 
the  action  of  the  contiguous  parts,  for  with  this  specification  there  are  no  shears.  Assuming, 
as  usual,  the  truth  of  Hooke's  law  for  the  displacements  considered,  we  have,  from  the 
isotropic  character  of.  the  solid,  equationd  of  the  form 

Gt  =  J/+aflr+6fe  (37), 

*  Grelle*s  J(mmal,  Bd.  40;  GesammeUe  Abhandlungen,  p.  247. 
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^vhere  a,  b  are  two  constants  which  specify  the  elastic  qualities  of  the  body,  viz. 

a +  26  is  the  modulus  of  compression, 
^(a  —  li)  is  the  modulus  of  shear, 
2J» 


(38). 


a —1   is  Young's  modulus. 

The  potential  energy  of  deformation  per  unit  volume  at  the  point  considered  is 

\{Ff-\-Og^Hh) (39), 

and  is  therefore  ia(/*+5f*  +  A')  +  6(/5r +^&  + A/), 

or,  say  V^\a{f^•g^•Kf•\^{b^a)(fg^\^gK^Kf) (40). 

The  equations  of  equilibrium  will  be  obtained  as  the  conditions  that  the  variation 
of  the  total  potential  energy 

|F<ivoL  +  the  part  Sue  to  external  forces 
shall  be  zero. 

12.    Suppose  now  the  position  in   space  of  a  point  to  be  given  by  the   generalized 
coordinates  ^,  x>  ^^ 

Consider  in  the  undisturbed  solid  a  point  ^,  x>  ^» 

and  a  consecutive  point  ^  +  f>  X  +  ^»    V^  +  ?; 

when  the  solid  is  deformed  these  points  will  assume  new  positions 


X+v 


dv  f,     dv        dv  y 
and    X  +  '^  +  ^  +  S^f+d^^^+rf^? 


.(41). 


The  square  of  the  distance  between  these  points  will  therefore,  by  (2),  be  given  by 
«wt      A,  f  *>     du  ^     du        du  iX  ^   ^  /        dv  ^     dv        dv  ^V 

.  -, /^,  dw^  .  dw     .dwj\*jyf       dv  ^     dv     ,dvj\fydw^,dw     ,  dw  A 

-^'(f-sf-l'^^0(^-l^-l'-.^0 <*^>- 

where  A\  R,  C\  B,  E\  F  are  the  values  of  Ay  B,  C,  D,  E,  F  at  the  point 

4>^%  X-^rV,   V^  +  w, 


17—2 
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consecutive  to  ^,  ;^  -^j  and  therefore 

.,      .  ,  dA        dA        dA 


.(43), 


.(44), 


'sA+tlA,  say, 
with  similar  expressions  for  B",  ...  F'. 

Therefore,  neglecting  squares  of  small  quantities  -tj,  ,  ^,  ... 

+2{...}!:f  +  2|...}{, 

where  %^  is  the  value  of  JL  before  deformation* 

Since  %  and  %^  differ  by  a  quantity  very  small  compared  with  either  of  them  (Le.  of 
the  second  order),  we  have 

J(l.*-l,*)  =  l,.«e (45), 

where   e  is  the   elongation,  per  unit  length,  of  the  solid,   in  the  direction  of  1,  at  the 
point  ^,  x>  -f  • 

We  may  therefore  write  (44)  in  the  form 

%o"^  =  ar  +  28i7'+  ®r  +  2®i;f  +  215?^+  2;ff^ (46). 

13.  The  values  of  f,  g,  h  ene  the  maximum  and  minimum  and  the  stationary 
maximum-minimum  value  of  this  quantity  €;  the  value  of  lo  being  given  by  (2),  or, 
what  is  the  same,  (6),  viz. 

%;^Ap+Br,'+C^  +  2Dv^+2E^^+2F^. 

These  values  may  be  determined  in  the  ordinary  manner.      Substituting  from   (2)   in  (46), 
we  have 

(a-^6)f«  +  (28-B6)i7'+(®-C6)r  +  2(»-D£)i7?+2(15~^)rf 

+  2(;ff^Fe)^^0 ....(47). 

Differentiating  with  respect  to  f,  17,  f,  and  remembering  that  for  the  values  in  question 
the  differentials  of  e  are  zero,  we  obtain 

(;ff-Fe)^  +  (iS-B€)v  +  (m-ne)^^0  (48). 

(15  -Ee)  f  +  (19-  De)  17  +  (OD  -Ce)  f=  0  . 
which  lead  to  the  eliminant 

i-Ae  $-Fe  m-Ee 

jf-Fe  28-^6  B-2)e  =0 (49). 

"S-Ee  IB-De  (S'-Ce 
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The  values  of/,  g,  h  are  therefoie  the  roots  of  this  cubic  equation  in  e.    Therefore 


A  F  E 

= 

A  F  'S. 

+ 

A  ^  E 

+ 

fSl  F  E 

F  B  D 

F  BIB 

F  Hi  D 

$BD 

E  D  C 

E  D  (& 

EH  C 

IE  D  C 

■.fSt{BC-ir)+l${CA-E^  +  (;^{AB-F^ 

+  23  (EF-  AD)  +  21B  {FD  -  BE)  +  2 Jp  {DE -CF)... (50) 


A  F  E 

= 

ajF  ^ 

+ 

a  2^  IB 

+ 

^iF  « 

F  B  D 

iF28D 

iF5» 

^•10® 

ED  C 

IBB  C 

«  2>  ® 

^  iB  ® 

-(Jg+gh-^-hf) 


+2(1BiF-aB)D  +  2(Jp»-281E)^+2(1B1B-«iF)i^...(51), 
and  the  value  of  F  as  given  by  equation  (40)  may  be  written  down, 

14.  Having  thus  determined  the  value  of  V,  the  equations  of  internal  and  surface 
equilibrium  may  be  deduced  by  the  Method  of  Variations  in  the  ordinary  manner. 

If  4>,  X,  "¥  denote  the  components  (oblique)  of  the  surface  force,  per  unit  area, 
which  acts  on  the  boundary  of  the  solid,  taken  in  the  directions  of  the  lines  of  inter- 
section of  the  pairs  of  surfaces  x^y  V^>  *^^  4^  respectively,  and  so  as  when  positive 
to  tend  to  increase  the  values  of  ^,  x»  "^  >  *^^  ^^  ^  denote  the  potential  eneigy  per  imit 
volume  at  any  point  in  the  solid,  due  to  the  action  from  a  distance  of  external  systems, 
— then  the  energy  condition  of  equilibrium  is  that 

SZ75SfF<ivol.H-s[FdvoL-  [(<I>il*St^  + Xfi*  St; +  ^C*8w;)d  surface  =  0 (52) 

for  all  possible  consistent  variations  of  u,  v,  w. 

Therefore,  with  the  notation  of  §  10,  we  have 

jjf^h{V+W)d<l>dxdylt^jj{^Ahu  +  XB^Sv'\-^O^Sw)d8=^0 (53). 

Now  F  is  a  function  (quadratic)  of  the  differential  coeflScients  of  u,  r,  w  with  respect 
to  ^,  ;^  and  ^.  If  A,  B,  C,  D,  E,  F  are  constants,  which  corresponds  to  the  case  of 
oblique  Cartesian  coordinates,  F  is  a  function  of  those  differential  coefficients  alone,  with 
constant  coefficients.  \i  A,  B,  .,.  F  are  not  constants,  the  terms  b-4,  to5,  ...  \>F  will 
introduce  u^  v,  w  themselves;  so  that  F  is  now  a  quadratic  function  of  «,  v,  w  and  their 
differential  coefficients  with  respect  to  ^,  ;f,  '^. 

Thus  we  have 

^y^  dV  dZu      dV^d^  dV  dZV 

jdu  dif>      ^dudx      '"       ,dt;   d<f> 
dx  # 


d<f> 


dF.    ^dV^^dV^ 
du  dv  dw 


.(54). 


Digitized  by 


Google 


132 


Mb  LAEMOtl,  SOME  APPLICATIONS  OF  GENBBALIZED 


And  on  substituting  this  value  in  (63),  and  integrating  by  parts  in  the  usual  manner 
the  terms  which  contain  differential  coeffioients  of  fiu,  8v,  Sw,  we  have,  writing  down  ex- 
plicitly only  the  terms  depending  on  Su, 

jki  ^  Su .  dxd^r  +jk^  i^  Bu .  dfd<f>  +jk^  £i^Bu.dit,dx-  jf^A^  BudS 


^d^ 


dx 


^d^ 


-'^'^^-^'Z}'"-^^xdi^ 


+  terms  containing  Sv  and  Sw  »0 


.(55). 


Now  as  the  forms  of  Su,  Bv,  Bw  are  quite  at  our  disposal,  subject  to  conditions  of 
continuity,  we  can  choose  them  so  as  to  make  either  the  volume  integral  or  the  surface 
integral  in  this  equation  zero  at  pleasure;  and  we  may  also  have  any  two  of  these 
variations  of  u,  v,  w  zero  at  pleasure.  This  equation  therefore  cannot  be  satisfied  unless 
the  quantity  under  each  separate  type  of  volume  or  surface  integral  is  zero;  and  we  thus 
obtain  the  internal  and  surface  equations  of  equilibrium. 

15.  To  eii:press  the  latter  in  their  simplest  form,  it  will  be  convenient  to  take  the 
solid  considered  to  be  the  element  of  volume  d^d^d'y^  of  a  larger  body.  The  surface 
element  d8  is  now  an  element  of  area  of  a  face  of  this  solid,  and  is,  by  §  4, 


mj'^'*- 


{%''^' 


or 


(dc)  ^^^ 


according  to  its  position. 


The  force  4>  of  (62)  is  the  force  exerted  across  this  element  of  area  by  the  matter 
on  the  other  side  of  it,  per  unit  area,  in  a  direction  such  as  to  increase  ^  without 
altering  ^  or  ^,  i.e.  in  a  direction  parallel  to  the  intersection  of  ;^  ^.  If  we  adopt 
the  notation  that  T^^  represent  the  component  force  per  unit  area  acting  from  outside 
on  that  face  of  the  element  which  lies  on  the  surface  ^  in  a  direction  such  as  to 
increase  ^  without  altering  the  values  of  ^,  ^^  i.e.  in  a  direction  parallel  to  the  inter- 
section of  ^y  x»  ^®  hsiye  therefore  from  the  surface  integrals  the  relations 


^-^-'(a)''-'^ 


^d^ 


^--^-'(§r^^ 


dxJ 


.(56), 


with  similar  expressions  for  the  other  surface^stresses. 
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From  the  volume  integral  ia  (55)  we  may  now  obtain  the  equations  of  internal 
equilibrium.  We  may  shorten  their  expression  by  making  use  of  the  values  of  the 
stresses  just  obtained  in  (56). 


In  the  first  place,  we  remark  that,  by  (43)  and  (44), 

dV^ldA  dV^     IdBdV  dF  dV^ 

du     2  df  ^lA     2  d<l>  dOB         "^  d<t>  dilF 


.(57). 


d 

d4> 


.(58), 


We  have  then 
with  the  similar  equations 

the  values  of   -j-  ,  -t—  ,  j-  being  most  easily  detennined  by  means  of  (57), 


16.    In  the  case  in  which  the  coordinate  surfaces  ^«  %,  '^  form  an  orthogonal  system, 
the  formulae  become  more  simple. 

We  have  now 
and,  if  we  wish  to  revert  to  Lamp's  notation,  we  have 

-a-T-»»       -""n*       ^"iT 


.(59). 


By  (44), 

where  %*  =  A^ -i- Br,' +  C^. 

The  cubic  equation  whose  roots  axe  /,  p,  h  ia  now 


-Ae 

iF 

« 

iF 

^-Be 

IB 

« 

m 

€-€« 

.0, 


and  therefore 


BO 


CA 


AB 


.(61), 

.(62), 
.(63). 
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We  have  now,  by  (40), 

^°^°U'^5-  +  d~^''~^H     BC      +—CJ-+-AB—) ^^*>- 

Therefore,  by  (60), 

.   _ , .  rdv  dw     ^  ^     du  dv 

_  1  (^  dw     dw  du_    du  dv\ 
*\dfdxdfd^d^dil>) 

,  rf«  /ftS     ba\     1  dv  fW    1iA\     Idw  /W     h5\ 
'*'^d^\B'^'C')'^2d^\0'^  A)^2df\A'^lB} 


wherein  for  brevity,  as  before, 

^  .  _  dA        dA        dA 

""  d<l>        dx         dy^ 

^r%    dB     .  dB     .  cLB 

09  a;;^         ay 

We   have   thus    obtained   the    expression    in   general    orthogonal    coordinates,  for  the 
potential  energy  of  deformation  of  a  strained  isotropic  solid. 

17.    By  (56),  we  find 


fdu  ,  1  toJ\     ,  /<fo     \1tB\    ,/dw     1  nc\ 
=  «U+2-z)  +  H^  +  2  5)  +  H3^+2  0) 


dx 


ss  I^j^ ,  by  symmetry 
with  simihur  expressions  for  the  other  stresses. 


.(66); 
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To  find  the  equations  of  internal  equilibrium,  we  first  observe  that  the  values  of 
~y-  y  "T-  y  -J-  tui^  obtuned  in  a  simple  form  by  (57).  It  is  dear  from  the  way  in  which 
"HA,  "tiB,  tlO  enter  into  (60)  that 

du     A  d4>  ,du     B  d^  ,dv      Cd^  ,  dw 


1  dA 


d<f> 
IdB 


dx 
IdG 


d^ 


~Adil>^**'^Bd4>  ^«'''C3^ 


.(67), 


with  similar  expressions  for 


dV 
dv 


and    J—  . 
dw 


.(68), 


Therefore  we  have  tl^e  equations  for  this  case 
^  {{BCA)^  T^]  +  ^^{{CAA)i  T^}  +  ^  {{ABA)^  T,,] 

±{{BCB)^T,,}+^{{GAB)iT^}  +  ^{iABB)^T^} 

in  which  the  values  of  the  stresses  may  be  substituted  from  (66). 

18.  The  equations  now  determined  are  those  that  apply  to  the  most  general  cases 
of  curvilinear  coordinates.  In  any  special  system,  the  analysis  might  be  very  much  cut 
down  by  dealing  at  once  with  the  special  values  of  A,  B^  (7...  which  will  often  be 
either  constants  of  functions  of  only  one  variable. 

Without  here  going  back  through  the  analysis,  but  merely  by  taking  advantage  of 
the  general  results  already  obtained,  we  may  now  apply  the  theory  to  some  special 
cases. 

1st.  The  case  of  oblique  Cartesian  coordinates  possesses  some  interest  The  coefficients 
A,  £,  C...  are  now  constants,  so  that  &il,  ))l^,...  are  all  zero,  and  the  analysis  of  §§  12 — 15 
applies  with  this  important  simplification.  The  potential  energy  V  of  the  strain  is  a 
quadric  function  of  the  differential  coefficients  of  u,  v,  w^  with  coefficients  which  are 
constants:  it  is  given  by  (50)  and  (51).  The  stresses  are  given  in  terms  of  its  dif- 
ferential coefficients  by  (56).    The   equations  of   internal  equilibrium  are  given  in  terms 

Vol.  XIV.  Pabt  H.  18 
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of   the  stresses  and  the  applied   external    forces    only   by  equations  (58);    for  --j- ,  -^  , 

dV 

-J-  Are  now  each  zero,  and  the  coefficients  are  all  constants  and  can  therefore  be  taken 

dw 

outside  the  sign  of  differentiation. 

19.    2nd.    As  examples    of   orthogonal   systems  we    may  take    the  well-known    cases 
of  columnar  and  polar  coordinates. 

(qe)    Columnar  coordinates  r,  5,  g.    Here 

and  therefore  -4  =  1,  B^f^,  (7=1)  ,^^. 

>  (69), 

and  &il  =  0,        J)IJ5  =  2rt4,        &a»0) 

and  the  value  of  F  is  at  once  written  down  from  (65). 

It  is  however  to  be  noticed  that  u,  v,  w  are  the  increments  of  r,  0,  z  respectively, 
and  that  «  is  not  heTO  the  increment  of  rdO  as  is  sometimes  the  case. 

The  values  of  the  internal  stresses  may  be  written  down  by  (66),  viz.: 

^        ^du  ,     fdv     u\  ^  ,dw  rp        1  /       ja(  dv  ^  IdwX       ^^. 

The  equations  of  internal  equilibrium  are  by  (68) 


dW 

i 


.0 


(71). 


(^)    Polar  coordinates  r,  6,  a.    Here 

ds'  =  d»'  +  rVW  +  f"  8in»« .  dv\ 


and  therefore        -4=1,  B  =  i*, 


(7=r'8mV, 
J(7=  2r  ain'ftt  +  2r*8in  ^  cos^» 


} 


(72). 


wherein  «,  9,  w  are  the  displacements  of  r,  (7,  co  respectively. 
By  (65)  the  value  of  V  may  be  cut  once  written  down. 
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The  values  of  the  internal  stresses  are,  by  (66), 

The  eqnatioDB  of  iat«nuJ  equilibrium  are,  by  (68), 
|;(r'8in<>2',^)  +  J^(r8in^r^)+^(rZ'^)-r8in«r^-r8in^2U-r»9ind^=0 
|:  (r*  sin  0T»r)  +  ^  (r'sin  0Tt,)  +  ~  (t^IV.)  -  r»  cob  «7L-  r»  sin  ^  ^=  0 
|:  (r*  sin'^T.,) +^ (r' sin'tf  r^)  +  ^  (r' sin  dr^)  -  r» sin  tf  ^  =  0 


137 


(73). 


(74). 


20.  The  equations  thus  obtained  for  these  cases,  (a)  and  (fi),  may  be  simplified 
considerably  by  performing  the  differentiations.  They  are  then  the  same  as  were  obtained 
OTginally  by  Lam^  by  transformation  from  Cartesian  coordinates,  and  applied  by  him  to 
the  consideration  of  the  elastic  yielding  of  a  sphere  under  given  forces  and  other  similar 
problems.  They  may  also  be  obtained  from  first  principles  by  a  process  involving  vector 
differentiation  (see  Webb,  Messenger  of  Mathematics,  1882,  XL  pp.  146 — 155)  which  might 
be  extended  to  the  general  theory  of  orthogonal  coordinates,  at  the  coat  however  of 
increasing  the  complication  and  the  number  of  terms. 

The  general  equations  (66),  (68)  also  lead  to  the  equations  which  apply  in  the  cases 
of  ellipsoidal  coordinates  and  elliptic  columnar  coordinates  and  such  other  orthogonal 
systems  as  have  been  used.  These  are  the  systems  of  equations  which  would  naturally 
be  applied  to  the  case  of  elastic  solids  bounded  by  confocal  quadric  surfaces  or  by  elliptic 
cylindrical  surfaces  respectively:  but  their  degree  of  complication  is  such  as  to  render 
them  of  not  much  practical  value  except  in  the  more  simple  forms  of  strain,  in  which, 
for  example,  one  or  two  of  the  three  displacements  are  zero  or  very  small.  In  these 
latter  cases  the  general  analysis  is  clearly  much  shortened  by  introducing  the  simplification 
at  the  beginning  of  the  work. 
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Observatioiis  and  Statdstiog. 
a  I  a 

^^n 1 

Observations  Statistics 

(Real  Mean)         (Fictitious  Mean) 
^ I  h 

Single  Mean  Plural  Mean 

I  e 


Finite  Facility-curves  Infinite  Facility-curves 
+  Probability-curves        -  Probability-curves 

Data  very  numerous    Data  not  very  numerous 
(Simple  Induction)  (Inverse  Probability) 

^  I « 

Reproductive  carves     Irreproiductive 

/      I     / 

I 1 

Weight  given    Weight  not  given 

9  I  9  ' 

Identity  of  weight    Identity  not 

given  given 

A  I  h        ' 

Symmetrical    Asymmetrical 
curves 

Kg.  abede/gh  denotes  the  following  problem :  Given  a  not  indefinitely  numerous  set  of  observations 
grouped  about  a  single  real  Mean  according  to  probability-curves,  of  which  the  weight  is  unknown, 
and  which  are  not  known  to  have  the  same  weight,  to  find  the  best  value  of  the  real  thing  by  way 
of  inverse  probability. 

OBSERVATIONS  AND  STATISTICS. 

The  object  of  this  paper  is  to  distinguish  and  examine  the  different  cases  which 
are  presented  by  the  problem*:   What  is  the  best  Mean? 

(a)  The  first  distinction  which  offers  itself  is  between  observations  and  statisti&s. 
According  to  the  definition  here  proposed,  observations  and  statistics  agree  in  being 
quantities  grouped  about  a  Mean;  they  differ,  in  that  the  Mean  of  observations  is  real,  of 
statistics  is  fictitious.  The  mean  of  observations  is  a  cause,  as  it  were  the  source  from  which 
diverging  errors  emanate.  The  mean  of  statistics  is  a .  description,  a  representative  quantity 
put  for  a  whole  group,  the  best  representative  of  the  group,  that  quantity  which,  if  we  must 
in  practice  put  one  quantity  for  many,  minimizes  the  error  unavoidably  attending  such 
practice.  Thus  measurements  by  the  reduction  of  which  we  ascertain  a  real  time,  number, 
distance,  are  observations.  Returns  of  prices,  exports  and  imports,  legitimate  and  illegitimate 
marriages  pr  births  and  so  forth,  the  averages  of  which  constitute  the  premises  of  practical 

*This  problem  involves  the  perhaps  more  important  one:  What  is  the  worth  (in  particular,  the  precision)  of  a 
proposed  Mean? 
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reasoning,  are  statistics.  In  short  observations  are  different  copies  of  one  original;  statistics 
are  different  originals  affording  one  ''generic  portrait."  Different  measurements  of  the  same 
man  are  observations;  but  *  measurements  of  different  men,  grouped  round  Thomme  moyen, 
are  prim&  £BM;ie  at  least  statistics. 

This  delicate  distinction  does  not  generally  correspond  to  any  strongly  marked  difference, 
either  in  the*  external  agencies  which  cause  the  phenomenon  of  quantities  grouped  about 
a  Mean,  or  in  our  formula  for  determining  the  Mean.  Accordingly  the  definition  here 
suggested  is  not  expressed  in  ordinary  discourse.  The  popular  or  the  technical  meaning 
of  the  terms  will  be  employed  here  according  to  the  context. 

(6)  A  second  division  is  between  cases  where  the  given  observations  or  statistics  are 
grouped  about  a  single  mean,  and  where  there  are  several  such  quaesita. 

(c)  A  third  division  ia  between  fecility-curves  which  are  either  finite  or  probability- 
curves,  and  those  which  extend  to  infinity.  The  importcuioe  of  this  distinction  lies  in  the 
proposition  here  submitted  that,  where  facility-curves  extending  to  infinity  occur,  there  the 
exponential  law  of  error  does  not  hold.    That  is  to  say,  if  there  be  n  facility-curves, 

and  E  be  putf  for  7A  +  72^2  +  &c., 

where  z^,  z^...   are  values  taken  at  random  from  the  respective  series,  then  the  values  of 

/  1        *!\ 
E  do  not  in   general   range   under   the    probability-curve   (-7^  «"«*)    when    the    curves  / 

extend  to  infinity. 

Let  us  take  the  case  most  favourable  to  uniformity,  where  the  facility-curves  are 
symmetrical  and  identical  [say  y^f{z)\  By  the  usual  reasoning  it  is  shown  that  the 
sought  expression,  the  ordinate  proportionate  to  the  number  of  times  that  E  commits  an 
error  of  the  extent  x,  is  equal  to 


-  I     \\      f[z)  co^azdzy  cosaxda. 


1      _^  c' 

This  is  inferred  to  be  equal  to   -7=-  e  <^,   where  ^  is  the  mean  square  of  error  for  the 

Vttc  2 

facility-curve  f{z).      The    steps    by   which    this    inference  J   is    usually   reached    are    two. 

(1)  The  expression  within  the  brackets  being  expanded  in  terms  of  a  it  is  assumed  that 
the  terms  above  the  second  may  for  purposes  of  integration  be  neglected;  when  small, 
because    they    are    small,    and,    when   large,  because  the  whole  expression  is  then  small. 

(2)  The  thus  truncated  series    is    for    purposes    of   integration  approximately  equated  to 

e"**.  Both  these  steps  seem  precarious.  They  have  been  suspected  by§  eminent  autho- 
rities. They  are  proved  to  be  erroneous  by  conspicuous  examples.  The  family  of  facility- 
curves  which  is  of  the  type 

*  See  p.  1<K$.  I  p.  656. 

t  Gp.  Todhinter'B  History  of  ProbaMUtie$^  Art  1002.  S  Glaisher,  Monthly  Notices  of  Royal  Astronomical  So- 

I  See  Todhunter'f  HUtory  of  Probabilities,  Art.  1002,  |  dety,  1S78.    Ellia,  Camb.  Math.  Joum.,  iv.  p.  182. 
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where  i  in  any  positiTe  qtiantity,  does  not  produce    the   probability-curre  as  that   under 
which  the  values  of  E  range,  except  in  the  particular  case  when  t  =  2. 

Mr  Ellis  indeed  in  his  proof  of  the  law  of  error  does  not  take  those  dangerous  steps*. 
Tet  upon  his  own  showing  his  course  of  reasoning  is  theoretically  insecure^  and  practically 
misleading.  The  example  which  he  gives,  the  case  where /(^)  is  ^  e^'  between  infinite 
limits,  seems  even  more  damaging  to  his  theory  than  he  admits.     For  the  final  form  in 

that  case  is   -  I   L       ,J  cos  a«  which  is  known  to  be  of  the  form  e^ {a  +  bx+ca?  +  &xi,). 

The  following  reasoning  shows  that  the  received  conclusion  is  admissible  when  the  facility- 
curves  /{z)  do  not  extend  beyond  finite  limits.  Supposing  first  that  the  elemental  fiu^ility- 
fanctions  are  all  identical  and  symmetrical  and  that  E  is  the  sum  of  s  errors  taken  at 
random;  the  sought  expression,  the  ordinate  of  the  curve  under  which  the  values  of  E 

x 
range,  say  u^  where  x  is  the  extent  of  error,  is  the   -th  term  of  the  multiple 

CO 

[/(«)  ri+ &C.  +/(2»)  r +/(»)  r'  +/  (0)  <•+/(«)  r  +/(2«)  r + &C.  +/{t)  t*ly. 

m 

Observing  the  formation  of  the  coeflBicient  of  <••  in  the  («  +  l)"*  power  of  the  expression 

within  the  brackets,  we  have  (l)ti«+i,0«s  i     f(jg)  u^+g^^dz  [where  ±b  are  the  limits  of  the 

elemental  facility-curves  y  =/(«)];  that  is,  supposing  only  even  powers  of  z  are  involved; 
for  otherwise  the  above  integral  will  have  to  be  separated  into  three  parts.  Assuming 
such  a  tendency  towards  a  limiting  form  that  the  effect  of  proceeding  from  the  s^  to 
the  («  +  l)^  power  is   indefinitely  small   (for   that   part    of   the  result,  those  values  of   os 

with  which  we  are  concerned)  we  may  write  the  left-hand  member  of    (1)  u  +  -j-.    The 

right-hand  member  may  be  expanded  into 


/'^/(«)d^tt«+£^/(«)^&^  +  &c. 


and  the  terms  above  the  second  neglected.  For  since,  by  hypothesis  b  is  finite,  if  the 
linear  unit  be  taken  properly,  the  mean  powers  of  error  for  the  facility-curve  if^fiz) 
above  the  mean  square  may  be  neglected.  An  appropriate  unit  would  be  sb.  Accordingly 
an  approximate  solution  of  (1)  is  afforded  by  a  solution  of  the  partial  differential  equation 

The  complete  solution  of  this  equation  is  Ae"  «<?'  •  The  symmetry  about  the  origin  shows 
that  a^O.     And  the  condition  of   a  facility-curve,  that  its  integral    should   be  equal  to 

1  1        ^  , 

unity,  gives  ^=    . —  .    The  sought  final  form  is  therefore     . 6"<c*.|     This  reasoning  is 

tjTrSC  tjTTSC 

easily  adapted    to    the    cases  where  E   is    the  weighted    sum    (as   it   may  be   called)    or 
*  Comb,  Phil  Trans,,  VoL  vm.  p.  210.  t  Ibid.  p.  216.  X  «'  not  exoeeding  «e'. 
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weighted  mean  of  s  observations;   and  where  the  elemental  curves  are  not*  identical  and 
not  symmetrical. 

{d)  The  next  distinction  is  between  cases  where  the  number  of  observations  or 
statistical  returns  is  practically  infinite,  large  enough  to  completely  exhibit  the  law  of 
facility  according  to  which  they  are  reproduced,  and  cases  where  the  number  is  not  large 
enough  to  form  the  basis  of  a  valid  induction,  where  the  data  can  only  be  regarded  as 
samples  taken  at  random  from  the  facility-curves  under  which  they  range.  The  first 
method  is  followed  by  Quetelet  when  he  determines  the  character  of  the  curve  under 
which  the  data  range  by  taking  as  the  probable  error  of  that  curve  the  point  which 
just  divides  into  two  halves  the  number  of  observations  or  statistics  which  lie  on  one 
side  of  the  mean,  by  Mr  Galton  in  his  method  of  quartiles  and  deciles,  and  very 
generally  in  all  graphical  methods  of  statistics.  The  second  method  is  pursued  by 
mathematicians  in  the  discovery  of  the  mean,  when  the  facility-curves  under  which  the 
observations  range  are  known  to  be  probability-curves,  and  would  doubtless  be  more 
extensively  employed  but  for  the  mathematical  difiiculties  incidental  to  "Tignorance 
entifere  oil  Ton  est  de  la  loi  des  erreurs  de  chaque  observation -f"/*  The  first  procedure  is 
pursued  by  Airy  in  his  Theory  of  Errors  when  [§  33]  he  says,  "If  we  investigate  the 
value  of  the  modulus,  first  by  means  of  the  Mean  Error,  secondly  by  the  Error  of  the 
Mean  Square,  we  shall  probably  obtain  discordant  results.  We  cannot  assert  d  priori 
which  of  these  is  the  better."  The  second  procedure  is  pursued  by  Mr  Merriman  when 
regarding}  the  given  observations  as  having  resulted  from  a  source  of  error  consisting  of 
a  probability-curve  with  a  certain  unknown  modulus  [Method  of  Least  Squares,  §  24]  he 
determines  by  inverse  probability  what  is  the  point  and  what  the  modulus  from  which 
the  errors  are  most  likely  to  have  resulted.  In  short  the  first  procedure  is  of  the  nature 
of  ordinary  induction.  The  second  procedure  belongs  to  that  more  methodical  investiga- 
tion of  causes  by  way  of  Inverse  Probability  which  Laplace  in  his  introductory  essay  on 
Probabilities  describes  as  "le  principe  fondamental  de  cette  branche  de  T Analyse  des 
hasards  qui  consiste  ik  remonter  des  ^v^nemens  aux  causes." 

[e)  The  next  division  is  between  reproductive  and  other  facility-curves;  reproductive 
facility-curves  being  defined  as  such  that  if  a  couple  or  any  finite  number  of  values  a?,, 
x^,  &c.  be  taken  at  random  from  the  series  represented  by  such  a  curve,  then  the  sum 
or  any  arithmetical  mean  7^5?^  +  7^^^  -i-  &c.  -;-  sy  ranges  under  a  facility-curve  similar  in  type 
to  the  primary  curve.     The  general  type  of  such  a  facility-curve  appears  to  be 


-  I     e~*^coaazda. 


(/)  The  next  distinction  is  between  cases  where  the  weight  or  measure  of  divergence 
for  the  facility-curves  involved  by  the  problem  is  given,  and  where  it  has  be  to  inferred 
from  the  data.  Laplace  and  those  who  have  followed  him,  §Herschell  and  ||De  Morgan, 
seem  provisionally  at  least  to  have  assumed  that,  when  we  are  given  the  number  of  times 


*  In  this  case  c*  must  be  treated  as  a  function  of  «. 
t  Laplace^  Thiorie,  Srd  ed.,  p.  387. 
X  On  Least  Squares,  p.  143. 


§  Essay  on  Qnetelet's  ProhaMlitiei, 
II  Encyc,  Metrqp. 
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that  an  event  has  occurred  in  each  of  two  alternative  ways  (e.g.  births  male  and  female), 
then  we  are  given  the  modulus  according  to  which  statistics  may  be  expected  to  diverge 
from  the  given  ratio,  the  weight  as  it  were  of  the  given  observation.  It  is  assumed  that 
the  case  may  be  compared  to  that  of  black  and  white  balls,  drawn  at  random  from  an  urn 
containing  as  many  balls  as  there  are  births.  But  this  is  to  assume  that  all  the  births 
are  independent  The  more  appropriate  conception  is  surely  that  we  are  given  indeed  the 
ratio  between  the  mass  of  ivory  and  of  ebony  in  the  urn,  but  that  the  number  of  balls, 
of  independent  causes,  is  not  given,  but  to  be  inferred  from  the  data.  In  short  the  case 
is  similar  to  the  case  where  we  are  given  a  set  of  observations  a?^,  a?,,  &c.,  and  have 
to  infer  from  these  data  the  modulus  according  to  which  they  diverge*.  The  statistics  of 
death  rates  considered  in  the  light  of  this  analogy  show  a  divergence  many  times  greater 
than  that  assigned  by  the  current  theory, 

(g)  The  next  division  is  between  cases  where  the  weight  of  the  facility-curves  is,  or 
is  not,  given  as  identical.  Mr  Glaisher*!-  has  pointed  out  the  confusion  which  results  from 
ignoring  this  distinction. 

(h)  The  next  and  last  distinction  is  betwfeen  symmetrical  and  asymmetrical  facility- 
curves. 

These  divisions  are  exhibited  in  the  accompanying  tree,  the  branches  of  which  have 
been  completely  developed  only  on  one  side.  The  work  of  examining  the  256  species 
infimce  which  are  constituted  by  these  eight  principles  of  division  will  be  greatly  abbre- 
viated by  the  facts  that  some  branches  stop  short,  some,  though  existent,  are  barren,  and 
some,  though  real  and  important,  are  so  exactly  parallel  to  others  that  they  do  not  require 
a  separate  description.  In  examining  the  different  species  the  following  order  will  be  ob- 
served. The  simpler  cases  will  have  precedence  of  those  which  are  more  complex  and 
difficult.  Accordingly  the  first  member  of  each  division  will  be  considered  before  the 
second.  The  first  species  that  will  be  considered  is  the  simplest;  namely  that  which  is 
constituted  by  taking  the  first  member  of  each  division.  It  may  be  denoted  by  the 
symbol  ahcdefgh.  Next  will  be  (or  would  be,  if  it  existed)  considered  the  case  abcdefghy 
where  h  denotes  the  presence  of  the  second  member  of  the  eighth  division.  The  ramifi- 
cations of  the  class  abcdefg  being  thus  exhausted  we  shall  (or  would  if  possible)  consider 
the  class  abcdefg  subdivided  into  two  species  corresponding  to  the  positive  and  negative 
values  of  A.     When  ahcdef  is  exhausted  we  proceed  to  abcdefg  and  so  on. 

abcdefgh.  This  is  the  case  of  a  complete  set  of  obseryations  or  statistics  grouped 
about  a  single  mean  under  a  probability-curve  whose  modulus  is  known  beforehand.  One 
instance  would  be  presented  by  throwing  up  m  coins  n  times  (as  Prof.  Jevons  did)  and 
recording  each  time  the  preponderance  of  heads  and  tails,  with  a  view  of  discovering  whether 
the  eoiua  are  perfectly  symmetrical  or  *  loaded'   in  favour  of  either  side.      Here  we  may 

assuma  tha   modulus  to  be  given  beforehand,  namely  \/ a~  \    though  strictly  the  modulus 


*  When  writing  this  passage  I  had  not  seen  •Prof.  Lexis* 
Massenerscheinungen  and  other  original  writings ;  to  which 
I  have  endeavonred  to  do  justice  in  a  paper  "  On  the  Methods 
of  Statistics,"  published  by  the  Statistical  Society,  1885 

Vol.  XIV.  Part  IL  19 


(see  pp.  11,  18,  82). 

t  Memoirs  of  the  Astronomical  Society ,  Vol.  xl.  pp.  102, 
108. 
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is  here  dependent  upon  the  sought  mean.  In  fact  the  case  is  not  usefuUy  to  be  sepa- 
rated from  ahcdefgh.  Of  both  it  may  be  remarked  that  in  determining  the  centre  of 
the  curve  no  one  odd  symmetrical  function  of  the  data  has  (apsirt  from  considerations 
of  convenience)  an  advantage  over  another.  To  enquire  which  function  would  be  oftenest 
right  in  the  long  run  would  be  to  introduce  an  element  of  Inverse  Probability  which 
is  not  appropriate  to  the  present  class  (having  the  attribute  d)  abcdefgh  and  the  other 
species  of  abcdef  are  either  non-existent  or  unimportant. 

abcdef.  This  case  may  be  thus  distinguished  from  abcdef.  In  the  latter  case  we  are 
given  the  law  of  divergence  by  experience  prior  to  that  which  constitutes  our  present 
data;  necessarily  then, — since  our  present  data  are  supposed  extensive, — experience  of  a 
still  higher  degree  of  certainty,  such  as  that  which  is  embodied  in  the  rules  concerning 
games  of  chance.  In  the  latter  case  we  must  determine  the  modulus  from  the  obser- 
vations. The  former  case  is  that  which,  as  before  remarked,  mathematicians  have  too 
readily  supposed.  The  latter  case  is  by  far  the  most  usual  in  all  important  observations 
and  statistics.  As  before  indicated,  in  the  present  roughly  inductive  procedure,  there  is 
no  ground  for  preferring  before  another  any  one  function  of  the  observations,  which  if  the 
series  were  really  complete    might   be    equated   to    the    mean    or    to    the    modulus.     For 

instance,  if  the  curve  were  y  =  -7^^e"<^,   then  theoretically  (1)  c  =  >Jir8e,  where  Se  is  the 

tjirc 

sum  of  the  errors  taken  positively  on  both  sides  of  the  mean,  (2)  c*=s2/Sfe^,  (3)  c*  =  f  &*,  &c. 
In  short  we  assume  here  that  the  apparent  errors  may  be  considered  as  real.  The  ramifi- 
cations of  this  class  present  no  new  difficulty. 

abode  is  subject  to  similar  remarks  in  so  far  as  we  know  beforehand  something  of 
the  character  of  the  irreproductive  curve  under  which  the  observations  range.  This  case 
brings  into  view  a  difficulty  which  was  hardly  worth  noticing  in  the  preceding  cases, 
namely  that  we  must  suppose  given  not  only  the  complete  curve  of  observations,  but 
also  the  knowledge  at  what  part  of  such  curves  the  sought  real  point  usually  occurs; 
in  what  manner  observations  group  themselves  about  the  real  point.  This  might  be 
taken  for  granted  in  the  case  of  symmetrical  curves.  But  in  asymmetrical  curves  the 
question  arises.  Is  the  real  point  for  example  at  the  centre  of  gravity,  or  the  centre  of 
area,  or  at  the  longest  ordinate  of  the  given  curve?  Probably  the  most  important  case 
under  this  heading  is  that  of  what  Mr  Galton*  calls  binomial  curves,  only  the  term  need 
not  be  confined   as  it  is  by  him   to  symmetrical  curves. 

abcdefgh  is  exemplified  by  Mr  Galton's  binomial  of  seventeen  (or  fewer)  elements 
with  alternatives  even  and   known  d  priori  as  in  games  of  chance. 

abcdefgh  is  a  similar  case  with  unequal  alternatives;  for  instance  the  (discontinuous) 
facility-curve  or  series  which  is  presented  by  developing  (1^  +  iV)"  ^^^  taking  18 
ordinates  proportioned  to  the  terms  of  developement.  In  this  case  it  will  be  remarked 
that  the  real  thing  sought,  the  ratio  from  which  the  series  results,  is  represented  by  the 
point  at   which  occurs  both   the  centre  of  gravity  and  greatest  ordinate. 

•  Phil.  Mag.,  1875. 
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abcdefgh  is  exemplified  by  ft  binomial  curve  such  as  Mr  Galton  supposes  to  be  pre- 
sented by  the  height  of  a  man  or  wall.  The  only  difficulty  here  is  concerning  the 
determination  of  the  modultis  as  it  may  be  called,  or,  as  Mr  Qalton  puts  it,  the  number 
of  independent  equal  causes  from  which  the  curve  may  be  considered  to  have  resulted. 
If  we  knew  all  about  the  series  we  should  know  (1)  the  number  of  elements,  (2)  the 
extent  of  each  and  therefore  (3)  the  total  range  or  interval  between  maximum  and 
minimum  and  (4)  the  probable  error.  Now  we  are  not  given  (1)  and  (2).  But  we  are 
given  approximately  (4)  and  more  conjecturally  (3),  from  which  we  may  deduce 
(1)  and,  if  necessary,  (2).  Mr  Galton  takes  as  the  value  of  (3)  the  mean  of 
the  series  of  observations ;  for  instance,  in  the  case  of  measurements  of  diflFerent 
men,  he  would  take  the  height  of  Vhomme  moyeii  for  the  total  range  of  error; 
OP  in  Fig.  1.  And  this  in  fact  constitutes  a  superior  limit  to  that  range.  An 
inferior  limit,  and  generally  a  much  more  accurate  value,  would  be  the  interval 
between  the  measurements  which  are  widest  apart,  between  the  tallest  giant  and 
the  shortest  dwarf;  QQf  m  Fig.  1.  Thus  in  the  case  of  a  wall  consisting  of 
17  courses  of  stones  each  having  a  probable  error  of  ^  of  an  inch.  Mi*  Galton 
takes  for  our  (3)  the  mean  height  of  the  wall  51  inches.  But  a  much  nearer 
value  would  be  the  diflFerence  between  the  greatest  and  least  height  of  the  wall 
as  given  by  actual  measurement,  a  difference  in  the  case  supposed  not  likely 
^*  ^'       to   exceed  an  inch. 

ahcdefgK.  This  case  is  exemplified  by  observations  presumed  to  range  under  an  un- 
symmetrical  binomial  curve  the  proportions  of  which  are  not  given  beforehand.  The  real 
point  sought  would  presumably  be  either  at  the  centre  of  gravity  or  largest  ordinate 
positions   theoretically   identical*. 

abed.  At  this  stage,  as-f-  before  explained.  Inverse  Probability  makes  its  appearance. 
The  following  is  the  simplest  case. 

ahcdefgK  Given  a  set  of  observations  x^,  x^  &c.,  and  given  that  they  have  been 
generated  by  divergence  from  an  unknown  point  x  according  to  one  given  law  of  error, 
a  probability-curve  of  given  modulus  c,  to  find  the  most  probable  value  of  x.     It  is  found 

to  be  the   average   of  a:,,  ar^,  &c.  by  putting  -^  =  0  where 

1 


P  = 


(fr-X|)«-f(g-ar,)»+Ac. 
6"  c« 


w-ac* 


This  solution  is  sanctioned  by  the  highest  mathematical  authority.  There  is  however 
a  philosophical  difficulty  which  does  not  seem  to  have  been  noticed — with  respect  at  least 
to  observations  in  time  and  space;  for  the  analagous  difficulty  with  respect  to  numerical 
statistics  has  been  insisted  upon  by  JCoumot,  §  Ellis,  and  l|Mr  Venn.  In  the  preceding 
proof   it    is    tacitly    assumed    that    prior    to    the    data    one    value    of    the    quaesitum    is 


*  Dr  Macalister's  determination  of  the  parameter  ap- 
pertaining to  the  law  of  error  whioh  he  has  discnfised  in  the 
Proceedings  of  the  Royal  Society  (1879)  belongs  to  this 
category.  His  method  is  analogous  to  that  of  Airy  noticed 
under  (d),  page  142. 


t  Above,  p.  142. 

t  Expoeition  de  la  thSorie  de  Chance,  ch.  vin. 
§  Camb.  Phil  Trane.,  oh.  viu.,  Kemarks  on  law  of 
Buooession. 

II  Logic  of  Chance,  oh.  v. 
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as  likely  as  another.  Correctly  the  expression  P  should  be  affected  with  a  factor  p,  a 
function  of  ^  x,  representing  the  d  priori  probability  that  any  value  of  a?  is  the  true  one. 
Now  if  p  is  not  constant,  as  it  is  usually  assumed  to  be,  the  maximum  point  is  given 
not  by  the  above  written  equation  but  by  the  following 

dP  J,  dp 


'^  dx     dx 


0. 


To  this  difficulty*  two  kinds  of  answer  may  be  made.  (1)  It  may  be  pointed  out 
that,  as  n  increases,  the  influence  of  p  (being  supposed  finite)  becomes  ever  relatively 
less.  In  considerable  numbers  therefore  the  received  solution  is  accurate.  To  this  it  may 
be  rejoined  that,  as  the  number  of  observations  is  increased,  the  case  becomes  merged  in 
the  (preceding)  case  where  the  observations  are  so  copious  as  to  reveal  their  law  of  gene- 
ration by  mere  inspection  or  at  least  unmethodical  induction.  The  more  refined  method 
only  becomes  accurate  where  it  is  not  wanted.  This  rejoinder  may  perhaps  be  rebutted 
by  the  allegation  that  the  inverse  method,  though  not  available  when  the  number  of 
observations  are  very  small,  nor  wanted  when  they  are  very  large,  may  yet  be  useful 
for  intermediate  numbers.  The  objection  may  be  compared  to  the  fallacious  reasoning-f- 
in the  ordinary  proof  of  the  law  of  error  that  certain  terms  of  a  development  may  be 
neglected  because,  both  when  they  are  very  small  and  when  very  large,  they  are  unim- 
portant. 

(2)  This  view  is  confirmed  by  the  second  answer  which  may  be  made  to  the  objec- 
tions against  the  use  of  d  priori  Probabilities.  It  is  not  true  that  we  have  no  experience 
about  these  probabilities.  We  have  a  rough  general  experience  that  one  value  of  the 
measureable  occurs  as  often  as  another  at  any  rate  between  the  limits  with  which  we 
are  practically  concerned.  For  instance  we  have  some  experience  that  one  statistical  ratio 
occurs  about  as  often  as  another.  For  if  the  fact  were  widely  different  we  should  not 
have  failed  to  notice  it.  This  is  certainly  rather  a  rough  foundation  on  which  to  build 
an  exact  science.  Yet  it  is  of  a  piece  with  the  materials  of  not  the  least  important 
science'  to  which  the  calculus  of  Probabilities  is  applied,  sociology.  For  in  estimates  of 
social  utility  there  is  continually  assumed  some  such  axiom  as  that  things  between  which 
no  difference  has  been  noticed  may  be  treated  as  equal|. 

To  this  defence  it  may  be  objected  that  the  proposition  that  one  event  is  as  likely 
as  another  is  self-contradictory;  for  that  a  double  event  is  an  event,  and  it  Is  repugnant 
that  both  the  single  and  plural  event  shall  have  the  same  probability. 

This  objection  has  been  made  with  special  reference  to  statistical  frequency — e.g.  as 
against  Donkins  axiom  that  an  unknown  probability  may  be  treated  as  ^,  The  objection 
however  is  equally  available,  against'  the  assumption  that  values  of  space  or  time  are  d 
priori  equally  distributed  between  certain  limits,  as  against  the  assumption  that  statistical 


*  See  Article  by  the  present  writer  on  h  priori  Proba- 
bilities, Phil.  Mag.,  Sept.  1884. 
t  See  above,  p.  140. 
X  For  instance  when  it  is  assumed  that  an  increase  in 


national  wealth  or  in  mean  life  is  advantageous ;  or  that  an 
equal  distribution  of  wealth  or  power  is  prirndfade  a  good. 
See  upon  the  principle  implied  some  remarks  by  the  present 
writer  in  Mind,  April,  1884,  and  HermaXhena,  1884. 
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ratios  are  d,  priori  equally  distributed  between  0  and  1.    The  objection  in  all  three  aspects 
may  thus  be  illustrated*. 


Fig.  2. 


Fio.  3. 


Let  OP  be  an  abscissa  =  1,  and  let  the  horizontal  line  QR  be  the  facility-curve  repre- 
senting the  a  priori  even  distribution  of  x  between  0  and  1.  To  find  the  distribution 
of  the  values  obtained  by  raising  each  x  to  .the  power  n,  put  f  =  a^, 


H^"'  <^=^f"""0- 


Whence  the  facility-curve  expressing  the  distribution  of  f  is  vf  =  k^*  (where  A:  is  a  con- 
stant) represented  by  the  left  curve.  Conversely,  suppose  that  the  values  of  f  were 
equally  distributed,  and  let  the  line  Q'R'  represent  that  equal  distribution.  Put  {  =  0;** 
and  transform  to  the  curve  ysskoT'^;  represented  by  the  curve  on  the  right. 

It  seems  sufficient  to  reply  to  this  objection  that  what  is  here  asserted  is  not  that 
all  values  are  equally  distributed,  but  only  those  values  in  whose  distribution  after  copious 
experience  no  unevenness  has  obtruded  itself.  Take  for  instance  statistical  probabilities 
about  deaths  from  different  causes,  or  births,  male  and  female,  of  twins,  triplets  and  four 
at  a  time.  In  the  immense  variety  of  the  Registrar  General's  returns  we  perceive  no 
prevalence  of  one  fraction,  no  clustering  about  one  point.  And  therefore  we  assert  that 
the  A  priori  probability  of  single — not  plural — social  events  may  be  treated  as  a  constant 

Upon  the  whole  the  two  arguments — that  d  priori  probabilities  may  sometimes  be 
dispensed  with  and  are  generally  given — taken  together,  and  corroborated  by  the  practical 
success  which  has  attended  the  calculus  of  probabilities,  appear  to  establish  the  foundations 
of  that  calculus  as  rough  but  solid. 

abcdefgh  is  non-existent. 

dbcdefgh.  By  reasoning  on  a  par  with  that  which  has  just  been  employed  the  solution 
of  this  casei"  is  found  to  be  the  weighted  mean  of  the  observations. 

abcdefgh  Given  a  set  of  observations  x^,  x^,  &c.,  and  given  that  they  have  been 
generated  by  divergence  according  to  one    and  the  same  probability-curve  from  a  single 


*  See  note  §,  p.  14S. 


t  Cp.  Merriman,  Part  n.  27. 
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point,  but  given  neither  that  point  nor  the  modulus,  to  find*  primarily  the  former  and 
as  a  secondary  end  the  latter.  By  parity  of  reasoning  the  central  point  and  modulus 
are  given  by  the  maximum  value  of  Ppa,  where  P  and  p  have  the  signification  above 
assigned,  and    a  signifies  the   d  priori  probability   that  c  would  have  a  particular  value. 

Whence   two   equations   -r-  Ppa  =  0    and   -i-  Pp<T  =  0. 


Whence,   if  p    and    a  are  constant, 


This  solution  is  exposed  to  the  same  objections  as  that  of  the  last  but  one  case, 
and  admits  of  the  same  defence.  The  function  a  though  unknown  may  be  neglected 
when  the  observations  are  numerous.  And  it  is  not  entirely  unknown;  for  we  have  a 
rough  general  experience  that  one  modulus  occurs  as  often  as  another.  It  must  be 
admitted  that  the  rejoinder  to  this  second  plea  has  in  this  case  a  peculiar  force.  For 
(considering  the  importance  of  the  quantity  c')  it  may  be  plausibly  maintained  that  we 
should  treat  as  equally  likely  d  priori  all  values  not  of  c,  but  of  c*.  And  again  it  seems 
natural  to  treat  as  equally  likely  all  values  of  h  the  reciprocal  of  c;  as  Mr  Merrimanf 
has  done.  And  there  is  another  at  least  equally  plausible  view.  Considering  the  pro- 
bability-curve as  the  limiting   case  of   what  has   been   called  a  binomial   curve,  we   have 

c  X  \/  -&,  where  N  is  the  number  of  elements.    And,  if  one  value  of  J^T  is  as  likely  to 

occur  as  another,  then  h*  not  h  should  be  what  may  be  called  the  independent  variable. 
These  conflicting§  views  seem  equally  plausible.  The  evidence  which  tells  equally  for  all 
of  them  may  seem  not  to  tell  much  for  any  of  them.  The  correct  position  seems  to  be 
that  our  rough  general  experience  assures  us  not  that  one  of  these  views  is  true  but  that 
none  of  them  differ  very  materially  from  the  truth.  Whichever  of  them  we  adopt,  we 
shall  obtain  the  same  value  of  a,  and  if  n  is  considerable  very  nearly  the  same  value  of  c. 

It  may  be  remarked  that  the  value  here  found  for  the  modulus  differs  from  that 
assigned  by  Gauss ||  and  many  eminent  mathematicians  in  that  they  would  substitute 
(n  — 1)  for  n  in  the  above  expression  for  c.  A  careful  consideration  of  Gauss'  argument 
will  show  that  what  he  seeks  and  finds  is  not  that  value  of  c  which,  taken  in  connexion 


*  The  case  is  stiU  a  case  of  single  mean  aooording  to 
the  definition  of  class  b, 

t  The  value  of  the  parameter  A  in  Dr  MacAlister's  carve 
of  error  at  determined  by  invene  probability  (cf.   above, 

p.  146)  is  found  by  putting  h=-;  and,  in  the  value  of  c 

c 

above  given,  for  x  the  geometric  mean,  and  for 


(x-xj« 


[^']'- 


X  On  Least  Squares^  p.  143. 

§  Attention  to  h  priori  probabilities  is  required  in  the 
transformation  of  fiioilitj-curves.  The  general  rule  for 
transforming  y=f(x)  to  a  facility-cnrve  in  f,  where  x=0  (Q, 


is  put  to  Ji  (the  ordinate  of  the  new  curve) 

But  it  must  be  remembered  that,  if  the  values  of  x  are 
h  priori  equally  probable,  the  h  priori  probability  of  ^  is 


d^ 
not  constant,  but  oc  J^  or 


►'(«• 


Thus  to  find  from  the 


equation  in  ^  the  most  probable  {h  potteriori)  value  of  {,  we 

must  multiply  rf  by  -7777 ;  whence  we  obtain/'  [<p  (^)]=0  for 

9  U) 
the  maximum,  as  was  to  be  expected.    These  considerations 
should  be  borne  in  mind  in  studying  Dr  MacAlister's  paper 
in  Proe.  Royal  Society,  1873. 

II  Theoria  Combinationi8f  §  38,  followed  by  Aiiy  and 
most  writers. 
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with  the  proper  value  of  w,  constitutes  that  system  of  a,  c  which  makes  P  a  maximum, 
but  that  value  of  c  which  makes  P  a  maximum,  account  being  taken  of  all  the  possible 
values  which  x  may  have.  It  is  as  if  any  one,  given  z^F{xy),  should  determine  not 
the  X  and  y  which  make  z  a  maximum,  but,  integrating  F{xy)  with  regard  to  x  between 
given  limits,  should  determine  the  y  which  makes  the  resulting  function  a  maximum.  But 
surely  the  primary  view  of  the  quaesitum  in  this  case  is  that  value  of  x  which  makes  P 
a  maximum,  account  being  taken  of  all  possible  values  of  c;  and  the  next  most  natural 
view  of  the  quaesitum  is  the  system  of  values  for  x  and  o  which  makes  P  a  maximum — 
alternatives  which  yield  the  same  value  of  x.     A  third  quaesitum  is  the  probable  error 

incurred  by  putting  x  =  -* '- .    But  neither  to  this   question  is  the  answer  given 

by  Gauss.  The  probable  error  is  found  by  taking  for  the  ordinate  of  the  facility-curve 
under  which  the  values  of  x  range  the  expression 


Pdh^\  Pdhdx; 

Jo  J-»Jo 


supposing  the  h's  to  he  d  priori   equally   likely.      Whence  it  appears  that  the  probable 
error  of  a;  is  given  by  quarteriug  a  facility-curve  of  the  form 

A 

y  = STi; 

not,  as  the  followers  of  Gauss  suppose,  by  quartering  a  probability-curve  whose  modulus 

is  \/ —? — ^\-    ^^  short  the  value  assigned  by  these    mathematicians    does   not    appear 
▼   fi  (w  —  1 ) 

to  correspond  to  the  maximum  of  anything  in  particular.    Nevertheless  here,  as  so  often 

in  mathematics,  genius  may  have  flovm  on  to  a  point  whither  method  afterwards  constructs 

a  road      It    will    presently   be    submitted    that,    though    the   most   probable  value   of   the 

modulus  is  sp*  -s-  n,  yet  the  most  advantageous  value  of  the  same  is  greater. 

abcdefgh.    This   case    differs    from    the    preceding,   in   that  the   weight  is  not   known 
beforehand  to  be  the  same  for  all  the  observations.    In  this  case  put 

111  (g-xiy  ix-x^^ 

P^—nJ7-^     '^'        ^'      *^xpx(r,<r,cr3. 

Whence  c^*  =  2  (a?  -  a?,)*, 

c;^2{x^x^\ 

&c.  =  &a 

Whence  7 r  +  . r  +  &c.  =  0, 

an  equation  of  (n  — 1)   degrees,  whose  coeflScients  are  symmetrical  functions  of  the  given 
observations,  which  might  possibly  be  evaluated  by  a  calculating  machine.     Approximative 
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values  of  x  are  afforded  by  the  limiting  functions  of  this  equation;  the  first  approximation 
being  as  might  be  expected  the  average. 

This  solution  is  exposed  to  the  objections  against  the  inverse  method  which  have  been 
considered  with  reference  to  simpler  cases.  Nor  does  this  case  admit  of  the  defence  that 
the  unknown  functions  p,..<r^a'^  become  extinct  by  the  repetition  of  observations.  Each 
new  observation  introduces  a  new  A  priori  probability.  Nevertheless  there  are  two  im- 
portant sub-cases  where  this  defence  is  applicable.  (1)  When  the  observations  are  divisible 
into  a  few  groups  and  all  the  members  of  the  same  group  are  known  beforehand  to 
have  the  same  modulus.     In  this  case  P  is  of  the  form 


1 

1 

1 

(X- 

■«.)«^('- 

-^^ 

(X- 

■a^.')«+(*- 

:£j" 

m+n 

c 

+ 

o: 

p^i 

V 

Ci* 

c." 

Differentiating  with  regard  to  Cj,  c,  and  x  and  eliminating  c,  and  c,,  we  have  a  cubic 
equation  for  x  which  affords  as  rigid  a  solution  as  any  of  the  preceding  cases.  (2)  The 
second  favourable  sub-case  is  where  the  moduli  may  be  presumed  not  to  be  very  widely 
apart.  For  in  this  case  we  may  be  confident  that  the  influence  of  a^a^^...  will  become 
extinct.  We  have  at  the  same  time  confidence  in  employing  a  derived  function  of  low 
degree  instead  of  the  geneitil  equation. 

abcde.  Analogous  reasoning  is  applicable  to  curves  other  than  probability-curves,  pro- 
vided that  we  know  beforehand  about  as  much  of  their  character — ^the  family  at  least  if 
not  the  parameter.  The  only  important  instance  appears  to  be  the  binomial  of  Mr  Galton. 
This  when  consisting  of  many  elements  merges  into  the  probability-curve.  When  consisting 
of  few  elements  it  becomes  a  discontinuous  small  curve  not  amenable  to  a  special  method 
analogous  to  the  preceding,  but  falling  into  the  general  class. 

In  general  in  class  e  the  distinction  between  /  and  /  is,  not  between  knowledge 
and  ignorance  of  a  parameter,  but,  as  the  family  of  the  facility-curves  is  in  general 
unknown,  between  knowledge  and  ignorance  of  some  mean  function  of  error  (as  the 
inverse-mean-square)  which  is  taken  as  the  measure  of  a  facility-curve's  precision.  Let 
us  begin  with  the  simpler  division  /  and  consider  an  important  sub-class  under  this 
heading,  namely  dbcdefgh.  This  case  does  not,  like  the  case  of  probability-curves  (e)  admit 
of  a  perfect  solution  by  way  of  inverse  probability.  But  it  may  be  shown  that  an 
approximate  solution  is  afforded  by  a  certain  weighted  arithmetic  mean. 

Any  of  the  facility-curves  (not  supposed  identical)  may  be  put  approximately  in  the 
form*  ff^e'^^a^'P^^""^^. 

Accordingly  an  approximate  solution  of  the  inverse  problem   is  afforded  by  the  maximum 
value  of  Y,  where  log  y(=Z) 

=  lf,(a?  -  xX  +  M^(x  -  x;f+  &c. 


+  R^  (x-xJ'\-R^{x-x/  +  &c. 


*  Especially,  when  the  curyes  may  be   regarded  as  probability-cnryes  deformed  at  the  extremities;  as  in  the 
case  of  binomial  cnrves. 
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(This  reasoning  is  justified  by  mathematical  precedent.     It    is   allowable    to   treat  a 

binomial  of  many  elements  as  a  probability-curve,  and  by  reasoning  similar  to  that  which 

has  just  been  employed  to  deduce  that  the  weighted  arithmetic  mean  is  the  most  pro- 

dZ 
bablo  value.)     An    approximate    solution    of   -3-    is  aflTorded  by  its    last  limiting  function 

equated  to  zero :  namely  J2,(a?  —  x^-\-R^{x  —  x^  +  &a=  0.  Whence  x  =  the  weighted  arithmetic 
mean  J2ja?j  +  i2^,  +  &c.-J- J2j  +  -B,  +  &c.  It  is  to  be  observed  that  the  weights  here  are  not 
the  same  as  in  Laplace's  solution;  though  they  are  apt  to  vary  in  the  same  direction 
as  his  weights.    This  may  be  seen  in  one  important  case:  where  the  facility-curves  differ 

only  in  respect  of  a  parameter,  being  each  of  the  type  y  =  -/(-]•    In  that  case  Laplace's 

weights,  the  inverse-mean-squares,  are  proportional  to  -, ;  JZ  is  proportional  to  -;r. 

c  c 

When  the  number  of  observations  is  considerable,  the  approximate  value  above  found 
tends  to  coalesce  with  the  correct  value.  For,  since  the  observations  are  supposed  to  emanate 
from  one  source  of  error  and  to  range  under  a  finite  facility-curve,  as  their  number 
increases,  it  becomes  increasingly  probable  that  they  will  lie,  not  level,  but  in  a  heap. 
Considering  then  F=/(a;  — a?^)  x/(aj  — a;,)  x  &c.,  we  see  that  there  must  be  certain  central 
values  of  x  for  which  the  majority  of  the  factors  f(x  —  x^),  &c.  are  relatively  large  and 
the  minority  relatively  small;  but  that  for  values  of  x  nearer  the  limits  of  the  facility- 
curves  the  majority  of  the  factors  are  relatively  smalL  Accordingly  the  effect  of  the 
continued  multiplication  must  be  to  make  the  curve  F=0  spring  up  as  represented  in 
Fig.   4  (where  each  Y  is  supposed  to  be  multiplied  by  such  a  factor  that  JYdx^l),    At 


Pio.  4. 

the  same  time  Z  [ = log  y\  tends  to  become  infinite  outside  narrow  limits.    Therefore  all  the 

differentials  of   Z   outside  narrow  limits    tend  to  be  infinite.     Therefore  the  values  of  x 

dZ  dT'^Z 

for  which   ^  =  0  and  that  for  which  ^-^^  =  0  lie  close  together. 

The  difficulties  which  beset  the  direct  solution  of  the  general  case  under  consideration 
have  induced  Laplace  and  his  followers  to  resort  to  an  indirect  procedure,  which  may  be 
Vol.  XIV.  Part  II.  20 
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distinguished  from  the  *  proper-inverse  method  as  the  Method  of  Least  Squares.  This 
celebrated  method  consists  of  two  steps.  (1)  The  first  is  to  put  for  the  quaesitum  a  weighted 
arrthmetical  mean,  not  as  the  most  probable  f,  but  as  the  most  workable  value.  This 
sacrifice  of  precision  to  practicability  seems  quite  justified  by  mathematical  precedent. 
(2)  The  second  step  is  to  determine  the  constants  of  the  assumed  form,  the  weights  of 
the  arithmetical  mean,  by  a  principle  which  may  be  thus  generalised.  To  test  the  accu- 
racy of  a  method  of  reduction^  Le.  function  of  the  observations  which  it  is  proposed  to 
put  for  the  quaesitum :    take  at  random  any  number  of  sets  of  values 

^v   ^1  ^•» 

e;.e; e,', 

<\< O 

which  as  it  were  j  emanate  from  the  same  source  of  error,  each  e  according  to  the  law 
of  error  indicated  by  its  subscript,  the  law  of  error  for  one  of  the  observations.  For 
instance  the  first  set  is  thus  formed;  e^  is  taken  at  random  from  under  the  facility-curve 
y^f{x)\  e^  from  under  the  facility-curve  y  =^(^),  and  so  on.  Calculate  the  value  of  0  for 
each  set  and  arrange  the  values  so  found  under  a  facility-curve ;  then  the  divergence  of 
the  facility-curve  so  resulting  may  be  taken  as  a  measure  of  the  inaccuracy  of  the  method 
of  reduction  0(x^,  x^,,.,).  Accordingly,  if  the  divergence  of  that  resulting  facility-curve 
should  be  greater  for  0^  than  0,  then  0^  is  a  less  accurate  reduction.  Laplace  has 
employed  this  principle  in  at  least  four  other  cases  besides  that  which  is  now  under 
consideration.  The  first  instance  is  his  reasoning  about  Bayes'  theorem,  where  the  process 
called  by  Mr  Todhunter§  "assumed  inversion"  will  be  found  to  involve  the  principle  just 
enounced.  A  second  instance  is  in  the  problem  of  mean  marriages  also  noticed  by 
Mr  Todhunter||.  A  third  instance  is  in  the  second  1[  supplement  where  Laplace  professes 
to  test  the  accuracy  of  his  Method  of  Situation  by  an  application  of  the  principle  in 
question.  A  fourth  instance  is  in  the  first  supplement  where  Laplace  argues  upon  his 
principle  that  the  inaccuracy  of  his  weighted  mean  is  of  a  negligible  order. 

It  is  here  submitted  with  great  deference  that  this  indirect  method  has  no  theoretical 
cogency  and  does  not  add  anything  to  the  presumptions  in  favour  of  the  weighted  arith- 
metical mean  which  are  obtained  fi-om  the  inverse-proper,  or  d  posteriori,  point  of  view. 
To  show  this  it  may  be  suflScient  to  consider  the  instance  in  which  the  method  of  reduc- 
tion, the  0(x^,  x^.,.)  proposed  to  be  tested,  is  that  which  the  inverse-proper  method  assigns 


•  See  note,  p.  157. 

t  Cp.  Glaisher,  op.  cit.  p.  10. 

X  The  inverse-proper  method  which  has  been  hitherto 
pursued  in  this  paper  may  be  thus  contrasted  with  the 
(second  step  of  the)  method  of  least  squares  now  under 
consideration.  The  former,  regarding  observations  as  hav- 
ing emanated  from  a  source  of  error,  remounts  to  the 
source  by  the  principles  of  inverse  probability  established 
by  Laplace  at  the  beginning  of  his  introductory  essay. 
The  latter  begins  as  it  were  at  the  source,  and,  taking  at 
random  any  number  of  sets  of  errors  emanating  from  the 


source,  operates  on  them  in  the  manner  described  in  the 
text.  Accordingly  the  former  (or  at  least  a  particular 
species  of  it  to  be  distinguished  presently,  see  below, 
p.  164)  is  described  by  Laplace  as  a  posteriori,  relating  to 
*•  observations  deja  faites";  the  latter  as  h  priori  relating 
to  "observations  non  faites  encores."— r/i^ori«  Analytique, 
third  ed.,  p.  833,  national  ed.,  p.  365. 

§  History  of  Probability,  pp.  554—556. 

II  P.  603. 

t  Pp.  6—11  (of  the  Supplement),  noticed  by  Mr  Tod- 
hxmter  at  his  p.  610. 
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the  most  probable  value  of  x,  that  is  if  Fig.  5   denote  the  curve 


Fio.  5. 


then  0{x^,  ^9---)  is  the  point  at  which  the  longest  ordinate  occurs;  and  the  curve  F  repre- 
sents truly  the  inaccuracy  of  6,  the  number  and  extent  of  errors  we  shall  commit  if 
every  time  we  obtained  the  given  set  of  observations  we  put  0{x^,  a?,...)  for  the  true 
value.  Now  let  us  consider,  if  we  put  ourselves  at  the  source  so  to  speak,  if  in  the  lan- 
guage of  Laplace  and  De  Morgan  we  want  to  construct  a  method  of  dealing  with  the  obser- 
vations "before  they  were  made*,"  how  we  should  obtain  a  facility-curve  corresponding  to  Y, 
A  little  attention  will  show  that  we  must  take,  not  at  random  every  set  of  8  values  which 
flow  from  the  source  of  error,  hut  only  those  particular  sets  the  constituents  of  which 
are  situate  relatively  to  each  other  at  the  same  distances  as  the  given  observations  x^,  x^... 
But  in  general  this  last  procedure  is  not  the  same  as  Laplace's.  In  fact  it  is  only  the 
same  in  the  case  of  the  probability-curve;  in  which  case  the  inverse-proper  requires  no  aid. 

The   inconclusiveness  of   the    fundamental  principle  upon  which  Laplace'sf  ''assumed 
inversion"   rests  may  be  further  exhibited  by  example.     Consider  the  method  of  reduction 


x*  -^  X**  •h&c\^ 

-* ^ j   ;    n    odd,   weights    of   observations   identical.    According    to    the    principle 


assumed,  that  value   of  n  is   best  which  is   such  that,   if  we    take   at  random  sets  of  s 

1        1 

(a?  *  +  ^  *  +  &c  \* 
_i 8 M  ^  |;he  values  so  obtained 

range  under  a  facility-curve  of  least  divergence.    By  a  well-known  theorem  J  when  s  is  con- 

1        1 

siderable   the  values  of  -^ ^ '  may  be  regarded  as  ranging  under  the  curve 


where 


f 


mean  —  twice  -  th  power  of  error  for  the  original  curve 


*  De  Morgan,  Encycl.  Metrop.,  §  89. 


t  Mr  Todhimter*8  phrase. 


X  Todhunter,  p.  570. 
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1        1 
The  error  then  of  -* • '-,  may  be  represented  by  -rr-,  where  T  corresponds  to  any 

assigned  value  of  2  /    —j=^e''^dx,  e.g.  ^,  ^,  &c.     Now,  in  order  to  transform  the  facility- 

1        1 
in  f  representing  the  frequency  of  the  values  -* * to  one  in  f '  represent- 


curve 


-        -  -  /  1     i    \ 

ing  the  values   (a?/ +  a?/ +  &c.)*,   the   rule   is*  to  put  f  =  f'*  and    (since  df=-f'*"^jto 

1     --1  IcT 

multiply  after  substitution  by  -  f '*     .    What  was     :=  in  the  primary  curve  becomes   in 


/ 


the  derived  curve 


that  is 


2r 


^')l* 


J- 


ITS         / 


X  c  X  r*.    When  n  is  large,  this  expression 


approaches   f-J  xcT*.    But  the  error  of  the  method  of  reduction  — * '-  is  -j^.     Thus, 

/    -        -  \* 

s  and  n  being  considerable,  the  method  of  reduction  V-' -/    is  better  than 

fl?^  +  a?,  +  &c. 


since  the  probable  error f  and  all  errors  up  to  r=  1  are  less  for  the  facility-curve  repre- 
senting the  former  values  than  in  the  case  of  the  latter.  The  two  curves  may  be  denoted 
by  Fig.  6.     But  we    know    by   inversion-proper,    if  the    facility-curve    under    which    the 


Pio.  6. 


observations  range  is  a  probability-curve,  that  the  most  probable  value  is  -^ ' ' .    The 

method  of  assumed  inversion  is  therefore  at  variance  with  the  method  known  to  be  right. 

The  incorrectness  of  the  principle  under  consideration  may  be  more  generally  demon- 
strated by  pointing  out  the  correction  of  which  it  stands  in  need.  Let  0(x^,  a?g,...c,,  c,) 
be  the  method  of  reduction  which  is  to  be  tested.     Let  ^(x)  be  the  facility-curve  which 


*  See  note  §  p.  14S. 

t  This  example  relates  to  that  species  of  the  method  of 
Least  Sqoaies,  preferred  hy  Mr  Glaisher  {Memoin  of 
Astronom,  Society,  Vol.  xl.  p.  101),  in  which  the  qnassitnm  is 


the  moit  probable  value.  If  we  consider  the  species  which 
aims  at  the  most  advantageous  Talne,  to  be  explained  below, 
the  example  here  adduced  will  not  be  so  eyidently  at 
variance  with  the  result  of  inversion  proper. 
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18  fonned  by  taking  at  random  sets  of  x^,  a?,...&c.  (from  under  the  facility-curves  of  the 
observations,  namely  y—f^{sc),  y  =/,(«?)...)  and  substituting  in  0  the  values  of  a?j,  a:,.... 
Let  '^{x^i  ^»-«-)  l>e  the  most  probable  value  as  given  (by  way  of  inversion  proper)  by  the 
solution  of  the  equation 

If  now  our  attention  was  confined  to  a  single  given  set  of  observations  x^y  x^^  &c.,  the 
problem  of  finding  the  best  member  of  the  6  family  would  not  have  much  meaning. 
'^(^i>  ^f-)  ^  ^^^  ^^^  value,  and  whatever  value  is  arithmetically  nearest  this  is  best. 
It  is  only  when  we  take  account  of  the  variations  of  value  which  x^^  x^,  &c.,  may  assume 
consistent  with  their  emanating  fix>m  the  same  source,  that  the  problem  becomes  signi- 
ficant. Now  for  any  particular  set  of  x^,  a?,,  &c.,  the  frequency  with  which  an  error  of 
the  exact  extent  +e  is  committed  by  putting  0(x^yX^...c^,  c^  for  the  quaesitum  is 

F{0-e)^JF(x)dx, 

between  limits  including  all  the  positive  values  of  F{x),  where  F{x)^Y.  In  order  there- 
fore to  find  the  frequency  of  the  error  e  in  the  long  run,  we  must  integrate 

F(0^e)f(x,)f(x,)...f(x:)dx^dx,...  dx, 
JF(x)dx 

between  extreme  limits  of  x^,  a:,... a?,.  The  result,  say  x(^>  ^i»  ^«'-')»  gives  the  law  of 
facility  for  the  error  committed  in  the  long  run  by  using  the  method  of  reduction  0. 
Now  there  is  no  ground  for  believing  that  the  result  of  this  corrected  process  is,  in  general, 
or  in  the  particular  case  when  0  =  c^x^  +  c^,  +  &c.,  identical  with  the  result  of  the  method 
of  least  squares,  at  least  when  the  number  of  observations,  though  it  may  be  considerable, 
is  finite;  for,  if  the  number  be  really  infinite,  of  course*  any  method  of  reduction  will  be 
admissible.  Indeed  it  does  not  seem  to  be  contended  that  plurality  of  observations  makes 
the  second  step  of  the  method  of  least  squares  more  secure;  but  only  more  practicable,  by 
allowing  the  law  of  error  to  be  brought  to  bear  upon  it  The  discrepancy  between  the 
method  of  least  squares  and  the  proper  method  may  therefore  be  illustrated  by  a  simple 
example.     Let   there   be   two  observations   x^    and    x^;    resulting  from   two  facility-curves, 

y  =  I  (1  —  a;*)  and  y  =  }A  (1  —  AV),  extending  respectively  between  limits  ±  1  and  ±  r . 

(1)  According  to  the  principle  of  the  method  of  least  squares,  we  have  to  find 
the  facility-curve  under  which  Xe^  +  fie^  ranges;  where  e^,  e^  are  values  taken  at  random 
from  under  the  given  facility-curves  respectively,  and  X,  fi  are  undetermined  multipliers 
whose  sum  =  1.  To  effect  this  operation  we  may  proceed  thus.  First  find  the  facility- 
curves  under  which  Xe^  and  /le^  respectively  range.    They  are  respectively 

T  T     "^  ""  T?    '  between  limits  -a:  =  ±  X, 

and  -  -    1 «  y*  I ,  between  limits  y  =  ±  ^ . 

*  Cp.  Glaisher,  op,  cit. 
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Then,  to  find  the  range  of  values  y  +  z,  proceed  upon  the  principles  laid  down  on 
a  former  page*.    Integrate  the  expression 


1  /,      z*\     3  A  r,      h*  ,       .."I 


between  proper  limits,  and  having  regard  to  the  sign  of  the  odd  terms  in  z,     (The  integral 

breaks  up  into  three  parts:   from   t  to  e,  from  ^  to  0,  and  from  X  to  e.)     The  resulting 

expression  will  be  the  ordinate  of  a  facility-curve  in  e,  ffl"  (1  —  H*e*),  representing  the 
frequency  of  the  error  T^^  +  fie^.  This  curve  will  evidently  be  least  dispersed  when  H  is 
a  maximum,  or  dH=0, 

(2)     The  inverse-proper  method  puts 

F=i{l-(^-^,r}x}A{l-A»(^-ar/}. 

The  frequency  of  error  e  incurred  by  putting  x  =  \x^  +  fix^{\-hfi  =  l)  is  for  a  particular 
system  of  x^  and  x^, 

JYdx 

where  Y  is  integrated  between  its  extreme  intersections  with  the  ordinate.  To  find  the 
frequency  of   the   error  e  in   the  long   run   the   above  expression  must  be  multiplied  by 

y^  (1  —  ajj")  A  (1  —  h^x^)   and    integrated    with    regard    to   x^  and  x^  between  limits  ±  1,    ±  f- 

respectively.  There  is  evidently  no  correspondence  between  the  expression  in  X  :  /a  obtained 
by  this  procedure  and  that  of  the  method  of  least  squares. 

The  value  of  the  method  of  least  squares  will  be  more  fully  appreciated  by  marking 
the  diflferent  degrees  of  its  applicability,  (a)  It  is  theoretically  right  in  the  case  of  only 
a  single  observation  being  given.  Suppose  we  had  to  make  with  a  certain  instrument  an 
observation  not  capable  of  being  repeated.  The  frequency  and  extent  of  error  incurred  by 
taking  on  each  diiferent  occasion  a  single  observation  as  the  true  value  of  the  thing 
measured  would  exactly  be  represented  by  the  facility-curve  obtained  by  continued  measure- 
ments of  one  and  the  same  thing;  provided  at  least  we  assume  that  the  d  priorif 
probability  of  the  observed  value  being  the  true  value  is  constant — a  proviso  which  removes 
the  only  advantage  which  might  seem  to  remain  to  the  ''assumed"  as  compared  with  the 
proper  inversion.  It  should  be  observed  that  this  case  does  not  cover  Laplace's  application 
of  his  method  to  Bayes*  theorem.  If  m  white  balls  and  n  black  have  been  drawn,  then 
taking  m  :  n  as  the  real  proportion  of  the  balls  in  the  urn  is  doubtless  analogous  to 
taking  a  single  observation  in   space   or  time  as  the   true  value  of  the  thing  measured. 

But  the  analogy  fails  in  this  respect  that,  when  the  real  ratio  of  balls  is  diflferent  from  —  , 

the  real  modulus  also  is  diflferent  from   what  it   was   in  the  case  of  —    being   the   real 
ratio.     Whereas  in  our  illustration  we  had  supposed  an  instrument  of  constant  precision. 
*  Above,  p.  141.  t  In  one  sense  of  the  term,  see  above,  p.  148  et  sqq. 
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1        ?* 
(ff)     A  second  case  is  that  in  which  the  facility-curves  are  of  the  form  — ^  e"c«. 


In 


this  case  the  method  of  least  squares*  may  be  said  to  be  accidentally  right;  agreeing  as 
it  does  with  inversion  properf.  It  is  submitted  that  the  apparent  verification  of  the  method 
of  least  squares  by  the  practice  of  observers  is  due  to  the  prevalence  of  probability- 
curves  in  rerum  naturd  at  least  in  an  approximate  form. 

(7)  In  a  third  case,  the  second,  the  insecure  step  of  the  method  of  least  squares 
may  be  dispensed  with.  This  is  the  case  J  where  all  the  facility-curves  are  identical.  In 
this  case,  if  we  may  assume  that  the  solution  is  an  arithmetical  mean,  we  may  assume 
that  it  is  the  simple  arithmetical  mean — ^by  a  principle  of  symmetry  which  seems  justified 
by  precedent.  As  there  is  no  reason  why  one  weight  should  be  dififerent  from  another  we 
may  treat  all  the  weights  as  the  same.  Nevertheless  this  reasoning  must  be  admitted  with 
caution.  How  do  we  know  that  it  is  desirable  to  take  account  of  all  the  observations 
that,  e.g.  the  best  reduction  of  x^,  x^,  x^  is  not  (the  symmetrical  one)  eUher 

X.  •\-x.       a?^  +  x^       «^.  +  ^8  o 
2  2  2 

There  will  be  given  below  §  instances  in  which  the  mean  is  the  most  improbable  value. 
The  instances  no  doubt  are  of  infinite  facility-curves;  but  this  property  may  be  supposed 
retained  while  the  curves  are  slightly  deformed  so  as  to  become  finite.  In  such  cases 
the  average  might  not  be  the  most  accurate  arithmetical  mean. 

(S)  The  second  step  of  the  method  of  least  squares  seems  not  to  be  indispensable 
in  one  other  case:  when  the  facility-curves  consist  of  clusters ||,  the  members  of  each  cluster 
being  identical.    By  parity  of  reasoning  with  the  last  case  the  solution  may  be  written 

X(a:,  +  a?,  +  &c.-f  a?,)  ^  V«-f-<  + &c. -f-a^V)  ^  ^^ 
8  a' 

Now  since  by  this  formula  we  restrict  ourselves  to  taking  account  of  the  average  of 
each   cluster  of  observations   tlie  problem   seems  reduced  to  the  following.    Regarding  each 

X   '\'  X   ^  &iC 

average  — ^ ■ *  as  a  single  observation  ranging  under  a  corresponding  facility-curve  to 

find  the  most  probable  value  (or  at  least  the  most  accurate  arithmetic  mean). 

X  *^  X  ^  &c 

Now   the   quantities   -* * *    are    known    by    the    law    of  error  to  range  under 

probability-curves  whose  moduli  are  the  respective  inverse  mean-squares.  Whence  the 
solution  of  the  modified  problem  is  the  same  as  the  solution  of  the  original  problem 
afforded  by  the  method  of  least  squares.  Nevertheless  the  modified  problem  is  not  the 
original  problem.  We  have  no  security  that  considering  the  whole  series  of  sets  a?,,  a?,...; 
the   arithmetical   mean   above  found   is  the  one  which  is  the   least  inaccurate. 


a?/,  a?,'...&c 


*  Meaning,  as  throughout,  the  indirect  method  above 
characterised;  for  of  course  the  direct  (inverse-proper) 
method  may  in  this  particular  case  be  called  a  method  of 
least  squares,  since  its  solution  is  the  minimum  of  a  certain 


sum  of  squares  ( -  log  F).  t  abcdefgh, 

X  abcdefgh.  §  See  p.  159  and  note. 

II  The  case  considered  by  Laplace  at  the  end  of  Art.  23, 

chap.  iv. 
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For  instance,  let  the  facility-curves  be  of  the  form  Ja"^  Is  there  any  reason  for  thinking 
that  the  weights  prescribed  by  the  method  of  least  squares,  namely  «ViJ,  8'*/R,  are  better 
than  the  weights  prescribed  by  the  approximate*  inverse-proper  solution;  namely  sR,  s'R'i 

(e)  Last  is  the  general  case  in  which  it  is  here  contended  that  the  method  of  least 
squares  is  neither  theoretically  correct  nor  practically  useful. 

ahcdefgh.  In  case  of  asymmetry  the  method  of  least  squares,  though  equally  practicahle 
in  virtue  of  Poisson*s  extension  of  the  law  of  error,  becomes  more  insecure — as  Poissonf 
himself  seems  to  indicate. 

abcdefg.  When  it  is  not  given  that  the  weight  of  all  the  observations  is  the  same, 
then  the  analogy  of  probability-curves  negatives  Airy'sJ  principle  that  we  should  treat  the 
observations  as  all  of  the  same  weight  and  confirms  the  general  principle,  though  not 
the  particular  practice,  of  De  Morgan  §,  PeirceJ,  and  Qlaisher||. 

Here  for  the  present  may  be  terminated  our  discussion  of  class  d.  It  will  have  been 
observed  that  in  the  discussion  of  these  problems  we  have  tacitly  assumed  that  the 
qusesitum  is  the  most  probable  value  of  the  unknown  quantity.  Given  a  set  of  observations 
ajj,  ajj,,  &c.,  we  have  shown  that  in  the  long  run  the  real  point,  from  which  a  set  of 
observations  at  those  relative  distances  results,  occurs  at  different  points  with  a  frequency 
indicated  by  the  facility-curve  Y=f(x^x^x/{x-'X^,..,  And  we  have  taken  for  granted 
that  the  function  of  x^,  x^y  &c  which  corresponds  to  the  maximum  ordinate  of  that  curve 
is  the  right  method  of  reduction.  This  point  of  view  is  doubtless  natural  and  obvious 
and  recommended  by  high  authorities.  But  the  more  philosophical  view,  theoretically  more 
correct  if  not  practically  dififerent,  is  that  we  should  select  not  that  value  in  terms  of 
a?j,  a?,,  &c.  which  is  most  frequently  the  true  one  IT  but  that  one  which  is  most  advardageous, 
accoimt  being  taken  not  only  of  the  frequency  but  also  the  seriousness  of  error,  that  value 
which  minimises  the  detriment  of  error.  Now  this  quaesitum  is  of  the  nature  of  a  subjective 
mean.    Its  discussion  had  better  be  deferred  till  we  come  to  a. 

abc.    The  case  of   facility-curves,    other   than   probability-curves,   extending  to  infinity 

appears  to  be  rather  of  theoretical  interest  than  practical  importance.    The  general  type 

of  reproductive  facility-curves  abce, 

k  f* 

-  I      ef^*coaakxda, 

presents  the  remarkable  property  that,  when  t  is  less  than  unity,  the  average  of  s  obser- 
vations of  the  same  weight  ranges  under  a  facility-curve  not  less,  but  more,  divergent  than 
the   primary   curve.     If  the  weight   (the  constant  k)   is  different  for  different  curves,  the 

weighted  mean  gjX^+gjr^  +  &c.-7-sg,  where  g  oc  the  inverse  mean  t^^^^  power,  is  according 


•  Aboye,  p.  151. 

t  Connoissance  de$  Tempi,  1882,  §§  8,  9.  In  order  to 
render  the  method  applicable,  it  would  have  to  be  granted 
that  each  carve  of  error  has  the  point  of  no  error  as  its 
centre  of  gravity.  For  the  case  where  this  is  not  granted 
see  below,  p.  168. 


X  Astronomical  Journal,  Cambridge  (America),  Vol.  ii. 
p.  161. 

§  Encycl.  Metrop.,  §  186. 

II  Memoirs  Astron,  Soc.,  zl.  p.  108. 

IT  Cp.  Glaisher,  Mem.  Astronom.  Journal,  zl.  p.  101. 
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to  the  method  of  ''assumed  inversion'*  the  arithmetical  mean  of,  not  maximum,  but  minimuniy 

accuracy,   when   ^  is   <1.     It   would   be  interesting  to   compare  this  conclusion   of  assumed 

inversion  with  that  of  inversion  proper.     The  comparison  is   easy  in  the  case  where  f  =  1 

(the  bounding  case  between  convergent  and   divergent  averages).     In   this  case  according 

to  the  assumed  inversion   there   is   neither  gain   nor    loss    in    proceeding   to   an  average*. 

According  to  inversion  proper  for  certain  relative  situations  of  the  observations  the  average 

is  a  mosty  for  other  data  it  is  a   least,  probable   reduction.     If  there  be  two  observations 

11  m  "t*  tU  CD  "~  js 

whose  law  of  facility  is  —  ■:^ — -5  the  most  probable  value  is    ^  ^    *,  provided  that    *       '<1. 

But  for  higher  values   of  the  distance  between   the  observations  the  average  is  a  position 
of  minimum  probability.    The  most  probable  value  is 


2 


v^^- 


n- 


The  curve  Jfcc"**  may  also  be  instanced  as  presenting  a  contrast  between  proper  and 
assumed  inversion.  The  proper  solution  is  that  value  of  x  which  makes  sk  {x  —  x^  (all  these 
dififerences  taken  positively)  a  minimum — in  fact  Laplace's  Method  of  Situation.  The 
"assumed"  solution  is  very  diflferent. 

ah.  The  difficulties  introduced  by  plural  means,  as  they  are  of  a  purely  mathematical 
character,  so  they  seem  to  have  been  completely  overcome  by  the  powerful  mathematicians 
who  have  attacked  them. 

cAcdef.  A  passing  notice  is  demanded  by  one  case — very  important  both  in  physical 
observations  and  social  statistics — which  might  be  referred  to  this  class.  Given  two  groups 
(Fig.  7)  apparently  ranging  respectively  about  two  means,  to  detennine  the  probability  that 


Fio.  7. 
this  apparent  difference  corresponils  to  a  real  difference  of  any  assigned  extent.  The  analogy 
of  previous  reasonings  shows  that  the  error  arising  from  treating  the  apparent  as  the  real 
difference  ranges  not  under  a  probability-curve,  as  usually  reasoned,  but  underj  a  certain 
non-exponential  curve — that  is  assuming  (as  is  usual)  that  the  two  groups  of  data  may 
be  regarded  as  having  diveiged  each  according  to  a  probability-curve. 

ab.    We  come  now  to  the  subjective  Mean.     This  mean  is  selected,  not  because  it  most 
truly   represents  one    real    thing    outside    the    data§,    but  because"  it   most    advantageously 


*  Poisson  notices  this  case  (Connoissance  det  Tempt, 
1827). 

t  It  may  be  observed  that  this  property  of  discontinuity 
in  the  most  probable  method  of  reduction  may  extend  to 
finite  curves.    This  property  modifies  the  remark  made  by 

Vol.  XIV.  Pabt  II. 


Laplaoe  and  followed  by  De  Morgan  and  Mr  Glaisher  that  the 
most  probable  solution  for  two  observations  is  their  average. 

X  See  above,  p.  149. 

§  Cp.  Article  on  Probabilities,  Sect.  v.  Encyclopad. 
Britann.    Ed.  9th. 
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represents  a  whole  set  of  things,  the  data  themselves.  DiflTerent  means  may  of  course  be 
selected  for  diflferent  purposes.  The  same  mode  of  meaning  need  not  be  adopted  by  the 
entrepreneur  basing  his  estimate  upon  average  prices,  and  the  actuary  calculating  mean  lives, 
so  that  on  the  one  hand  his  office  in  the  long  run  may  profit^  and  on  the  other  hand 
it  may  not  be  cut  out  by  some  rival  office. 

We  are  to  suppose  a  variety  of  values  ranging  under  a  facility-curve  to  occur  on 
dilBferent  occasions;  and  we  have  to  determine  that  one  value  which  may  with  least 
detriment  be  put  for  the  whole  set  of  fluctuating  values.  For  general  practical  purposes 
it  may  perhaps  be  postulated  that  the  detriment  incurred  by  the  assumed  mean  proving  too 
small  on  any  occasion  is  equal  to  the  detriment  which  is  incurred  when  it  proves  too  large 
to  the  same  extent.  The  problems  thus  arising  may  be  arranged  under  the  same  headings 
as  those  relating  to  real  means. 

ahcde.  First  is  the  case  of  a  set  of  statistics  so  complete  as  to  present  by  a  valid 
induction  the  law  of  their  recurrence :  namely,  arrangement  under  a  probability-curve.  (The 
subdivision  into  /  and  /  is  not,  as  was  remarked  with  reference  to  ad,  of  much  importance.) 

abcdefgh.  Put  I  for  the  sought  subjective  mean.  And  let  the  detriment  incurred  by 
putting  on  any  occasion  I  for  a  thing  whose  real  measure  is  x  be  F(x  —  l);  where  F  is 
a  symmetrical  function  (agreeably  to  the  hypothesis  lately  made),  ^(0)  =  0,  F'  is  con- 
tinually positive,  but  the  form  of  the  function  F  is  otherwise  unknown.  The  diflTerence 
between  x  and  Z  is  to  be  taken  always  as  positive.  Then,  if  y  be  the  probability-curve 
under  which  the  statistics  range,  the  detriment  incurred*  in  the  long  run  by  putting  I 
on  each  occasion  for  the  true  value  is 

j    F{x-l)ydx+  j      F{l-x)ydx^^Ky  E, 

To  find  the  value  of  I  for  which  this  detriment  id  a  minimum,  we  have  to  equate 
-jj  to  zero  and  observe  the  sign  of  -^ . 


dE 
dl 


-J   r{x-l)ydx+j     F{l-x)ydx 


+  termsf  outside  the  sign  of  integration  which  vanish. 

y  being  symmetrical  about  the  point  a?  =  0,  -^  vanishes  when  i  =  0. 


dl 

To  find  the  second  term  of  variation,  we  may  either  differentiate  at  once  with  regard 

dV 

or  first  transform  --,,   as  thus  (by  partial  integration  as  to  a?): 


*  This  theory  is  illustrated  by  Laplace's  reasoning  at  I  be  pointed  ont  presently,  to  abed, 
p.  365  (national  ed.),  p.  888  (third  ed.),  Theone  Analytique;  f  Cp.  Laplace,  loc.  dt, 

though  his  reasoning  there  relates,  not  to  Sbcd^  but,  as  will  | 
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(which  vanishes  as  it  ought  when  Z  =  0,  since  i^  x  y  =  0  for  a;  =  0  or   ±  oo  *,    and   ^    has 
opposite  signs  for  x  above  and  below  zero).    Hence 

The  portion  without  the  integral  sign  vanishes,  and  the  remainder  is  positive  (since 
every  element  under  the  sign  of  integration  is  positive).  Therefore  J?  is  a  minimum 
when  Z « 0.     Therefore  the  central  point  of  the  curve  is  the  sought  Mean. 

abcdefgh  (the  case  of  asymmetry)  considered  as  a  variation  from  the  preceding  case 
is  seen  to  require  a  deflection  from  the  centre  in  the  direction  of  the  preponderating 
side  of  the  curve. 

dbcdeg  hardly  occurs.  There  may  be  two  groups  of  statistics,  each  of  which  has  a- 
different  modulus.  But,  if  they  have  the  same  mean,  no  new  problem  arises;  and,  if 
they  have  different  means  the  case  rather  belongs  to  class  e\  to  which  we  proceed. 

abode:  under  this  heading  four  cases  deserve  special  notice: 

(a)  The  case  of  any  symmetrical  disposition  of  the  statistics.  By  reasoning  similar 
to  that  which  has  just  been  employed,  the  centre  is  a  critical  point  It  is  one  of 
minimum  detriment  if  the  arrangement  is  a  simple  continuous  facility-curve  (?ero  at  the 
centre  and  extremities)  Fig.  8  (1).  It  is  very  likely  to  be  one  of  maximum  detriment, 
when  it  lies  in  a  trough  between  two  elevations  as  in  Fig.  8  (2). 

(1)  Pig.  8.  (2) 


(fi)     Where  the    statistics  may  be    arranged    under    two    probability  curves,    or  more 

generally  any  simple   continuous  facility-curves   of  type    y  =  -/(-),  not  having  the  same 

centre  nor  modulus;  and  practical  exigencies  require  that  one  and  the  same  Mean  should 
be  put  for  the  whole  system.  Let  us  first  consider  the  case  in  which  the  centres  of 
the  two  curves  are  very  close  together,  as  in  Fig.  9. 


*  For,  if  F  (go  )  X  y.  were  finite,  the  detriment  incident  to  any  sabjeotive  mean  would  be  infinite :  cadii  quftstio, 
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If  we  suppose  the  qusBsitum  to  be  for  a  moment  at  the  point  equidistant  from  the 
two  centres  it  will  tend  to  move  in  that  direction  in  which  the  increment  of  detriment 
is   least.      We    can    determine    then  in    the  direction    of  which   centre  it  will    move  by 

comparing  the  values  of  the  quantity   -^(^  =  0)  (see  p.  162)  for  each  curve. 

The  relative  magnitude  will  depend  upon  the  nature  of  the  function  of  detriment 
(as  well  as  upon  the  modtdi  of  the  curves).  If  the  curves  be  of  the  form  -7=;^"*'*' 
it  may  be  shown  that,  if  the  function  of  error  is  a  power  (or  sum  of  powers)  less  than 
the  second,  then  -r,  -\n  is  continually  +.  Therefore  -^^  is  largest  for  the  largest  h 
and  the  mean  gravitates  towards  the  centre  of  the  weightier  curve. 

If  the   distance    between  the  centres  is  finite,   we  have  to  consider  for  which  curve 

-Tj-  is  greatest,  I  being  the  half  distance  between  the  centres. 

(7)  A  third  subcase  is  that  of  statistics  diverging  by  a  very  small  range,  a  very 
contracted  facility-curve.  In  that  case  we  may  be  allowed  to  write  for  the  detriment- 
F{1\  F'{0)xe  the  error  taketl  positively  and  multiplied  by  a  constant.  The  typical 
mean  is  then  such  that  2(a;  — iTj),  the  quantity  within  the  bracket  always  positive, 
should  be  a  minimum — Laplace's  method  of  situation;  of  which  this  reasoning  is  sub- 
mitted as  the  rationale.  It  is  submitted  also  that  this  reasoning  throws  light  on  the 
fundamental  assumptions  made  by  Gauss  and  Laplace  on  the  function  of  detriment.  If 
we  suppose  the  function  F  to  involve  e  in  the  first  power  (against  which  there  seems 
no  valid  objection)  then  Laplace^s  assumption  *  o(  the  vnean  error  tends  to  be  ap- 
proximatively  correct;  but  Gauss'  Tnean  square  of  error,  if  i^  is  a  function  of  P,  is 
preferable. 

(S)  Another  general  remark  is  that  the  Mean  describable  as  the  Greatest  Ordinate 
appears  entitled  to  great  consideration;  especially  in  thfe  case  of  amputated  curves  such 
as  the  anthropometrical  statistics  of  an  army  (men  below  a  certain  height  or  strength 
having  been  rejected);  orf  where  the  Arithmetical  mean  and  even  the  Median  are  liable 
to  be  displaced  by  the  admixture  of  returns  foreign  to  the  type  with  which  we  are  con- 
cerned, yet  not  capable  of  being  specified  and  set  apart. 

Next  in  order  comes  the  subjective  mean  pursued  by  the  way  of  inverse  probability. 
But  at  this  point  it  seems  advisable  to  return  to  a  problem  in  Observations  which  we 
had  to  postpone  J,  because  it  involved  as  a  proximate  end,  a  secondary  qusesitum,  a 
fictitious  or  subjective  Mean.  Let  us  look  back  then  from  our  new  point  of  view  at 
the  problem  ahcdf.  Let  us  begin  with  the  case  of  a  single  observation  §,  partly  because 
it  is  the  simplest,  and  partly  because  in  this  case  only  (as  above  contended)  is  Laplace's 
"k  priori"   method  of  least   squares  perfectly    satisfactory l|.      In  this   case   only   then   will 

•  See  Gauss,  Theoria  ComhinaL,  Part  I.,  §  6. 
t  The  use  of  the  Greatest  Ordinate  Mean  is  well  ex- 
emplified in  the  statistical  writings  of  Dr  Charles  Boberts. 
X  See  p.  158,  above. 


§  See  the  present  writer's  remarks  in  PhiL  Mag,,  Nov. 
1888. 

II  See  above,  p.  156. 


Digitized  by 


Google 


AND  THE  FIRST  PRINCIPLES  OP  STATISTICS 


163 


OUT  exposition  of  the  most  advantageous  value  coincide  in  principle  with  the  'most  ad- 
vantageous' first  considered  by  him;  namely  in  that  second  definition*  of  the  quaesitum 
(in  the  case  of  "observations  non  faites  encore'^)  which  has  been  a  stumbling-block f 
to  many. 

Suppose  then  (as  above)  that  we  had  to  content  ourselves  with  a  single  observation 
made  with  an  instrument  Suppose  we  had  our  choice  between  two  instruments;  and 
that  the  accuracy  of  each  could  be  tested  by  long  previous  experience.  Let  that  ex- 
perience  be   expressed    by  the  two  Seu^ility-curves  in  Figure  9,   which  instrument  is  to  be 


Fig.  9. 
preferred.  If  we  take  as  our  end  the  most  probable  value  in  the  sense  so  clearly 
defined  by  Mr  Glaisher,  undoubtedly  the  instrument  whose  curve  is  more  contracted  at 
the  centre  (though  more  expanded  at  the  extremities).  But  it  may  well  be  that  the 
other  instrument  would  be  in  the  long  run  more  advantageous,  account  being  taken  of 
the  extent,  as  well  as  frequency,  of  error.    In  the  notation  above  adopted,  that  instrument 

is  to  be   preferred  for  which  J  2  \      F(x)y    ia    the    least.       This    agrees    with    Laplace's 

second  view  of  the  quaesitum  in  his  method  of  least  squares;  except  that  for  the 
general  function  F  he  puts  the  particular  function  x  (the  mean  error) — an  often  legitimate 
approximation,  as  we  have  just  seen. 

When  the  number  of  observations  is  plural,  we  must  part  company  with  the  method 
of  least  squares;  which  can  more  clearly  be  contemplated  from  the  present  point  of 
view.  The  principle  of  its  second  step  as  explained  §  above  is  to  test  a  proposed  method 
of  rediLction  ^(a?,,  a?g...)i  ^^  w©  would  test  an  instrument  which  presented  a  series  of  errors 
respectively  equal  to 

0{x,,x,„.\  ^  «,<...),  &c. 

(where  x^,   a?,  ,   a?/,   x^ ,    &c.    are   random  sets   of  values  taken   from   under   the 

facility-curves  of  the  observations).  Accordingly  this  generic  principle  has  two  species 
according  as  we  prefer  that  measure  which  affords  the  most  probable  value,  to  which  our 
attention  under  a  former  heading  was  confined,  or,  what  now  comes  into  view,  the  most 
adwmtageous  value.  It  is  here  contended  that,  if  the  generic  principle  could  be  accepted, 
then  the  Tnost  advantageous  species  would  be  the  philosophically  preferable.  Mr  Glaisher's 
strictures  on  that  ||  species  do  not  seem  deserved. 


•  ThSorie  Analyt.,  oh,  iv.  §  20,  p.  318,  third  edition. 

+  Cp.  Glaisher,  op,  cit. ,  p.  101. 

X  AflsumiDg  that  the  function  of  detriment  is  symme- 


trical. 

§  P.  152. 

li  Memoirs  of  the  Astronomical  Society,  xl.  loc.  cit. 
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But  the  generic  princjiple  cannot  be  accepted.  And  therefore  we  pass  on  to  inversion 
proper;  which  also  is  divided  into  two  species,  according  as  the  quaesitum  is  the  most 
probable  or  the  most  advantageous  value.  It  is  remarkable  that  Laplace  in  his  general 
account  of  the  A  posteriori,  or  proper  inverse  method  seems  to  have  confined  himself 
to  the*  most  advantageous  species.  The  procedure  there  adopted  by  Laplace  is  submitted 
here  as  the  most  philosophical  treatment  of  the  inverse  problem — with  this  modification 
that,  whereas  Laplace  employs  a  particular  function  namely  x  (mean  error)  to  express  the 
detriment  of  error,  the  general  undetermined  symbol  F  is  here  recommended.  The 
inverse  investigation  of  the  mx)st  advantageous  mean  is  exactly  parallel  to  that  which 
•has  been  given  under  "f  abode  except  that  T  (Laplfiice's  y')  now  denotes,  not  the  facility- 
curve   (obtained  by  simple    induction   from    the    very  large  set  of    statistics    aj^,   x^ ) 

expressing  the  frequency  with  which  members  of  a  group  of  real  things  have  each  value 
x\  but  the  facility-curve   (obtained  by  inverse  probability  from  the  not  very  large  set  of 

observations  x^x^  )    expressing  the  frequency   with   which   the  real    thing  behind   the 

observations  has  each  value  a?.  We  find  by  inverse  probability  statistics  for  the  occurrence 
of  the  cause  of  the  given  observations;  and  we  take  the  subjective  mean  of  those 
statistics. 

The  theoretical  superiority  of    the  most  advantageous  method  is  accompanied  with  a 

practical  difference    in    the    determination    of    the    modulus.       We    have    seen    that    the 

modulus  for    a   set    of   observations    (supposed    to    have    diverged    according    to    a  single 

unknown  law  of  probability)  has  different  values  with  a  frequency  expressed  by  the 
curve 

1  -?!! 

where  fife'  is  the  sum  of   squares  of  apparent    errors.      Whence  it  follows  that   the   m>ost 

probable  value  of  c  is .      But  it   is  probably  not  the  most  advantageous  value.     For 

from  the  asymmetry  X  of  the  curve  y  it  is  probable  that  the  most  advantageous  is  greater 
than  the  most  probable  value.    Thus  the  received  solution    .  ^     ,  though  it  has  no  pre- 

tensions  to  precision,  yet   differs  in   the   right  direction  from  .     The   ordinary  formula 

is  to  that  extent  correct,  but  not  for  the  ordinary  reason. 

Having  now  discussed  the  application  of  the  simply  inductive  subjective  Mean  {ad), 
to  the  inverse  real  Mean  (ad),  we  may  return  to  the  point  §  at  which  our  exposition  of 
pure  statistics  was  interrupted  and  consider  the  inverse  statistical  mean. 

dbcdefgh.  The  simplest  case  is  that  of  a  not  very  large  set  of  statistics  considered  as 
random  specimens  of  a  whole  series  which  ranges  under  a  probability  curve  of  known  modulus 


"*  Thiorie   Analytique,  p.  833,  third  edition,  p.  365, 
national  edition, 
t  Above,  p.  160. 


t  Above,  p.  161. 
§  See  above,  p.  162. 
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but  unknown  centre.    One  way  of  treating  the  problem  is — knowing  that  the  centre  of  the 
real   series  of  which  the  given  statistics  are  specimens  is  the  most  advantageous  Mean — to 


Fio.  10. 


determine  by  inverse  probability  the  frequency  with  which  the  centre  of  the  real  series 
has  each  value  a,  and  to  take  that  value  of  the  centre  which  most  frequently,  most 
probably,  occurs.  But,  it  is  submitted,  the  more  philosophical  procedure — ^theoretically 
preferable,  though  not  practically  different — is  to  regard  the  given  statistics  a:,,  a?,,  a?,  ... 
as  indicative  of  a  whole  series  of  groups  of  statistics  whose  size  and  centre  is  indicated 
by  the   height  and  position  of  the  ordinates  of  the  probabiliiy-curve  * 

yirsc 

We  have  then  to  take  the  subjective  mean  of  this  series  of  series  upoh  principles  similar 
to  those  already  explained.  This  distinction  becomes  clearer  when  the  two  points  of  view 
are  no  longer  coincident,  as  in  the  next  case. 

oAcdefy.  To  exhibit  the  difference  just  indicated  suppose  the  facility-curve  under  which 
the  (complete)  series  from  which  our  samples  are  selected  ranges  is  changed  from  the  form  of 
Fig.  11  (1)  to  that  of  Fig.  11  (2),  while  the  quantity  if{z)s?  (between  extreme  limits)  is  kept 

(1)  Fig.  11.  (2) 


constant.    Then,  if  we  are  employing  the  arithmetic  mean,  the  worth  of  the  mean  in  the 
case  of  observations  is  unaltered;  but  in  the  case  of  statistics  is  impaired.     For  the  central 


*  The  area  of  the  curve  whose  central  point  has  the 
abseisBa  «  is  erf,  (^  x\  . 


The  length  of  each  curre^s  central  ordinate  is  the  area 
divided  by  Jvc, 
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point  of  a  series  such  as  that  indicated  by  Fig.  (2)  has  a  representative  character  in  a 
less  degree  than  the  central  point  of  Fig.  (1).  Hence  in  the  course  of  a  series  of  series*, 
if  we  continue  taking  the  arithmetical  mean,  though  we  shall  as  often  be  aa  near  the 
real  central  point  as  before  the  supposed  change,  yet  our  Mean  will  no  longer  have  the 
same  worth. 

It  appears  then  that  the  excellence  of  the  Mean  under  consideration  depends  upon 
two  qualities :  the  precision  with  which  our  Mean  of  the  given  samples  approximates  to  that 
point  which,  if  the  series  from  which  the  samples  are  taken  were  indefinitely  prolonged, 
would  constitute  a  certain  assigned  Mean  of  that  series,  a  certain  function  of  its  terms; 
and  the  representative  character  of  that  point.  As  to  the  second  quality  there  is  nothing 
to  be  added  under  this  heading  to  what  has  been  saidf  under  the  heading  of  Induction. 
The  first  quality  is  an  excellence  common  to  Statistics  and  Observations.  And  indeed  at 
this  point  it  is  very  difficult  to  determine  how  far  an  element  of  Observations  enters  into 
inquiries  commonly  called  statistical;  how  far  the  sought  Mean  is  purely  "subjective,"  or 
also  an  "index" J  according  to  the  just  distinction  drawn  by§  Dr  Bertillon;  ifrom  whom 
the  former  term  has  been  adopted  into  this  paper.  Accordingly  the  following  remarks  on 
the  worth  of  Means  in  respect  of  precision  cover  certain  cases  of  Observations  transferred 
here  from  their  proper  place. 

It  follows  from  the  discussion  at  pp.  153 — 8  that  it  is  in  general  hopeless  to  enquire 
what  is  the  best  Mean  in  respect  of  precision.  All  that  we  can  say  ia  that  certain  Means 
are  better  than  certain  others. 

For  the  purpose  of  comparison  Means  might  be  classified  as  (1)  The  Arithmetical 
Mean,  (2)  Two  Means  which  compete  with  the  Arithmetical  in  respect  of  convenience, 
(.3)  All  other  Means. 

The  third  class  may  in  general  in  the  absence  of  special  reasons  to  the  contrary  be 
rejected  on  the  ground  of  convenience. 

The  battle  of  the  Means  becomes  triangular.  It  is  to  be  decided  by  comparing  the 
first  with  each  of  the  others,  and  these  with  one  another,  on  the  ground  both  of  precision 
and  convenience  ||. 

(a)  The  prerogative  of  the  Arithmetical  Mean,  that  it  is  the  more  accurate  value  in  the 
case  of  probability-curves,  extends  of  course  to  curves  in  the  neighbourhood  of  that  family, 

and  probably  far  beyond.    Take  for  example  the  facility-curve  y=^rt{h  —  z)    {z  positive  both 

ways),  Fig.  12.  The  arithmetic  mean  of  s  observations  ranges  under  a  probability-curve 
whose  modulus  squared  is  \V  -r  s.    The  Median  of  s  observations  ranges  under  a  probability- 


*  Above,  p.  166. 

t  Above,  pp.  161, 162. 

t  The  subject  of  the  writer'a  paper  on  Methods  of 
Statistics  is :  "  What  is  the  worth  in  respect  of  precision  of 
an  assigned  index-mean"? 


§  Did,  EncycL  des  Sciences  MidicaUs.  Gp.  Mr  Venn 
on  the  Law  of  Error  in  Logic  of  Chance, 

II  Saving  of  labour  in  the  working;  a  consideration 
which  of  coarse  enters  into  every  practical  approximative 
operation. 
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curve  whose  modulus  squared*  is  lh*-^8.    The  former  is  therefore  more  accurate  than  the 
latter.     There  is  however  one  case  in  which    the  Median  has  the  advantage  in  respect  of 


Fio.  12. 
precision:    namely,   when   the   apex    of   the  curve   is    very   high  and  its  extremities  very 
much   extended,   as  in  Fig.  13. 


Fio.  13. 
For   in   this   case   the   mean   square   of   error,  which   is  proportional    to  the  modulus- 
squared  which   measures  the  precision  of  the  Arithmetic  Mean,  is  likely  to  be  very  great. 
At  the   same  time  the  inverse-square   of    the  greatest  ordinate,   which   is    proportional  to 
the  modulus-squared  "(•  appertaining  to  the  Median  will  be  very  small. 

On  another  ground  the  Median  has  the  advantage  in  respect  either  of  precision  or 
of  convenience,  or  perhaps  both.  Suppose  that  the  data  are  measurements  made  with 
a  measure  not  minutely  graduated,  e.g.  the  numbers  of  men  whose  height  lies  between 
each  two  consecutive  inches.  To  obtain  the  real  arithmetic  mean  (of  statistics  taken  from 
under  a  continuous  facility-curve)  it  would  be  necessary  to  adjust  each  of  the  given  figures 
by  smoothing  out  our  data  into  a  continuous  curve.  But  to  obtain  the  real  Median  it 
would  be  necessary  to  operate  upon  only  one  figure  by  somewhat  hypothetically  dividing 
the  central  compartment. 

Where  no  reduction  is  thought  necessary,  the  Median  has  an  obvious  and  not{  unnoticed 
advantage  in  respect  of  convenience.  It  has  also  an  unsuspected  advantage  in  that  the  weight 
of  the  Arithmetic  Mean,  the  inverse  (double)  mean  square  of  error,  is  ascertained  by  an  often 
very  tedious  process ;  whereas  the  weight  of  the  Median  the  (double)  central  ordinate  squared 
is  very  easily  ascertained.     Considering  that  it  is  frequently,  if  not  generally,  more  important 

*  Laplace,  TlUorie  Analytique,  Supplement  2,  sect.  2. 

f  IMd. 

t  Oalton  in  Phil.  Mag.,  1875.  Fechner  in  Ahhand- 
lungen  ScLxische  Wisteruchaftliche  Oesellschaft,  Bd.  18. 
Fechner,  complaining  that  Laplace  had  neglected  the 
Median,  seems  to  ignore  that  Laplace  not  only  deduced  the 

Vol.  XIV.  Part  II. 


characteristic  property  of  this  Mean — ^that  it  minimises  the 
Mean  Error— but  also  employed  it :  not  only  by  way  of 
simple  induction  (our  d)  in  the  Method  of  Situation  (Mi- 
canique  CSleste,  in.  89),  but  also  by  way  of  Inverse  Proba- 
bility in  the  important  passage  already  referred  to :  on  the 
reduction  of  observations  d4jiifaitet  (above,  p.  160). 
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to  know  what  the  preoisioa  of  a  mean  is,  than  that  it  is  more  precise  than  another,  this 
last  advantage  in  favour  of  the  Median  seems  very  important. 

(0)  Comparing  the  Arithmetical  Mean  with  the  Greatest  Ordinate,  we  are  met  with 
the  difficulty  that  the  greatest  ordinate  has  no  weight;  or  at  least  that  it  has  never  been 
weighed.  For  the  operation  which  Laplace  has  performed  in  the  second  supplement  for  the 
Median  has  not,  as  feir  as  I  know,  been  performed  for  the  Greatest  Ordinate.  In  view  of 
the  remark  at  the  end  of  the  preceding  paragraph,  the  Greatest  Ordinate  appears  in  this 
respect  to  labour  under  a  considerable  disadvantage.  In  respect  of  convenience  it  has 
a  considerable  advantage  over  the  Arithmetical  Mean;  and 

(7)  a  less  marked  advantage  over  the  Median.  In  respect  of  the  necessity  of  adjust- 
ment the  Median  and  greatest  ordinate  may  seem  on  an  equal  footing.  As  possessing 
a  definite  weight  the  Median  has  the  same  advantage  as  the  Arithmetic  Mean  over  the 
Greatest  Ordinate. 

ahcdefgh.  The  remarks  made  under  the  preceding  head  may  be  transferred  here  mvtatis 
miUandis.    The  following  are  special  to  this  head. 

Here  come  in  (by  courtesy)  observations  about  which,  though  we  know  the  (unsym- 
metrical)  facility-curve  under  which  they  range,  we  do  not  know  at  what  point  thereof* 
occurs  the  real  thing  indicated. 

The  difficulties  connected  with  the  process  of  adjustment  are  greater  here  for  the 
Median  and  Greatest  Ordinate;  but  so  are  they  also  for  the  Arithmetic  Mean. 

The  weight  above  assigned  for  the  Median  requires  a  slight  modification.  By  an 
extension  of  Laplace's  analysis  f  it  may  be  found  that  the  Medians  of  several  sets  of  s 
observations  taken  at  random  from  an  unsymmetrical  facility-curve  range  under  two  proba- 
bility-curves whose  centres  are  distant  from  the    Median    of   the  parent  facility-curve  by 

a  quantity  of  the  order  -,  and  therefore  neglectible;  and  that  the  weight  of  these  co- 


incident curves  (inverse  modulus  squared)  is  still  in  Laplace's  notation  2«  ^  (0;]';   only  that 
^(0)  means  now  the  Median  ordinate  not  the  Greatest  ordinate  |. 

To  exemplify  this  heading,  let  us  take  the  following  problem.  The  ages  at  death  of 
a  number,  8,  of  men  of  and  above  the  age  of  66,  distinguished  from  the  general  male 
population  of  the  country  by  no  other  attribute  §  than  one  which  is  the  subject  of  in- 
vestigation, have  been  registered.  And  it  is  required  to  determine  ||  whether  the  diflference 
between  the  mean  age  of  the  observed  class  differs  from  the  mean  age  of  the  general 
population  to  an  extent  which  is  more  than  accidental,  which  is  indicative  that  the  observed 
class  belong  to  a  different  category  in  respect  of  healthiness  from  the  general  population. 
To  facilitate  calculation  let  us  suppose  a  stationary  population. 


*  Abore,  p.  158. 

t  Thiorie  Anal,^  Supplement  2.    The  ji'%  of  Lsplaoe  are 
to  be  put  each  equal  to  1 ;  his  A  equal  to  \, 

X  As  Laplace  says,  speaking  of  symmetrical  carves. 


§  E.g.  abstinence  from  liquor. 

II  See  Introduction  to  a  paper  communicated  by  the 
writer  to  the  British  Association,  1885. 
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(a)  If  we  employ  the  Aritlimetic  Mean,  we  must  find  the  mean  age  at  death  of  the 
general  male  population  at  or  above  66  from  the  Life  Tables,  say  for  England  76  (more 
accurately  75 '8).  Then  we  must  multiply  each  figure  in  the  column  d^  by  the  square  of  the 
difference  between  the  age  corresponding  to  that  figure  and  the  mean  age  76;  and  divide 
the  sum  of  squares  of  errors  thus  found  by  the  number  of  persons  alive  at  the  age  of  66. 
The  quotient  90  (approximately  and  without  adjustment)  multiplied  by  two  and  divided 
by  8  is  the  modulus  squared  for  the  probability-curve  under  which  the  arithmetical  means  of 
random  selection  of  8  lives  would  range.    Hence  if  the  arithmetic  mean  of  the  observed 

/90 
class  differ  from  758  by  more  than  two  (or  three)  times  the  quantity  \/  —  ,  it  is  practi- 
cally certain  that  the  observed  class  has  a  more  than  accidental  difference  in  longevity 
from  the  general  population  from  which  it  is  selected. 

()8)  If  we  employ  the  Median,  we  must  find  the  median  age  of  the  general  male 
population,  i.e.  about  75'5  years.     The  proportion  of  men  dying  at  this  age  out  of  the 

75 

number  living  at  66  is  about  ttoq-  Hence*  for  the  modulus  squared  of  the  probability- 
curve  under  which  the  median  of  8  random  selections  firom  the  general  population  would 
range  ,_     ,    or   —  .    The   weight  of  the  Median  is  thus  about  half  that  of  the 

^x(iw)  ' 

Arithmetic  Mean. 

(7)  If  we  employ  the  greatest  ordinate  we  must  compare  the  age  at  which  the 
greatest  ordinate  of  the  set  of  s  observations  occurs  with  72  the  corresponding  age  for 
the  general  male  population.  But  we  seem  unable  in  the  present  state  of  the  calculus 
of  probabilities  to  determine  the  weight  which  should  be  attached  to  any  assigned  difference 
between  the  two  greatest  ordinates :  how  far  such  a  difference  is  significant  and  not  accidental. 

abcdefg.  The  subject  special  to  this  head  is  the  relative  weight  of  data  emanating 
from  different  facility-curves.  Weight  is  of  two  kinds;  that  which  depends  on  volume  only, 
and  specific  weight.  To  the  former  category  belong  statistical  returns  which  are  the  means 
respectively  of  n,,  r?,,  &c.  constituents;  all  the  constitu tents  emanating  from  one  and  the 
same  facility-curve.  Where  n^,  n^,  &c.  are  each  large,  or  where  the  whole  number  of  given 
returns  is  large,  this  case  is  easily  treated  according  to  the  methods  applicable  to  pro- 
bability-curves and  the  analogy  of  the  two  preceding  heads. 

As  to  specific  weight,  it  follows  from  the  discussion  at  pp.  152 — 7,  that  the  system 
of  weights  which  consists  of  the  inverse-mean-squares,  though  a  good,  is  not  necessarily 
the  best  system.  In  general  there  seems  possible  no  more  precise  determination  of  weight 
than  the  following.  In  the  combination  of  data  more  weight  is  to  be  assigned  to  that 
which  has  emanated  from  a  higher  source:  a  higher  source  being  one  which  in  past  ex- 
perience has  yielded  results  less  wide  of  the  mark.  This  principle  is  equally  applicable 
to  Physics  and  the  Moral  Sciences. 

•  Above,  p.  167. 
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PART  I. 

According  to  the  view  of  the  electromagnetic  field  taken  by  Maxwell,  there  is  a  certain 
"ether"  or  "medium"  pervading  the  whole  of  space,  with  which  the  molecules  of  ordinary 
matter  are  in  some  way  associated  or  connected,  and  which  is  the  seat  of  all  electric  and 
electromagnetic  forces. 

It  is  necessary  carefully  to  distinguish  between  a  portion  of  matter  and  that  part  of 
the  medium  which  is  at  any  given  time  associated  with  it. 

The  equations  of  electromotive  force  given  by  Maxwell: 


P^cy-hz--^- 

d9 
dx 

r,        .        .      dO 
Q^az     ex      ^^ 

d'V 
dy 

^       dt       dz 

have  for  their  experimental  basis  observations  upon  moving  conducting  circuits,  and  in  the 
case  first  considered  x,  y,  i  are  velocities  of  portions  of  conducting  matter.  It  is  next 
assumed  that  the  equations  are  true  generally,  but  it  is  not  definitely  stated  whether 
X,  y,  z  still  refer  to  the  velocities  of  the  portion  of  matter  at  the  point  {xyz)  or  to 
those  of  the  associated  medium. 

If  we  adopt  the  second  of  these  alternatives  we  must  assume  at  the  same  time  that 
if  any  portion  of  conducting  matter  is  set  in  motion  the  medium  associated  with  it  will 
move  with  the  same  velocity. 
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That  the  second  alteniative  is  the  one  which  agrees  with  experiment  is  evident  from 
the  following  considerations. 

It  has  been  proved  by  J.  J.  Thomson  {Phil  Mag.  April,  1880)  that,  on  the  assumption 
that  light  is  an  electromagnetic  disturbance,  its  velocity  in  a  substance  which  is  moving 
in  the  direction  of  propagation  of  the  light  is  increased  by  half  the  velocity  of  the  sub- 
stance if  the  first  alternative  be  taken,  by  half  the  velocity  of  the  medium  associated  with 
the  substance  if  the  second  be  taken.  The  distinction  is  not  formally  made  in  his  paper, 
but  it  is  obvious  on  considering  the  different  meanings  that  the  fundamental  equations 
have  in  the  two  cases. 

Now,  if  air  be  the  substance,  it  has  been  'established  by  Fizeau  {Ann.  de  Chim.  et 
de  Phys.  3™«  serie,  t.  Lvii.,  1859,  also  Gomptes  Rendus,  xxxiii.)  that  the  change  of  velocity, 
if  it  exists  at  all,  is  very  much  smaller  than  this. 

Thus  the  first  hypothesis  is  rendered  untenable. 

Fizeau  further  found  that  if  water  be  the  substance  the  change  of  velocity  is  about 
half  the  velocity  of  the  water. 

The  conclusion  is  that  the  velocity  of  the  medium  associated  with  moving  air  is  small 
compared  with  the  velocity  of  the  air,  while  in  the  case  of  water  the  substance  and  the 
medium  move  with  sensibly  the  same  velocity. 

A  repetition  of  Fizeau's  experiments  with  the  employment  of  as  many  different  fluids 
as  possible  would  probably  throw  some  light  on  the  way  in  which  the  refractive  index 
of  a  substance  depends  upon  the  intimacy  of  connection  between  the  substance  and  the 
associated  medium. 

The  important  questions  of  what  changes  of  properties  in  the  medium  give  rise  to 
electric  polarization  and  to  electric  currents  have  not  yet  been  answered. 

The  first  experiments  made  for  the  purpose  of  deciding  whether  an  electric  current 
consisted  of  a  motion  of  translation  of  the  medium  were  undertaken  by  Roiti  {Pogg.  Ann. 
Vol.  150,  p.  164,  1873).  He  was  compelled  to  employ  an  ordinary  Arago's  interferential 
refitwtometer,  which,  as  will  be  seen,  is  not  a  very  suitable  instrument  for  the  purpose, 
and  he  could  find  no  change  in  the  velocity  of  light  passing  through  a  solution  of  sulphate 
of  zinc  due  to  a  current  of  electricity  flowing  in  the  same  direction.  Further  experiments 
on  the  same  lines  were  made  by  Lecher  {Rep.  de  Phys.  20,  p.  151,  1884).  He  also  seems 
to  have  employed  a  refractometer  identical  with  Arago's  in  principle  and  general  arrange- 
ment. The  substance  that  he  used  was  a  solution  of  silver  nitrate  through  which  he 
passed  a  current  of  about  six  ampferes,  but  his  results  were  also  negative. 

In  these  experiments  the  current  was  electrolytically  conducted,  and  it  is  clear  that 
the  case  of  ordinary  conduction  cannot  be  treated  by  this  method,  since  substances  of 
good  conductivity  are  opaque  to  light. 

There  is  however  according  to  Maxwell  another  kind  of  current  which  consists  of 
variation  of  electric  "displacement"  in  a  dielectric,  and  it  seemed  antecedently  probable 
that  such  a  current  should    be    accompanied    by,  if   not  equivalent  to,  a  motion  of   the 
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medium.  It  must  be  remembered  that  by  the  term  ''displacement"  Maxwell  meant  nothing 
more  definite  than  a  certain  change  at  each  point  of  the  medium  about  which  no  more 
is  asserted  than  that  it  is  a  vector  one.  The  simplest  vector  change  is  a  change  of 
position,  and  the  experiments  that  I  have  undertaken  have  been  made  with  the  object  of 
deciding  whether  this  "displacement"  was  an  actual  shifting  of  the  medium,  and  if  so,  of 
what  magnitude. 

A  certain  probability  is  given  to  this  view  of  the  question  by  the  fact  that  electric 
"displacement"  obeys  the  same  law  of  distribution  as  the  motion  of  an  incompressible 
fluid  (the  motion  of  the  medium  being  generally  assumed  to  possess  the  same  characteristic), 
but  it  cannot  at  the  same  time  be  denied  that  Roiti  and  Lecher  have  by  their  experi- 
ments considerably  discredited  it,  for,  as  we  consider  all  electric  currents  as  moving  in 
closed  circuits,  in  the  case  of  a  circuit  of  which  part  is  a  conductor  and  part  an  electro- 
lyte, or  in  the  case  in  which  we  have  the  plates  of  a  condenser  connected  by  means 
of  an  electrolyte,  we  can  hardly  imagine  that  -the  medium  should  have  a  permanent  or 
temporary  motion  along  a  part  of  the  circuit,  and  none  along  the  remainder. 

There  is  however  one  consequence  of  this  hypothesis  of  a  connection  between  currents 
and  motion  of  the  medium  which  I  am  surprised  to  find  has  not  before  been  noticed. 

If  an  electric  current  in  a  conductor  is  accompanied  by  a  movement  of  the  medium 
in  the  same  direction,  remembering  that  the  velocities  in  Maxwell's  equations  of  electro- 
motive force  are  the  velocities  of  the  medium,  we  see  that  an  electromotive  force  will 
be  produced  in  the  conductor  if  it  be  placed  in  a  magnetic  field,  which  force  will  be 
proportional  to  the  strength  of  the  field  within  the  conductor  and  to  the  velocity  of  the 
medium,  and  will  be  alike  perpendicular  to  the  lines  of  magnetic  force  and  to  those  of 
flow  of  the  current  This  electromotive  force  has  been  observed  by  Hall  (Phil.  Mag.  5, 
Vols.  IX.  and  x.  1880)  in  various  metallic  conductors,  but  his  results  cannot  be  uniformly 
explained  by  the  hypothesis  of  a  moving  medium,  since  in  that  case  the  substance  of 
which  the  conductor  was  made  would  have  no  influence  upon  the ,  phenomenon  except 
through  its  magnetic  permeability,  which  was  far  from  being  the  case. 

Again,  if  a  "displacement  current"  in  a  dielectric  be  accompanied  by  a  movement 
of  the  medium,  we  deduce  at  once  the  equations  which  Rowland  {PhU.  Mag,  5,  Vol  XI. 
1881)  by  assuming  HalFs  eflFect  obtained  for  the  propagation  of  an  electromagnetic  dis- 
turbance in  a  dielectric  along  lines  of  magnetic  force,  and  arrive  in  the  same  way  at  the 
fact  of  the  magnetic  rotation  of  the  plane  of  polarization  of  a  ray. 

Consider  a  current  {u)  flowing  along  the  axis  of  x,  and  let  the  magnetic  induction 
(c)  be  along  the  axis  of  z,  then,  if  the  current  (u)  be  accompanied  by  a  motion  of  the 
medium  with  velocity  («r.w)  in  the  same  direction,  we  have,  for  the  electromotive  force, 

P  =  0, 

Q  =  —  0 .  «r .  M, 

22  =  0. 

According  to  HaU  ^  for  gold  is  in  c.  G.  s.  units  6 . 6  x  10"" 

cu         ^ 
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Hence  «r  =  -  6 . 6  x  10^'. 

Thiis  if  the  current  used  were  one  amp^e  for  each  square  centimetre  of  cross  section  of 
the  conductor  the  velocity  of  the  medium  deduced  from  this  would  be 

6 . 6  X  10""*  centimetres  per  second 

in  the  direction  opposite  to  the  current.      The    change    in  the  velocity   of   light   due  to 
adding  or  subtracting  half  this  velocity  is  too  small  to  be  experimentally  recognizable. 

From  the  numerical  results  given  by  Rowland  we  see  that  if  we  deduce  the  value 
of  (fir)  firom  the  magnetic  rotation  in  heavy  glass  we  obtain  a  result  not  widely  di£fering 
from  the  above.  There  are  doubtless  various  causes  that  combine  to  produce  Hall's  effect, 
as  has  been  pointed  out  by  Shelford  Bidwell,  and  no  importance  can  be  attached  to  the 
value  of  (fir)  deduced  from  it,  but  the  fact  that  the  existence  of  such  an  effect  follows 
from  supposing  a  motion  of  the  medium  to  accompany  an  electric  current  appears  to  me 
to  deserve  notice. 

A  calculation  of  the  "velocity  of  electricity"  has  been  given  by  Boltzmann  {Kaiaerliche 
Akad.  der  Wissenschaften  in  Wien,  mcUh-^naturw.  Classe,  Jan.  15, 1880,  pp.  11 — 13,  the  note  is 
translated  in  PhU.  Mag.  5,  Vol  IX.  p.  307),  in  which  he  assumes  that  a  conductor  carrying 
a  current  is  charged  with  electricity  of  a  certain  density,  that  the  electromagnetic  force 
it  experiences  is  the  result  of  Hall's  electromotive  force  acting  on  this  electricity,  and 
that  the  current  is  its  motion  along  the  conductor.  It  will  be  seen  that  Boltzmann's 
method  has  nothing  to  do  with  that  given  above,  and  his  assumptions  have  been  well 
shown  by  Hall  to  involve  the  supposition  of  an  enormous  mechanical  force  on  any  con- 
ductor carrying  a  current  which  acts  in  the  direction  of  the  current  even  when  there  is 
no  external  magnetic  force,  and  therefore  to  be  utterly  untenable. 

PART  n. 

From  the  foregoing  considerations  it  will  appear  that  the  experimental  method  to  be 
followed  is  to  ascertain  whether  the  velocity  of  propagation  of  light  through  a  dielectric 
is  altered  by  the  passing  of  a  displacement-current  of  electricity  in  the  same  direction. 
If  such  a  change  did  manifest  itself  it  would  probably  be  a  small  one,  and  would  only 
last  for  the  short  time  in  which  the  displacement  was  changing  and  thus  the  experimental 
difficulties  are  two-fold. 

A  small  change  made  in  the  velocity  of  light  by  any  influence  is  best  detected  and 
measured  by  allowing  two  pencils  of  Hght  to  interfere,  and,  while  observing  the  fringes, 
to  cause  the  influence  to  act  upon  one  of  the  pencils  and  to  measure  the  consequent 
shifting  of  the  fringes.  Any  form  of  apparatus  for  producing  interference  fringes  for  this 
purpose  is  called  an  interferential  refractometer. 

The  various  methods  of  producing  interference-fringes,  the  methods  of  measuring  the 
shifting  of  the  fringes,  or  of  bringing  them  back  to  their  original  position  by  com- 
pensators of  various  forms  and  calculating  the  shifting  from  the  change  of  adjustment  of 
the  compensator^  and  the  experimental  details  of  the  setting  up  of  apparatus  for  these 
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purposes  have  all  been  so  fully  and  ably  discussed  by  Quincke  {Pogg.  Ann.  132,  p.  29, 
1867)  that  there  is  nothing  to  be  added  on  the  subject.  Different  experimenters  have 
from  time  to  time  employed  in  their  refractometers  fringes  produced  by  almost  all  the 
methods  mentioned  in  the  above  paper,  but  the  only  instruments  of  which  it  is  necessary, 
on  account  of  their  connection  with  experiments  of  a  nature  similar  to  those  that  I  have 
undertaken,  to  give  a  detailed  description  are  those  of  Arago,  Jamin,  and  Fizeau. 

In  Arago^s  refractometer  {(Euvres,  Vol  x.  p.  313,  1858)  there  is  a  slit  placed  in  front 
of  the  source  of  light  and  a  convex  lens  is  employed  which  is  placed  so  that  the  slit 
is  in  its  principal  focus.  Two  tubes  are  arranged  so  that  half  the  light  which  has  been 
refracted  through  the  lens  passes  through  each.  After  emerging  from  these  tubes  the  two 
beams  pass  through  two  slits  a  millimetre  wide  and  two  millimetres  apart  which  are 
separated  by  a  small  prismatic  obstacle  whose  vertex  is  towards  the  tubes.  They  next 
traverse  two  plates  of  glass  of  equal  thickness  which  can  be  adjusted  so  as  to  make  any 
angle  with  the  beams  and  which  serve  as  a  compensator,  they  are  then  rendered  convergent 
and  intersecting  by  the  object-glass  of  a  telescope,  and  the  resulting  interference-fringes 
viewed  through  its  eye-glass. 

The  arrangement  is  represented  in  plan  in  fig.  1.  It  was  used  for  determining  the 
difference  of  refractive  index  of  moist  and  dry  air. 

It  will  be  seen  that  the  method  of  producing  these  fringes  is  in  reality  Young's, 
a  very  primitive  one,  that  the  illumination  is  feeble,  as  a  narrow  slit  has  to  be  used  to 
admit  the  light,  and  that  the  interfering  rays  are  only  separated  by  a  distance  of  two 
millimetres,  a  circumstance  which,  though  indifferent  in  Arago^s  experiment,  might  be  often 
inconvenient.  There  is  a  further  disadvantage  in  that  the  fringes  produced  by  the  method 
are  generally  small  and  close  together.  They  can,  however,  be  made  rather  larger  by  inclining 
the  plates  of  the  compensator  so  that  the  angles  of  incidence  of  the  rays  upon  them  are  large. 

The  interference  arrangement  employed  by  Jamin  (Ann,  de  Chim,  et  de  Phys.  3  Series, 
Vol.  52,  p.  163)  is  one  which  could  be  very  advantageously  used  in  all  researches  on  variation 
of  refractive  index,  for  in  it  all  the  defects  mentioned  in  connection  with  Arago's  instru- 
ment are  overcome.  The  fringes  used  by  Jamin  are  those  which  were  observed  by  Brewster 
and  explained  by  Herschel.  Two  glass  plates  with  plane  parallel  surfaces  and  exactly  of 
the  same  thickness  are  required.  These  are  silvered  at  the  back  and  placed  almost  parallel 
to  each  other,  and  light  is  allowed  to  fall  upon  one  of  them  so  as  to  be  reflected  thence 
in  the  direction  of  the  other.  If  the  light  after  reflection  at  the  second  mirror  be  re- 
ceived by  the  eye  of  the  observer  either  directly  or  through  a  telescope,  curved  interference 
bands  are  seen  which  become  larger  and  further  apart  as  the  angle  between  the  mirrors 
is  made  smaller.  The  form  of  the  bands  has  been  determined  by  Ketteler  {Beobachtungen 
uher  die  Farbenzerstreuung  der  Oase,  Bonn,  1865)  and  the  subject  will  be  more  fully  treated 
at  a  subsequent  period.  The  general  explanation  of  the  formation  of  the  fringes  is  very 
simple.  If  we  consider  any  ray  incident  on  the  first  mirror,  we  see  that  it  is  divided 
into  two,  one  which  is  reflected  at  the  first  surface  and  one  which  is  reflected  at  the 
second.  The  sizes  of  the  mirrors  are  so  arranged  that  rays  which  are  reflected  more  than 
once  at  the  hinder  surfaces  are  cut  off.     A  part  of  the  ray  reflected  at  the  second  surface 
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of  the  first  mirror  emerges  from  the  glass  and  is  then  parallel  to  the  ray  which  had 
been  reflected  at  the  first  surface.  These  two  being  reflected  at  the  second  mirror  we 
have  finally  four  rays,  one  reflected  at  two  firont  surfaces,  one  at  two  back  surfaces,  one 
first  at  a  front  surface  and  then  at  a  back  surface,  and  one  first  at  a  back  surface 
and  then  at  a  front  surface.  The  first  two  are  cut  off  by  means  of  suitable  diaphragms. 
The  last  two  will  evidently  be  parallel,  and  nearly  equal  in  intensity  since  the  mirrors 
are  nearly  parallel,  and  will  have  traversed  nearly  the  same  length  of  path.  Thus  they 
will  give  well-marked  interference  phenomena  if  viewed  by  the  eye. 

The  course  of  the  rays  and  the  position  of  the  diaphragms  are  shown  in  fig.  4. 

The  more  obvious  advantages  of  this  arrangement  are  that  the  rays  between  the 
mirrors  corresponding  to  any  particular  incident  ray  are  parallel,  and  that  the  distance 
between  them  may  be  made  reasonably  large  by  employing  thick  mirrors  and  a  suitable 
angle  of  incidence,  both  of  which  circumstances  make  it  easy  to  pass  the  rays  through 
double  tubes  like  those  employed  by  Arago.  We  may  further  notice  that  the  size  of 
the  fringes  will  evidently  depend  upon  the  angle  between  the  mirrors  and  can  thus  be 
varied  at  pleasure,  and  that  no  slit  need  be  used  between  the  source  of  light  and 
the  first  mirror,  and  thus  the  illumination  will  be  increased  and  observation  made 
more  easy. 

We  now  come  to  the  instrument  employed  by  Fizeau  in  his  experiment  upon  the 
velocity  of  light  in  moving  media  to  which  reference  has  already  been  made.  The  dis- 
position of  its  parts  will  be  seen  from  fig.  2. 

Sunlight  falls  on  a  cylindrical  lens  A,  and  converges  to  /,  thence  it  falls  on  a  plate 
of  glass  B  and  is  reflected  as  if  it  came  from  g.  The  light  next  passes  through  a 
lens  C  so  placed  that  g  is  in  its  principal  focus.  A  part  of  it  next  traverses  a  thick 
glass  plate  By  then  the  two  parts  pajss  through  tubes  containing  the  fluid  to  be  ex- 
perimented upon,  next  they  fall  upon  the  lens  E  whose  centre  is  in  the  line  joining  g 
to  the  centre  of  C,  and  in  whose  principal  focus  is  a  plane  mirror  F  perpendicular  to 
this  line.  From  F  to  g  each  beam  travels  over  the  path  that  had  been  taken  by  the 
other,  they  interfere  at  g  and  are  observed  with  the  eye-piece  G.  By  using  the  glass  D 
we  allow  of  a  considerable  separation  (9  millimetres  in  the  actual  experiment)  of  the 
rays  within  the  tubes  without  making  the  fringes  exceedingly  small  Their  size  may  be 
varied  by  altering  the  inclination  of  -D  to  the  rays. 

The  an-angement  may  be  exhibited  in  another  way  by  taking  the  reflection  of  the 
whole  apparatus  in  the  mirror  j^,  as  in  fig,  3f  (The  arrowheads  show  the  direction  of 
motion  of  the  fluid.) 

We  obviously  may  consider  a  luminous  line  at  g'  to  be  the  source  of  light  Looked 
at  in  this  way  Fizeau's  instrument  becomes  a  kind  of  double  Arago's  refractometer,  but 
the  combination  of  the  plate  D  and  1/  now  can  only  be  used  to  enlarge  the  fringes  and 
will  not  serve  as  a  compensator. 

The    peculiarity    of   Fizeau's    method    is    that    he    makes   each    ray   retrace  the  path 
traversed  by  the  other.      One  practical  outcome  of  this  is  that  the  effective  length  of  his 
Vol.  XIV.  Part  II.  23 
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tubes  is  doubled,  as  may  be  seen  from  fig.  3.  Thus,  by  further  making  the  fluid  in 
the  tubes  move  with  equal  velocities  in  opposite  directio^8  the  effect  on  the  velocity  of  the 
light  is  four  times  as  great  as  would  be  observed  if  an  ordinary  refractometer  of  the 
same  dimensions  were  used  in  one  of  whose  tubes  the  fluid  wsus  at  rest  and  in  the  other 
in  motion. 

There  is  however  another  and  a  far  more  important  advantage  of  the  two  rays 
travelling  over  the  same  path  in  opposite  directions.  In  this  case  if  the  refractive  index 
of  any  part  of  the  substance  employed  be  altered  by  any  accidental  cause,  such  as  change 
of  pressure  or  temperature,  there  will  clearly  be  no  effect  upon  the  fringes. 

The  only  change  in  the  velocity  of  light  which  will  shift  them  will  be  one  which 
is  reversed  when  the  light  travels  in  the  opposite  direction. 

The  importance  of  thus  being  able  completely  to  eliminate  the  effects  of  all  causes 
except  the  one  with  which  we  are  concerned  cannot  be  overrated.  We  may  indeed  be 
able  readily  to  distinguish  between  the  effects  of  change  of  temperature  or  pressure  and 
those  of  the  motion  of  the  medium,  but  if  the  latter  are  small  they  may  be  completely 
masked  by  the  former,  and  at  least  cannot  be  observed  with  nearly  the  same  accuracy 
as  if  the  former  did  not  exist. 

This  difficulty  was  one  under  which  Roiti  laboured  to  a  considerable  extent,  as  will 
be  seen  from  his  account  of  his  experiments,  and  it  is  piincipally  due  to  this  that  the 
superior  limit  which  he  was  able  to  assign  to  the  velocity  of  the  medium  was  such  a 
very  large  one. 

It  may  be  observed  that  if  Fi^eau's  method,  or  any  other  in  which  the  rays  traverse 
the  same  path,  be  adopted,  the  size  of  the  fringes  and  the  distance  that  they  shift  must 
be  measured  and  the  change  in  the  velocity  of  light  which  causes  the  shifting  calculated ; 
for  the  circumstance  which  renders  their  position  independent  of  change  of  refractive 
index  of  any  substance  they  may  pass  through  will  in  general  preclude  the  use  of  a 
compensator. 


PART  III. 

It  seemed  to  me  to  be  necessary  to  the  successful  prosecution  of  a  research  on  the 
effect  of  a  displacement  current  of  electricity  upon  the  velocity  of  light  that  a  fonn  of 
apparatus  should  be  employed  for  exhibiting  interference  effects  between  two  rays  of  light 
which  should  allow  (i)  the  rays  to  traverse  the  same  path  (consisting  in  part  of  two 
parallel  straight  lines)  in  opposite  directions,  (ii)  the  fringes  to  be  large  and  the  field  of 
view  bright,  and  (iii)   the  parallel  parts  of  the  path  to  be  as  far  apart  as  possible. 

The  reasons  for  the  first  requisite  have  been  already  fully  discussed,  the  second  is 
necessary  if  a  small  shifting  of  the  fringes  lasting  but  for  a  short  time  is  to  be  ob- 
served, and  the  better  the  third  condition  is  complied  with,  the  more  possible  it  is  to 
arrange  condensers  in  the  path  of  the  rays  so  that  a  displacement  current  may  be  made 
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to    travel  with   one  ray  at  a  part  of    its   path  without  travelling  against  it  at  another 
part. 

The  first  of  these  desiderata  has  been  pointed  out  to  be  the  peculiar  advantage  of 
Fizeau's  method,  and  the  second  and  third  are  seen  to  be  to  a  great  extent  attained  by 
Jamin's  arrangement.  What  must  be  sought  after  is  a  form  of  apparatus  which  will 
combine  these  advantages,  and  it  is  further  desirable  that  it  should  be  simpler  in  its 
parts  and  easier  to  set  up  than  Fizeau's,  in  which  the  cylindrical  lens  has  to  be  very 
accurately  focussed,  and  not  only  the  position  but  also  the  direction  of  the  small  mirror  F 
(fig.  2)  most  carefully  adjusted. 

It  occurred  to  me  that  suitable  interference-fringes  might  be  obtained  by  the  following 
method. 

Two  plane  reflecting  surfaces  are  fixed  so  as  to  be  accurately  at  right  angles,  and 
a  thick  mirror,  the  surfaces  of  which  are  plane  and  parallel,  is  arranged  so  that  they 
are  nearly  parallel  to  the  line  of  intersection  of  the  two  perpendicular  mirrors.  Any 
ray  of  light  incident  on  the  thick  mirror  has  a  portion  reflected  at  the  firont  surface, 
and  a  portion  reflected  once  at  the  back  surface  and  then  emergent  into  the  air.  These 
are  reflected  by  each  of  the  two  mirrors,  but  in  reverse  order,  and  return  to  the  thick 
mirror  where  they  are  again  reflected. 

By  properly  placing  diaphragms  we  intercept  all  rays  except  the  two  which  have 
undergone  a  reflection  at  each  of  the  two  8ur£a.oes  of  the  thick  mirror,  and  these  are  in 
a  condition  to  interfere. 

The  course  of  the  rays  and  the  position  of  the  stop  may  be  seen  from  fig.  4,  where 
the  rays  travel  over  nearly  the  same  path,  and  it  is  clear  that  we  can  by  shifting  the 
position  of  the  perpendicular  mirrors  make  the  two  portions  into  which  any  particular 
ray  is  divided  traverse  paths  which  would  be  exactly  identical  if  the  thick  mirror  were 
accurately  parallel  to  the  line  of  intersection  of  the  two. 

In  fig.  4  -3f  is  the  thick  mirror,  A  and  B  the  mirrors  at  right  angles,  OF  the  course 
of  the  incident  ray,  and  X  the  stop. 

It  will  be  seen  that  by  means  of  this  apparatus  all  the  conditions  which  were  above 
stated  as  desirable  are  attained. 

The  form  of  the  fringes  obtained  when  monochromatic  light  is  allowed  to  £el11  in  all 
directions  upon  the  thick  mirror  can  be  most  easily  investigated  by  employing  a  pre- 
liminary artifice.  We  know  that  when  we  form  an  image  of  any  object  by  successive 
reflections  at  two  perpendicular  mirrors,  on  whichever  of  them  the  light  is  first  incident, 
the  position  of  the  image  is  the  same. 

Let  (fig.  4)  M\  0\  -P,  (?',  H'  be  the  images  formed  by  the  mirrors  A  and  B  of 
M,  0,  F,  0,  H.  Then  we  see  that  the  rays  return  from  A  and  jB  to  -Jf  as  if  they 
had  had  their  rise  in  a  ray  O'F'  reflected  by  a  mirror  M\  where  it  is  clear  that  the 
angle  between  M  and  its  image  M'  is  twice  the  angle  that  M  makes  with  the  line  of 
intersection  of  A  and  B.  Thus  our  fringes  will  be  of  exactly  the  same  nature  as  those 
obtained  by  means  of  Jamin's  mirrors. 

23—2 
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It  has  been  already  stated  that  a  discussion  of  the  form  of  these  fringes  has  been 
given  by  Ketteler,  but  the  methods  that  he  has  employed  for  obtaining  some  of  his 
formulae  seem  to  me  to  be  so  needlessly  lengthy  that  it  would  not  be  out  of  place  to 
show  how  the  question  may  be  more  simply  treated. 

Let  D  be  the  thickness  of  the  glass  plate  M  (fig.  5),  fi  its  index  of  refraction, 
^y  if/  the  angles  of  incidence  and  refraction  of  a  ray  (/F'  falling  on  M\  yp^,  '^'  the  angles 
of  incidence  and  refraction  of  the  rays  F'h  and  H'k  falling  on  Jf. 

Draw  a  plane  U  through  H'  perpendicular  to  H'k  meeting  F'h  in  n,  and  draw  any 
plane  V  perpendicular  to  the  three  rays  leaving  M  at  k,  /,  and  h,  and  meeting  them 
in  p,  J,  and  r. 

The  diflference  of  path  between  the  two  rays  from  0'  to   U  is  clearly 

2,jL.rff--Fn 

fe  2fi  — T>  —  22)  tan  <^'  sin  ^ 
cos  f> 

^2fADc08<l>. 

The  path  from  fT'  to  ^  is  known  to  be  the  same  as  that  from  n  to  r.  Thus  the 
di£ferenc6  of  the  paths  from  H'  to  p  and  from  n  to  j  is  the  same  at  that  between  the 
paths  from  n  to  q  and  from  n  to  r,  that  is 

2fjJ}  cos*^'. 

Hence  the  whole  diflFerence  of  path  of  the  two  rays  from  0'  to  the  plane  V  is 

S/xi)(C0S</>'-C0S'^')- 

If  now  these  rays  together  undergo  any  number  of  reflections  and  refractions  and 
finally  meet,  the  paths  from  V  to  the  point  of  intersection  will  be  equal. 

It  will  be  seen  that  the  difference  of  path  between  two  rays  depends  only  on  the 
direction  and  not  on  the  position  of  the  ray  which  gave  rise  to  them. 

Thus  if  all  the  rays  which  leave  the  mirror  M  Are  allowed  to  pass  through  a  lens 
in  the  focal  plane  of  which  a  screen  is  placed,  each  point  of  the  screen  will  be  illumi- 
nated by  a  set  of  pairs  of  rays,  the  difference  of  path  between  the  two  i-ays  of  each 
pair  in  the  same  set  being  the  same,  and  on  the  screen  we  shall  see  a  series  of  bands 
alternately  dark  and  bright,  if  the  light  be  monochromatic,  or  of  bands  of  white  light 
separated  by  dark  sjpaces  with  coloured  edges,  if  ordinary  light  be  employed. 

In  order  to  find  the  form  of  the  bands  on  the  screen  we  must  remember  that  the 
line  joining  the  centre  of  the  lens  to  the  point  on  the  screen  illuminated  by  any  set 
of  rays  is  parallel  to  the  path  of  the  rays  before  they  reach  the  lens. 

Let  us  for  the  sake  of  simplicity  consider  the  two  mirrors  at  right  angles  to  be 
vertical  and  the  plane  of  the  paper  horizontal,  and  let  M  (fig.  6)  be  a  section  of  the 
thick  mirror  by  the  plane  of  the  paper.  Let  SZ  be  perpendicular  to  the  sections  of  the 
surfaces  of  M  by  the  plane  of  the  paper,  p  the  angle  a  ray  Q8  incident  on  Jf  at  iS 
makes  with  8Z,  and  0  the  angle  that  the  plane  Q8Z  makes  with  the  plane  of  the  paper. 
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Let  V  be  the  angle  that  the  thick  mirror  makes  with  the  vertical 

Then  we  see  at  once,  firom  fig.  6,  that 

coB'^  s  cos  V  cos  p  —  sin  y  sin  p  sin  0) 
cos^8COSi/  cosp  +  sinif  sinp  sin^j  * 

Now,  since  |a  cos  ^' =  7/**  -  sin*^ 


=  7/a"  -  1  +  C08>, 

if  A  be  the  .difference  of  path,  we  have 

-Sf^^y/fi^^i  +  (cosy  cosp  +  siny  sinp  sin 5)*  —  Vi**  —  1  +  (cosy  cosp  — sin i/  sinp  sin 5)*. 

Put  QT^^c.  The  above  equation  can  be  most  easily  rendered  rational  by  putting  it  in 
the  form 

whence  -^  «  ^a  -f  /9  +  7*  -  A 

c 

and  (c  +  ^*=4(a  +  /3). 

Thus  the  equation  as  rationalized  is 

(c^  +  4  cosy  cosp  sin y  sinp  sin ^)*  =  4c^Di*—l  + (cosy  cosp  +  sin  y  sinp  sin^)*] (i). 

Now  since,  neglecting  signs,  p  and  0  are  the  same  for  the  incident  and  the  reflected 
rays,  by  substituting  in  this 

tan^«^ 

where  /  is  the  focal  length  of  the  lens,  and  considering  c  as  a  parameter,  we  get  the 
equations  in  rectangular  co-ordinates  to  the  curves  of  equal  iUumination  on  the  screen 
given  by  light  of  any  particular  refiractive  index. 

These  equations  will  however  only  hold  for  small  values  of  a?  and  y,  since  the  focal 
plane  is  not  the  locus  of  the  foci  of  parallel  pencils  falling  on  the  lens  in  different 
directions,  but  is  only  a  tangent  plane  to  it 

Let  us  imagine  conical  surfaces  with  the  centre  of  the  lens  for  vertex  and  (i)  for 
the  equations  to  their  generating  lines  to  be  drawn,  and  consider  their  intersections  with 
a  sphere  of  radius  (a)  having  the  centre  of  the  lens  as  centre. 

These  curves  will  not  be  unlike  those  formed  on  the  retina  (as  seen  firom  behind) 
if  the  light  were  received  directly  into  the  eye. 

Neglecting  powers  of  v  above  the  second,  equation  (i)  becomes 

c*  + 16  sinV  cos'p  sin*^ .  y^  =  4c" (^* - 1  +  cos'p)  +  4c"y^  (sin*p  sin*^  -  cos'p), 
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or,  as  a  further  approximation,  since  both  c  and  v  are  small, 

4  sin'p  cos*p  sin*^.i^=«c*(At'-sinV) ....(ii). 

The  equation  to  the  projections  of   these  curves  on  a  plane  parallel  to  the  lens  is  got 
by  putting 

tan^  =  ^ 

Hence  we  get  c'[aV'-a'(aj'  +  y')]  =  ^y  (a'-^-y*)  (i")- 

The  tracings  of  these  curves  for  different  values  of  o  are  given  in  fig.  7. 

If  the  axis  of  the  eye  is  inclined  to  the  line  8Z  (fig.  6),  as  will  be  in  general  the 
case,  we  shall  see  only  a  part  of  the  above  system  of  fringes.  For  example,  if  the  eye 
be  placed  as  in  fig.  4,  remembering  that  the  image  on  the  retina  must  be  inverted  to 
give  what  is  actually  seen,  the  bands  will  be  something  like  those  shown  in  fig.  8. 

The  distance  apart  of  the  rays  F%  H'k  (fig.  4),  which  it  is  advisable  to  have  as 
large  as  possible,  is  with  our  notation  evidently 

22)  tan  </>'  cos  ^. 
If  this  is  a  maximum  it  is  easily  shown  that 


s 


tanV  =  -^ ' 
For  glass  /i  =  f,  therefore  <f>  is  about  50^ 

The  practical  details  for  the  setting  up  of  the  apparatus  for  these  fringes  are  as 
follows : 

An  ordinary  lime-light  was  used  as  the  illuminating  source.  Since  the  rays  finally 
leaving  the  thick  mirror  follow  the  same  path  as  those  incident  upon  it,  it  was  necessary 
to  reflect  the  light  upon  it  by  means  of  a  piece  of  glass.  In  order  to  avoid  the  trouble 
caused  by  having  light  reflected  at  each  of  two  surfaces  incident  upon  the  mirror,  the 
front  surface  of  a  prism  of  small  angle  (about  18"")  was  used  as  a  reflector.  The  thick 
mirror  was  one  of  a  pair  furnished  by  Elliot  Bros,  for  producing  Jamin's  fringes.  Its 
thickness  was  about  20  mm.  and  its  surfaces  on  being  tested  proved  to  be  very  accurately 
plane  and  parallel.  With  the  two  perpendicular  mirrors  I  had  some  little  trouble.  I  first 
tried  to  use  a  right-angled  prism,  but  could  not  obtain  one  whose  £a.ces  were  accurately 
perpendicular.  Ordinary  mirrors  would  be  very  annoying  to  use,  as  the  reflections  from 
the  front  surfaces  would  render  the  field  of  view  confused.  I  next  tried  mirrors  of  black 
glass  such  as  are  often  used  for  FresneFs  interference  experiment,  but  found  the  intensity 
of  the  light  reflected  from  them  to  be  exceedingly  small.  Finally  I  used  a  pair  which 
were  silvered  on  the  front  surface  and  which  reflected  a  very  laige  proportion  (almost 
90  per  cent.)  of  the  light  that  fell  on  them.  The  glasses  were  carefully  selected  before 
being  silvered  and  were  very  accurately  plane. 

I  had  at  first  expected  that  interference-fringes  would  be  produced  if  the  angle  beween 
the  mirrors  were  approximately  a  right  angle,  but  I  found  that  unless  it  was  accurately 
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so  none  were  to  be  seen.  That  this  is  in  accordance  with  the  theory  given  above  is 
clear,  for  if  the  mirrors  are  not  at  right  angles  the  two  rays  to  which  any  ray  of  light 
gives  rise  will  be  no  longer  parallel  but  will  include  an  angle  which  varies  with  the  angle 
of  incidence  of  the  original  ray,  and  their  difference  of  path  wiU  depend  upon  the  position 
as  well  as  upon  the  direction  of  the  original  ray.  Thus  the  screen  cannot  be  placed  so 
that  all  the  pairs  of  rays  intersect  on  it,  and  if  at  any  point  of  it  a  pair  of  rays  do 
happen  to  intersect  the  brightness  there  will  not  be  sensibly  altered,  since  it  is  illuminated 
by  a  large  number  of  rays  not  in  a  condition  to  interfere. 

The  interference-fringes  were  viewed  through  a  telescope  focussed  for  an  infinitely 
distant  object.  The  most  convenient  method  of  supporting  at  once  the  telescope  and  the 
small  prism  was  to  employ  a  spectrometer  from  which  the  collimator  had  been  removed. 

The  thick  mirror  was  mounted  on  a  plate  so  as  to  be  movable  in  the  direction  of 
its  surface,  the  adjustment  being  made  with  a  screw.  The  plate  was  fastened  to  a  large 
block  of  lead  with  three  short  legs.  This  was  placed  on  a  board  which  was  supported 
by  three  levelling  screws.  In  the  block  of  lead  three  screws  were  driven,  and  a  plate  of 
glass  rested  upon  them.  The  thick  mirror  being  adjusted  so  as  to  be  accurately  vertical, 
the  screws  were  arranged  so  that  the  glass  plate  was  horizontal.  Thus  by  observing  a  spirit 
level  placed  on  the  glass  plate  it  was  easy  at  any  time  to  bring  the  mirror  back  to  the 
vertical  position  by  means  of  the  levelling  screws  that  supported  the  board.  A  drawing 
of  the  arrangement  is  given  at  A  in  Plate  iv. 

The  thick  mirror  was  in  the  first  instance  adjusted  to  be  at  right  angles  to  the 
line  of  coUimation  of  a  good  surveyor's  level  by  focussing  it  to  infinity,  illuminating  its 
cross  wires,  and  getting  their  reflection  in  the  mirror  coincident  with  them. 

The  two  mirrors  which  were  to  be  at  right  angles  were  supported  in  the  same  way 
as  the  mirrors  used  in  Fresnel's  interference  experiment  described  in  Glazebrook's  Physical 
Optics,  p.  119,  except  that  the  second  mirror  was  fastened  in  a  position  approximately 
perpendicular  to  the  one  that  it  usually  occupies.  The  support  of  the  mirrors  was  then 
fastened,  so  that  the  fixed  mirror  was  vertical,  to  the  upper  part  of  an  alt-azimuth  stand, 
whose  base  was  levelled  so  that  the  mirrors  as  a  whole  could  be  turned  about  a  vertical 
axis. 

A  drawing  of  the  mirrors  and  stand  is  given  at  B  in  Plate  iv.  The  movable  mirror 
was  then  by  means  of  successive  small  motions  of  the  screws  against  which  it  was  pressed 
rendered  vertical  and  at  right  angles  to  the  fixed  one.  The  criterion  of  the  accuracy  of 
this  last  adjustment  was  that  when  a  telescope  focussed  to  infinity  and  its  cross  wires 
illuminated  was  pointed  at  their  line  of  intersection  the  two  images  of  the  wires  coincided. 

In  order  that  no  rays  of  light  should  enter  the  telescope  but  those  that  give  the 
interference  effects  the  apparatus  is  arranged  as  follows. 

Between  the  lime-light  and  the  small  prism  a  lens  is  placed  so  that  the  rays  from 
any  point  of  the  lime  should  emerge  as  an  approximately  parallel  pencil.  By  this  means 
the  illumination   of  the  field  of  view  will  be  rendered  more  intense,      A  piece  of  black 
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cardboard  with  a  vertical  slit  in  it  about  8  mm.  in  breadth  is  placed  in  front  of  the  lens. 
The  breadth  is  so  chosen  that  if  we  look  at  the  thick  mirror  from  a  little  distance  the 
rays  reflected  at  its  first  and  at  its  second  surface  are  separated  by  a  narrow  interval  of 
darkness.  The  perpendicular  mirrors  are  then  placed  so  that  their  line  of  intersection  is 
in  this  dark  interval 

If  we  now  move  the  thick  mirror  very  slightly  from  the  vertical  and  look  through 
the  prism  towards  it  with  the  naked  eye,  we  shall  see  a  very  bright  portion,  a  fairly 
bright  portion  with  interference  curves,  and  a  much  fainter  portion.  The  first  is  due  to 
light  which  is  twice  reflected  at  the  silvered  surface  of  the  thick  mirror,  and  can  be  got 
rid  of  by  moving  the  mirror  parallel  to  itself  by  means  of  the  screw.  The  third  is  due 
to  light  reflected  twice  at  the  first  surface  of  the  thick  mirror,  and  can  be  cut  oflF 
by  placing  a  diaphragm  between  the  prism  and  the  mirror  and  moving  it  until  it  just 
encroaches  upon  the  fringed  part,  which  is  the  portion  we  require. 

The  course  of  the  rays  and  the  methods  of  cutting  off  the  superfluous  ones  can  be 
readily  seen  from  fig.  9.  It  may  seem  that,  as  the  diaphragm  X  is  sufficient  to  keep  the 
light  from  falling  on  the  further  part  of  the  front  surface  of  the  thick  mirror,  the  slit  8 
could  be  dispensed  with,  but,  by  illuminatiug  only  as  much  of  the  prism  as  is  necessary, 
we  keep  out  a  great  deal  of  scattered  light  which  would  otherwise  pass  into  the  telescope. 
With  the  naked  eye  I  found  it  quite  easy  to  make  out  the  form  of  the  fringes  given 
in  fig.  8. 

The  only  rays  which  are  to  be  employed  in  the  experiments  on  the  velocity  of  light 
being  those  that  are  almost  horizontal  in  their  course  between  the  thick  mirror  and  the 
perpendicular  mirrors,  the  others  were  excluded  by  placing  a  diaphragm  with  two  small 
equal  holes  at  a  suitable  distance  apart  between  the  mirrors.  When  this  was  adjusted  so 
that  the  light  could  be  seen  through  the  holes  the  telescope  was  pointed  in  the  direction 
in  which  they  were  seen  through  the  prism.  On  looking  into  it  the  field  of  view  was 
observed  to  be  very  bright  and  crossed  by  fine  large  dark  bands  which  were  horizontal 
and  had  rather  narrow  fringes  of  colour  at  their  edges. 

That  the  bands  should  be  horizontal  is  clear  since  what  we  see  is  that  part  of  fig.  7 
enclosed  in  the  dotted  circle. 

By  altering  the  inclination  of  the  thick  mirror  to  the  vertical  we  can  make  the  bands 
move  up  or  down,  at  the  same  time  becoming  larger  or  smaller,  but  if  we  make  the 
mirror  so  nearly  vertical  that  the  bands  get  very  large  indeed  before  vanishing  they  are 
no  longer  suitable  to  work  with,  as  they  become  indistinct  and  much  distorted,  the  latter 
being  due  according  to  Quincke  to  imperfections  in  the  workmanship  of  the  glass. 

In  order  to  make  it  evident  that  the  fringes  would  not  be  shifted  by  any  change 
in  the  refractive  index  of  the  substances  through  which  the  rays  passed,  plates  of  glass 
of  various  thickness  were  placed  before  one  of  the  holes  in  the  diaphragm  and  it  was 
found  that  the  fringes  were  unchanged  if  the  plate  was  placed  perpendicularly  to  the 
rays  passing  through  the  hole,  but  if  the  plate  was  inclined  the  fringes  were  shifted,  as 
can  evidently   be   explained  by  the   theory  of  Jamin's  compensator. 
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It  will  be  noticed  that  if  an  inclined  plate  he  put  before  one  of  the  holes  the  two 
rays  no  longer  traverse  the  same  path,  the  one  being  raised  and  the  other  depressed  by 
passing  through  the  plate  if  it  be  inclined  to  the  vertical. 

The  permanence  of  the  fringes  in  the  first  experiment  is  a  sufficient  guarantee  that 
they  would  not  be  affected  by  any  change  of  refractive  index  which  it  is  possible  could 
occur,  having  regard  to  the  symmetrical  form  which  the  apparatus  will  take.  I  thought 
thaty  the  arrangement  being  set  up,  it  might  be  worth  while  to  show  that  the  fringes 
can  be  exhibited  on  a  screen  in  the  focal  plane  of  a  lens,  for  Jamin  (Cours  de  Phys,  Opt 
Phys.  Chap,  n.)  gives  an  explanation  which  makes  their  formation  depend  upon  the  light 
having  passed  through  some  small  hole  such  as  the  pupil  of  the  eye,  and  which  seems 
certainly  unsound. 

Placing  a  screen  of  ground  glass  in  the  focus  of  the  object-glass  of  the  telescope 
and  examining  it  with  the  eye-piece  I  found  that  the  fringes  were  distinctly  visible  on 
it  and  that  therefore  Jamin's  explanation  breaks  down. 

PART  IV. 

The  question  as  to  the  most  convenient  arrangement  for  allowing  a  ''displacement- 
current"  of  electricity  to  pass  along  the  paths  of  the  interfering  rays  next  arises  for 
decision. 

First  we  must  notice  that  the  time-variation  of  the  line-integrsd  of  the  electric  "dis- 
placement" along  the  path  of  either  ray  will  constitute  the  whole  displacement  current 
along  that  ray. 

Now  as  the  ray  returns  to  the  point  from  which  it  starts,  the  line-integral  of  the 
electric  displacement  taken  all  along  its  path  is  always  zero  if  the  path  is  all  the  time 
through  a  substance  of  constant  specific  inductive  capacity.  Thus  we  shall  have  to  use 
a  condenser  containing  a  dielectric  whose  specific  inductive  capacity  is  different  from  that 
of  air. 

The  simplest  arrangement  that  can  be  made  is  represented  diagrammatically  in  fig.  10. 

Two  plates  A  and  B  are  placed  side  by  side  and  two  others  C  and  D  are  placed  side 
by  side  and  opposite  to  them,  being  separated  from  them  by  a  medium  of  specific  inductive 
capacity  K^,  that  of  air  being  K^.  A  and  D  are  connected  and  raised  to  potential  F, 
and  B  and  C  are  connected  and  put  to  earth.  Small  holes  in  the  plates  allow  the  rays 
of   light  to  pass  through. 

Let  us  suppose  that  the  mirrors  are  so  far  away  from  the  condenser  that  the 
potential  at  each  of  them  is  zero.  Then,  if  P  be  the  electromotive  force  at  any  point 
of  the  path  of  a  ray  in  the  direction  of  the  ray,  the  line-integral  of  the  displacement 
will  be 

€^^^- 

which  may  be  written  2  /    p  Pdtf  +  2       — "t"^  •  Pds. 

Jm^'tt  J  a      47r 
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Now  j   Pda  =  0, 


I. 


c 

A 


Hence  if  r  be  the  time  of  charging  the  condenser  the  line-integral  of  the  mean  displace- 
ment current  will  be 

For  the  other  ray  this  will  of  course  be  the  same  but  with  the  opposite  sign. 

We  see  that  the  result  is  independent  of  the  thickness  of  the  dielectric  between  the 
plates  of  the  condenser. 

Let  the  velocity  of  light  in  air  be  (t;)  and  the  velocity  of  the  '*  medium''  for  a  dis- 
placement-current /  be  «r/. 

Thus  the  velocity  of  light  in  the  moving  medium  is 

and  the  time  of  traversing  the  space  ds  is 

since  «/  is  small  compared  with  v. 

Thus  the  whole  time  by  which  one  ray  is  accelerated  or  retarded  by  the  motion  of 
the  "medium"  is 

The  difference  in  time  taken  by   the    two    rays    to    traverse    their  course   will  be  twice 
this,  or 

^'      27r       •  T  • 
Thus,  their  difference  of  path  in  air  will  be 

A  piece  of  plate  glass  was  employed  as  the  dielectric  of  the  condenser.  Although 
its  thickness  does  not  appear  in  the  formula  just  investigated,  yet  it  is  clear  that  it  must 
be  large  compared  with  the  diameter  of  the  holes  through  which  the  light  passes  if  the 
potential  over  each  of  these  is  to  be  sensibly  the  same  as  that  of  the  conducting  plate 
in  which  they  are  made.  The  plate  of  glass  that  I  used  had  a  thickness  of  about  26  mm. 
and  its  surfaces  were  very  nearly  plane  and  parallel,  so  that  when  it  was  placed  in  the 
path  of  the  rays  and  moved  about  the  Mnges  were  not  at  all  displaced. 

The  conducting  plates  of  the  condenser  were  made  of  pieces  of  tin-foil  These  might 
have  been  fastened  directly  to  the  thick  plate,  but  it  was  thought  to  be  more  convenient 
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if  different  parts  of  it  could  from  time  to  time  be  used  if  necessary,  and  another  disad- 
vantage of  fixing  them  was  the  extreme  difficulty  that  had  been  found  in  some  preliminary 
experiments  in  getting  the  holes  in  the  tin-foil  exactly  opposite  to  each  other,  so  the 
pieces  were  fastened  with  shellac  varnish  on  two  thinner  glass  plates  of  thickness  3  mm. 
each  which  were  brought  up  so  as  to  be  in  contact  with  the  thick  plate. 

The  holes  in  the  tin-foil  might  have  been  at  first  made  at  any  convenient  distance 
apart,  so  loug  as  it  was  less  than  the  maximum  distance  between  the  two  parts  of  a  ray, 
and  the  angle  of  incidence  of  the  light  on  the  thick  mirror  adjusted  so  that  the  rays 
should  pass  through  them  if  the  plates  were  properly  placed.  This  would  however  have 
been  very  troublesome,  and  it  was  found  easier,  baviug  set  up  the  interference  arrange- 
ment in  a  permanent  manner,  to  make  the  holes  at  the  suitable  distance  apart. 

This  distance  could  be  most  accurately  found  by  placing  between  the  thick  mirror 
aqd  the  perpendicular  mirrors  a  screen  in  which  a  narrow  horizontal  slit  had  been  cut 
so  that  the  height  of  the  slit  was  the  same  as  that  of  the  middle  of  the  thick  mirror, 
and  sliding  up  and  down  before  it  another  screen  in  which  two  narrow  slits  inclined  at 
equal  small  angles  to  the  vertical  were  cut,  until  the  rays  passed  through  the  holes  thus 
formed. 

The  pieces  of  tin-foil  on  the  glass  plates  were  of  the  shape  shown  in  fig.  11.  The 
diameter  of  each  of  the  holes  was  5  mm.  and  their  centres  were  15  mm.  apart.  In  order 
that  sparks  should  not  pass  from  one  piece  to  the  other  a  slip  of  glass  was  fastened  half 
way  between  them  and  at  right  angles  to  the  plate  by  means  of  electrical  cement.  Directly 
the  condenser  was  employed,  however,  the  cement  was  perforated  by  a  spark.  A  block  of 
paraffin  was  then  melted  on  to  the  plate,  the  surface  of  the  glass  being  first  carefully 
cleaned  and  then  rendered  very  slightly  greasy  with  turpentine,  and  by  means  of  this  the 
pieces  of  tin-foil  were  completely  insulated  fix)m  each  other.  The  same  was  of  course  done 
with  the  other  plate.  The  shape  of  the  paraffin  block  is  shown  by  the  dotted  lines  in 
fig.  11. 

After  the  paraffin  was  put  on,  the  rest  of  the  front  surface  of  the  glass  was  given 
several  coats  of  shellac  varnish,  so  that  the  insulation  of  the  pieces  of  tin-foil  was  rendered 
very  good. 

The  readiest  way  of  setting  up  the  condenser  in  the  path  of  the  rays  was  found  to 
be  to  take  one  of  the  thin  plates  and  to  support  it  vertically  and  perpendicular  to  the 
light  incident  upon  it,  so  that  the  rays  went  through  the  two  holes  in  the  tin-foil.  This 
adjustment  could  be  made  with  very  little  trouble  by  placing  the  plate  with  the  holes 
on  the  same  level  and  nearly  in  the  right  place,  and  then  moving  the  perpendicular 
mirrors  slightly  by  turning  round  the  upper  part  of  the  alt-azimuth  stand.  The  other  plate 
was  then  put  in  contact  with  it  back  to  back,  and  its  support  adjusted  so  that  the  holes 
in  the  opposite  pieces  of  tin-foil  exactly  faced  each  other,  which,  on  account  of  the  small 
thickness  of  the  plates,  was  also  easy. 

The  second  plate  was  then  carefully  moved  away  from  the  first  in  such  a  manner 
that  the  rays  still  passed  through  the  holes.    The  thick  plate  mounted  on  a  frame  was 
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then  placed  between  them  and  parallel  to  them,  and  the  two  plates  moved  up  to  it  one 
after  the  other,  taking  care  as  before  that  the  rays  had  a  path  open  to  them.  The 
plates  can  be  adjusted  perpendicular  to  the  rays  incident  upon  them  by  noticing  the 
direction  of  the  light  reflected  at  their  surfaces. 

The  contacts  with  the  tin-foil  plates  were  somewhat  difficult  to  make  satisfactorily, 
as  on  account  of  the  high  potential  to  which  they  had  to  be  raised  brush  discharges 
into  the  air  were  liable  to  occur.  An  instrument  was  designed  and  made  for  the  purpose 
which  is  shown  at  C  in  Plate  iv.,  in  which  the  contacts  are  made  by  curved  rods  which 
descend  from  two  horizontal  cross  bars  and  press  by  their  own  weight  against  the  plates. 

In  order  that  any  effect  that  the  displacement-current  may  have  on  the  fringes  should 
be  observable  the  time  during  which  the  current  passes  must  not  be  less  than  ^  second. 

This  condition  was  satisfied  by  connecting  one  of  the  cross  bars  of  the  contact-maker 
with  the  inner  coating  of  a  Leyden  jar  of  which  the  outer  coating  was  put  to  earth, 
as  also  the  other  cross  bar. 

The'  former  bar  could  be  connected  by  a  sort  of  large  switch  mounted  on  a  block 
of  paraffin  either  to  the  outer  coating  of  the  jar  or  to  one  electrode  of  a  Holtz  machine 
of  which  the  other  was  to  earth. 

An  earth-connected  knob  was  placed  near  the  knob  of  the  jar  so  that  its  potential 
should  not  rise  above  a  certain  value,  depending  on  the  distance  of  the  knobs,  which 
could  be  adjusted  at  pleasure.  The  potential  of  the  jar  had  to  be  limited  so  that  the 
insulation  of  the  condenser  should  not  be  broken  down. 

The  whole  arrangiement  is  shown  in  plan  in  Plate  in.  and  in  elevation  in  Plate  lY. 
Various  sizes  of  Leyden  jar  were  tried  which,  together  with  the  condenser,  took  from 
I  to  ^  of  a  second  to  charge. 

On  connecting  the  upper  bar  of  the  contact-maker  with  the  electrical  machine  by 
means  of  the  switch,  the  potential  of  the  parts  connected  with  it  rose  rapidly  from  zero 
to  a  certain  limit  when  they  were  discharged  by  a  spark  passing  to  the  safety  knob, 
and  the  same  variation  of  potential  recurred.  A  considerable  number  of  experiments  was 
made  with  this  apparatus^  but  no  shifting  at  all  of  the  fringes  could  be  observed. 

To  be  able  very  accurately  to  decide  upon  the  question  of  whether  there  was  any 
shifting  or  not,  a  thin  wire  was  placed  in  the  focus  of  the  object-glass  of  the  telescope 
so  as  to  be  parallel  to  the  fringes  as  seen  through  the  eye-piece,  and  the  telescope  pointed 
so  that  there  was  a  very  narrow  line  of  light  between  the  wire  and  one  of  the  black 
bands  which  was  very  well  marked  A  widening  or  narrowing. of  this  line  corresponding 
to  a  shifting  of  the  fringes  over  ^  of  their  breadth  could  have  been  detected. 

Hence  the  difference   of  path   of  the  rays  is  less  than   j^  of  the  mean  wave-length 

of  light,  that  is,  less  than 

6  X  10"'  centimetres. 

Hence  referring  to  the  value  obtained  for  the  difference  of  path 

-  — ^ — *  —  <  6  X  10"^  centimetrea 
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Now  if  G  be  the  mean  value  of  the  displacement-current  through  the  glass  while 
the  condenser  lb  being  charged,  and  if  S  be  the  thickness  of  the  glass, 

4s7r  '  tS* 
Hence  2- .  =V^.S.(7<  6  xlO"*  centimetres, 

V  ikj 

or,  if  8  be  measured  in  centimetres, 

and  «r .  C  is  clearly  the  velocity  of  the  medium  corresponding  to  a  displacement-current  0. 
Now  jBr,  =  3-2x^j, 

8  =  2-6 +  -6  =  3-2, 

t;  =  3  X  10"  in  c.G.s.  measure; 

Q 

therefore  fsr,G<  -^  x  10'  in  CG.S,  units, 

<41  metres  per  second. 

If  the  superior  limit  thus  obtained  be  compared  with  that  given  by  Roiti,  namely 
200  metres  per  second,  the  increased  accuracy  attainable  by  the  use  of  the  interference 
apparatus  which  I  have  employed  will  be  apparent,  more  especially  if  it  .be  borne  in  mind 
that  the  vessels  containing  the  electrolyte  in  his  experiment  were  45  centimetres  long,  as 
against  3*2  centimetres  of  glass  used  by  me. 

The  great  disadvantage  of  making  observations  such  as  those  that  I  have  described 
upon  a  displacement-current  is  that  the  current  is  of  necessity  exceedingly  small  compared 
vrith  those  which  it  is  possible  to  have  conducted  through  an  electrolyte,  oil  account  of  the 
duration  which  it  must  necessarily  have  in  order  that  its  effects  should  be  visible,  and  that 
therefore,  though  the  velocity  of  the  "medium"  mC  can  be  shown  to  lie  within  very  narrow 
limits,  yet  G  is  so  small  that  we  derive  little  information  about  the  value  of  m. 

Thus,  in  the  above  experiments, 

F  =  about  500,000  volts., 

=  ^10"  in  co.a, 

8  =  3-2, 


Whence  we  obtain  ; 


iir.=  ^.io-^ 


^     4ir  T.S      9x87r'^" 


=  2'2xl0~*  in  C.O.S.  units  per  square  centimetre, 
—  2*2  X  10"^  amperes  per  square  centimetre. 
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IX.    On  the  mutual  action  of  oscillatory  twists  in  an  elastic  medium^  as  applied  to 
a  vibratory  theory  of  electricity.    Bj  A.  H.  Leaht,  M.A.,  Pembroke  College. 

[Read,  N(yo.  23,  1886.]    ' 

The  oscillations  discussed  in  this  paper  are  such  as  may  be  produced  in  an  elastic 
medium  by  the  tangential  displacement^  of  the  surfaces  of  tubes  of  small  sectional  area : 
the  tubes  either  forming  closed  curves  or  extending,  indefinitely  in  both  directiona  The 
direction  and  circumstances  of  the  motion  are  in  general  analogous  to  ordinary  vortex 
motions  in  an  incompressible  fluid,  and  it  is  shewn  that,  if  the  period  of  the  oscillation 
be  such  that  the  waves  produced  are  "long";  so  that  the  inverse  square  of  the  length 
of  the  wave  can  be  neglected  compared  with  the  corresponding  power  of  ordinary  finite 
distances;  then  the  displacement  due  to  these  tangential  displacements  is  the  same  as  the 
velocity  due  to  a  vortex  ring  of  the  same  form  as  the  tubular  surfaces.  There  are  however 
sufficient  diflferences  between  the  two  theories  to  prevent  the  name  "vortex^'  being  given 
to  this  species  of  motion,  and  we  shall  for  the  future  call  the  tubular  surfaces  "oscillatory 
twists "  or  "  twists "  for  the  sake  of  brevity.  It  is  found  in  the  subsequent  work,  by  making 
use  of  the  ordinary  equations  of  an  elastic  medium,  that  two  such  twists  will  act  upon 
each  other  so  as  to  give  rise  to  a  force  which  depends  upon  the  product  of  the  angular 
displacements  of  the  two  surfaces,  and  which  is  of  course  of  the  second  order  in  these  dis- 
placements. Now  the  equations  of  elasticity  have  been  established  on  the  assumption  that 
terms  of  the  second  order  may  be  neglected,  and  hence  an  objection  may  be  raised  at 
the  outset  that,  if  we  are  to  take  account  of  forces  depending  upon  the  second  order 
terms,  we  must  investigate  the  equations  of  elasticity  to  the  second  order,  and  until  this 
is  done  that  the  whole  theory  is  unsound.  In  answer  to  this  objection  it  may  be  remarked 
that,  if  the  medium  in  which  the  motions  are  supposed  to  take  place  is  "  perfectly  elastic  " 
or  non-dissipative,  as  the  luminiferous  ether  must  nearly  be,  if  it  be  capable  of  trans- 
mitting vibrations  from  ordinary  stellar  distances  as  it  is  supposed  to  do  in  the  undulatory 
theory  of  light,  then  it  will  appear  to  be  at  least  probable  that  in  siich  a  medium 
the  energy  due  to  a  given  extension  is  equal  to  that  due  to  an  equal  and  opposite 
compression.  If  this  be  so  the  terms  of  the  second  and  all  even  orders  will  disappear 
from  the  equations  of  elasticity,  and  consequently  if  we  keep  below  the  third  order  of 
the  displacement  our  equations  will  be  correct  and  the  results  arrived  at  can  be  relied  on. 

It  has  been  shewn*  that  if  TT  is  the  total  energy  of  an  elastic  body  in  any  state  of 
strain,    TT  is  a  function  of  s^s^s^a  fi  y  where 


du 

dv 

dw 

dw     dv 
"^dy^dz' 

_     du     dw 
^-Te^d^' 

dv     du 

•  See  Thomson  and  Tait,  'NaU  Philosophy,  Art.  678  and  Green's  Mathematical  Papers,  p.  249. 
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and  since  8^,  s^,  etc.  are  small  W  can  be  expanded  in  a  very  convergent  series  of  the  form 

W^W,+  W,  +  W,+ 

where  TT.  is  a  homogeneous  function  into  which  these  six  quantities  enter  in  the  nth 
order:  u,  v,  w  being  the  displacements  parallel  to  the  co-ordinate  axes. 

In  the  ordinary  theory  W^  and  TT,  are  shewn  to  be  zero,  and  the  equations  of  an 
elastic  medium  depend  upon  TT,.  Following  Oreen  notice  that  the  energy  must  remain 
unchanged  if  —  ^  and  —w  are  put  for  z  and  w;  i.e.  as  much  energy  is  spent  in  stretching 
the  medium  up  as  in  stretching  it  down.  This  substitution  would  change  a  and  /3  into 
—  a  and  —ff,  and  we  see  that  the  eaergj  must  not  cpntain  any  odd  powers  of  a  and  0. 
Similarly  it  must  contain  no  odd  powers  of  7.    Thus  the  56  terms  in   TT,  reduce  to  19, 

namely:  8,\  8*,  «,';  8\,  8\,  8^8^\  «a*,  8^\,  «,«,•,  8^8^8^; 

a\,  ^8^,  7*«,;  a\,  ^«„  7*5,;   a\,  ^*„  y\. 

But,  if  the  energy  of  compression  is  equal  to  that  of  extension,  W  must  remain 
unchanged  by  putting  —  ti  for  u,  —  t;  for  v  and  —w  for  w.  Thus  we  see  that  in  this 
case  all  the  terms  in  TT,  vanish  and  W  becomes  W^+W^  to  the  third  approximation, 
whence  it  follows  that  the  equations,  which  were  established  by  putting  W  equal  to  W^, 
will  continue  to  give  correct  results  if  teims  of  the  third  order  are  neglected. 

As  practically  bearing  on  the  question  whether  the  equations  of  elasticity  can  be  relied 
on  in  the  case  of  the  ether  I  may  mention  that  Professor  Pearson  of  University  College, 
has,  in  a  recently  published*  paper,  investigated  the  equations  of  elasticity  to  a  second 
and  higher  orders;  and  that  he  finds  among  several  other  curious  results  that,  if  the 
second  powers  of  the  strain  are  taken  into  account,  the  index  of  refraction  of  light  will 
depend  upon  the  intensity.  As  no  trace  of  such  a  phenomenon  has,  I  believe,  been 
observed,  this  fact  appears  to  strengthen  the  supposition  that  results  obtained  from  the 
equations  on  the  ordinary  hypothesis  will  be  reliable  up  to  the  second  order  of  approximation 
at  least. 

2.  The  results  obtained  in  this  paper  may  be  briefly  summed  up  as  follows.  In  the 
first  place  a  twist  along  any  curve  will  give  a  displacement  equal  in  magnitude  and  direction 

to  the  magnetic  induction  due  to  a  current  of  strength     - — — ^  where  6  is  the  radius 

of  the  twist,  (Deiapt  its  angular  displacement,  and  ^  the  coefficient  of  magnetic  permeability 
of  the  medium :  the  waves  being  supposed  to  be  "  long "  as  in  §  1.  This  is  shewn  to  be 
the  case  if  the  axis  of  the  twist  is  either  rectilinear  or  circular,  and  might  be  inferred 
from  the  corresponding  theorems  in  fluid  motion  on  kinematical  considerations.  The  second 
result,  which  does  not  appear  to  bear  any  analogy  to  the  theorems  of  fluid  motion,  is  that, 
if  the  field  of  vibration  is  explored  by  a  rectilineal  twist  of  the  same  period  as  that  of 
the  vibration,  the  twist  will  experience  a  force  at  right  angles  to  the  plane  containing  the 
twist  and  the  direction  of  the  displacement  which  would  exist  if  the  twist  were  removed. 

This  force  is   in   such   a  direction   that  a  person   standing   in   the  twist  so  that    the 
rotation  of  the   surface  of  the  twist  is  in  the  opposite  direction  to  that  of  the  hands  of 
*.  Proeeedingi  of  the  Cambridge  Philosophical  Society,  Vol.  v.  Part  iv.  page  296. 
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a  watch,  and  having  the  direction  of  the  displacement  acting  from  his  right  hand  to  his 
left  will  be  urged  forwards  by  the  force. 


Displacement  produced  by  a  rectilineal  tunst 

3.  Taking  cylindrical  co-ordinates  it  is  clear  that  the  displacement  at  any  point  will 
be  wholly  perpendicular  to  the  axis  and  to  the  shortest  distance  fix)m  the  given  point 
to  the  axis.    Denoting  this  by  v  we  shall  have  (by  variation  of  angular  momentum) 

if  />  is  the  density  of  the  medium  and  r  the  tension  exerted  by  the  consecutive  layers 
of  the  medium. 


But  if  0  is  the  projection  of  the  axis  and  if  two  points  PQ  are  displaced  to  F  and  Q\ 

/dv     v\ 


^AiX  angle UFC^/t^^-^); 


^,       -  ^  dv     1  dv      V     p  dv 

therefore  we  get  j3  +  -  -t —  3  =      js  • 

^  dr     r  dr     'T     fi  df 

Therefore  v  =  A&p^I^  (hr)  +  A'e'^^I^  (hr) 

is  the  complete  periodic   value   of  v  of  period  —  if  A*  =  ^   and  I^  is  the  solution  of 
BesseFs  equation  of  the  first  order,  applicable  to  space  outside  a  cylinder. 

This  is  known*  to  be 
if  r  is  Euler's  constant  and  flf  =  1  +  i  +..-  — . 

711 

If  squares  of  hr  are  neglected,  we  have,  as  an  approximation, 

A  sinp^ 
r 

which  is  the  approximate  expression  for  the  displacement  given  by  a  single  oscillatory  twist 
if  the  wave  produced  is  long. 

*  See  Bayleigh,  Theory  of  Sound,  Art.  841. 
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Supposing  the  angular  displacement  of  the  twist  at  time  ^  to  be  co  sinp^  and  the 
radius  to  be  6,  we  have 

^  = r^^ (!)• 

r 

2c 
The  magnetic  induction  due  to  a  straight  current  of   strength  c  is  —  if  /t  is  the 

''magnetic  permeability." 

Therefore  the  displacement  due  to  a  rectilineal  twist  is  equal  to  the  magnetic 
induction  due  to  a  current  whose  strength  is  equal  to 

^fjh^oo  Binpt 

4.  From  the  result  obtained  for  the  case  of  two  dimensions,  it  appears  to  be  probable 
that  a  displacement  due  to  any  twist  along  the  axis  of  a  closed  curve  will  be  the  same 
as  the  magnetic  induction  due  to  a  current  along  the  curve  if  second  powers  of  rh,  where 
h  is  the  inverse  wave  length,  are  neglected.  The  integration  of  the  equations  of  elasticity 
is  however  very  diflScult  when  the  boundary  is  not  symmetrical;  but  the  required  result 
can  be  obtained  for  the  case  of  a  twist  along  the  circular  axis  of  a  ring  of  small  section. 

Using  ''toroidal  co-ordinates,"  take  as  orthogonal  surfaces  a  series  of  rings  generated 
by  the  revolution  of  coaxial  non-intersecting  circles  about  their  common  radical  axis,  and 
a  series  of  spheres  cutting  these  rings  orthogonally,  the  third  set  of  surfaces  being  planes 
through  the  axis  of  revolution  of  the  rings.  These  co-ordinates  have  been  investigated* 
by  Mr  Hicks,  who  has  applied  them  to  find  solutions  of  Laplace's  equation  at  the  surface 
of  an  anchor  ring  or  tore. 

If  the  rings  are  defined  by  i^s  const,  and  the  spheres  by  v  =  const,  it  has  been 
shewn  that 

sin  hu       \ 


r  sin  ^  =  a 
r  cos5  =  a 


cos  Alt  — cos  v 
sint; 


.(2), 


coshu  —  cosvj 
r  and  0  being  polar  co-ordinates  and  0  the  co-latitude. 

Aliso,  if  b  is  the  radius  of  the  cross  section  of  a  ring,  o  the  radius  of  circular  axis 
of  a  ring,  B  radius  of  a  sphere  and  a  of  the  critical  circle, 

co8Aw  =  ^ ,  sinAw  =  T  I  sinv  =  -5 (3). 

The  ordinary  equations  of  elasticity  can  be  transformed  to  these  co-ordinates  and  an 
approximate  solution  obtained  for  the  case  of  a  long  wave  by  neglecting  the  square  of 
the  inverse  power  of  the  wave  length. 

If  f  be  the  displacement  perpendicular  to  the  surface  of  one  of  the  rings  and  tf  that 
perpendicular  to  one  of  the  spheres;  f  being  reckoned  positive  when  measured  firom  the 

*  Traruactions  of  the  Boyal  Society,  YoL  172,  p.  614. 
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centre  of  a  ring;    and  17  being   reckoned    positive    if   measured  from  the  axis  when  the 

point  considered  is  above  the  plane  of  the  critical  circle;  we  shall  have  for  the   equations 

of  elasticity 

/N  .  o  \  •    I    ^«  .     /      L  \^®  d*f        sin  Aw       ^ 

(X  +  2it)smAti  j-  +  u(co8Au  — cost;) -r  =  — P^^   l 

^         '^'  du     '^^  ^  dv        '^    dv  coahu  —  co&v 


/^   .  o  \   •    L    ^         /       L  \d(o  d^fi         sin  hu 

(X  +  2/a)  smhU'-j — /a(cosAw  — cost;)-!—  =  —  pa  -^ 


.(4). 


O) 


dv     ^^  ^ du         ^    dp  cosAm  — cosv, 

where  X  and  /t  are  the  ordinary  coefficients  of  elasticity,  p  is  the  density,  and* 

1  f /df  .  di;\  ,      ,               V  ,  f(l —cosAtA  cost;)  —  nsinAt*  sin t;     ,*.  .    ,  .     vl 

'=-a{(5tt  +  di,j<*^*"-*^*>  +  ^ SEtr^ (f  8111  A«  +  i,  sin*)}. 

1  J/d^ _ dA   .    ,        f  sint;sinAt^— 1;  sin'At^) 
a(\dt4     Wu)  cos  Alt  — cost;         )' 

These  equations  give,  by  differentiation  and  reduction, 

a*   ^- 
d^B     d^  1  — cosAt^  cost;       de sint;  dc  _  ^  (ft*  ^.. 

dt^*     dt;"     sin  AtA  (cos At*  —  cos v)  du     cosAm  — cost;  dt;  ~  (X  +  2/x) (cos Aw  —  cos t;)"  '"^  ^' 

,   d'a> 
d*a>     d*» ^      1  —  cos At^  cos t;       da>            sint;         d« _            ^  d^  .^v 

dif      dif     sin At^ (cos At^  —  cos v)  dt^     cosAti  — cost;  dv " /t(cos Ai^—  cos v)' ""^ 

If  these  equations  are  solved  we  shall  be  able  to  obtain  general  values  of  ^  and  17 
which  will  satisfy  any  specified  surface  conditions.  I  have  been  unable  to  obtain  solutions 
of  these  equations  beyond  a  particular  integral,  it  will  however  be  noticed  that  when  the 
corresponding  equations  are  obtained  in  solving  for  a  general  displacement  in  polar  or 
cylindrical  co-oidinates,  if  symmetrical  about  an  axis ;  the  complete  solution  will,  the  squares 
of  the  inverse  wave  length  being  neglected,  be  the  solutions  of  the  equations  got  by 
neglecting  the  effective  force.  These  will  not  be  the  general  solutions,  nor  shall  we  be 
able  to  express  an  arbitrary  displacement  by  means  of  them;  but  we  shall  find  values 
for  the  displacement  that  will  satisfy  several  definite  surface  conditions,  and  among  these 
will  be  the  conditions  resulting  from  a  uniform  twist  if  the  ring  is  of  small  section.  Now 
equation  (5),  if  the  right-hand  side  be  neglected,  is  Laplace's  ordinary  equation,  as  can  be 
shewn  by  transformation.  This  is  indeed  obvious  since  it  is  manifestiy  the  transformed 
equation  of  the  dilatation 

The  solution  of  Laplace's  equation  in  toroidal  co-ordinates  which  is  applicable  to  space 
without  a  tore  has  been  shewn  by  Mr  Hicks  to  be 

Vcos  At^  —  cos  V  XAJP^  cos  (nv  —  a  J, 
*  e  and  a  are  connected  with  the  ordinazy  dilatation  and  twist  by  the  equations 

*    f*     dr     '^i^anS        d$  ""   a    V<W  "     dr  )' 

where  u',  1/  are  the  displacements  along  the  radius  vector  and  the  tangent  to  the  meridian.    See  Lam6,  Elasticity, 
Art.  84. 
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where  P,  is  one  of  the  solutions  of  the  differential  equation 

^.  +  cotA4^.-(„._l)P,.0. 

Hence  we  have  to  this  approximation 

6  « >/coB  Au  —  cos  v  Sil^P^  cos  (nv  —  a,), 


and  it  can  be  shewn  that 


»B 


sinAu         -.^  dP^       f         ^. 
I  2-B,  -T-*  cos(nt; -i8J 

VcosAw  — cost;  a«*  / 


•(7). 


It  might  have  been  expected  that  any  boundary  condition  could  thus  be  satisfied; 
but  this  is  not  the  case:  for,  when  the  values  thus  obtained  for  €  and  o»  are  substituted 
in  (4),  the  constants  combine  so  that  A^  and  B^  give  only  one  condition  at  the  boundary. 

Substituting  the  value  of  |i  and  putting 

-  \^.  -  i5,  cos/9,  =  C7„  -  \B,  sin/S,  =  D,, 

IB,  coBfi,  -  f  B,  .oos/9, «  C,,  IB,  sin/8,  -  f 5.  sin/8, = D„ 

2n-8„          ^        2n  +  l  «        ^      /t            2ii-3  t>      .    ^        2n  +  l  t>    .   o      n 
—4—  ^-icos^-i 4-  5,cos/9,  =  (7^.,       — ^  B^^smfi^, ^  5,  sm^,  = -D^,. 

and  making  use  of  the    following   relations,  which   are    easily   proved  to  hold  from  the 
sequence  equations  between  the  P^  functions,  given  in  the  paper  previously  referred  to, 


sm 


cosAu 


***-^-        2n\  du         du  )' 


du 


coahuP,    -i{(2»+l)P^,+  (2n-l)P^.}, 


sinitt 


dP.     4n*-l 


>■ 


du 


Q^  (-P**!        -Pll-l)* 


Sn 


d.P 
with       sin  hu  -j^  +  J  cos  AmP^  =  iP,, 

coeAug+JsinAuP.-^. 


(8); 


we  finally  arrive  at 


*=*  —  2).  — x**M  cos  nv 


y(9). 


+  2{(2«-l)  Ct,P^.-(2n  +  l)  (7.P^.1  cosni, 
+  {(2n~l)i)^.P^-(2n  +  l)D.P^.}8in»t,] 
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If  we  hcul  made  use  of  the  value  of  e  we  should  have  simply  altered  the  arbitrary 
constants:  but  in  the  case  of  a  twist  there  is  no  dilatation  at  the  boundary,  no  wave 
of  dilatation  is  propagated  from  the  boundary,  and  e  is  zero  throughout,  so  far  as  the 
disturbance  caused  by  a  twist  affects  the  surrounding  mediuuL 

5.  These  are  the  general  values  for  the  displacement  at  any  point;  it  is  necessary 
to  see  whether  it  is  possible  to  satisfy  the  surfiskce  conditions  over  a  ring  of  small 
sectional  area* 

Taking  all  the  constants  to  be  zero,  except  (7^,  we  have 

f  =  2C^  sin  V  -j^  i^cos  Aw  —  cos  v, 


We  shall  shew  that  these  values  will  satisfy  the  surface  conditions  over  a  ring  whose 
axis  is  along  the  critical  circle. 

Resolving  along  and  parallel  to  the  axis  of  the  system,  we  have 

J.    ,  .  n  1  X    xv        •  f  sinAw  sinv  +  i7(l  — cosAw  cosv) 

displacement  parallel  to  the  axis  =  = j-^ ' 

'^  ^  cos  Ati  — cost; 


=  0^(P^  cost;  -  P,)  Jcoshu  -  cos  v, 


J.    ,  .  J-    1      x    ^1.        •       —  f  (1  — cosAt*  cost;)  +  w  sinAt*  sinv 

displacement  perpendicular  to  the  axis  «  — 2-^ 1 — t 

'^  ^    *^     .  cos  At*  — cost; 


-  2(7o  sint;-^*  >/cos  Am  -  cos  v. 


after  reduction  by  relations  (8). 


du 


0 


But  if  AA'  is  a  section  of  the  critical  circle 


displacement  along  AP  =0^2-^ -^P^^^^^  jQaQhu-coBv, 

displacement  perpendicular  to  ulP«-CJcost;  ^2-^ -PJ  + 2-j-2  +  Por  jN/cosAu-cost;, 


b  being  the  radius  of  the  circle  with  centre  at  A. 
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*Bat  in  the  neighbourhood  of  A, 

P.  =  26-»«log(4ef), 

therefore,  if  6  is  small, 

displacement  along  J.P»zero, 

displacement  perpendicular  to  AP  »  —  4(7^6*^* .  t  Jcoshu 

Hence    a  displacement   &»  sin^p^  at  every  point  of   the    surface  of  the  ring  of  small 
section  whose  axis  lies  along  the  critical  circle  is  represented  by 


.(10), 


if 


f  =  20^  sinv -T-*  lyoosAw  — cos V, 

i;  =  C^,(Po  cosv— Pj)  Vcos  Au  — cosv, 
-  2  ^/2  C^^a  =  &•«  mnpt 

The  displacement  along  and  perpendicular  to  the  axis  of  the  system  has  been  given 


to  be 


^  — ^   /-  ^  (P,  cosr  — Pj  vcosAu  — cost; 

2^/2  a 

,         Vm  finpt  dP.  . . 


.(11). 


Putting 


•J       r»  dd>  f '  , 

"x  "^  I  ■; — ; T"; :*  =  I  v  cos  Au  —  sin  Au  cos  ^ .  dd>, 

.'o  {oosAu  — smAt<  cos^]^     ^o 


JooB  hu  ^  sin  hu  cos  ^ ' 


and,  reducing  by  the  relations, 

oosAus 

sin  Am  =  — j-      ,  «.„^ j- 

if  i"  =  (r*  +  a*)'  — 4aVsin*d,  r  being  the  distance  finom  the  origin  and  0  the  co-latitude, 


L     ' 
2ar  wiO 


cost; 
sint?  = 


2ar  COS0 


.(12), 


♦  For  Po=  f' 


d^ 


1^008  Mft  -  sin  ^  008  9 


■/HI. 


OOB  Au  -  sin  AticOB  tf  <itf 


d0 


2      ir 


^/l-A*8m«^..<W     V^'^' 


i/=«-. 
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we  get,  Id  polar  co-ordinates. 


,        ,  •        •     ^  f '     (^  cos  6 
tc;  =  — D'aa>  smj)M    — ^ ^ ^ 

io  (r*  +  a*-2arsindcos^)* 

^  ,     ,  , ,  .  f '  r  cos  0  cos  QA^ 

*w  =s  +  6'aa>  sin  pN -^ 


.(13). 


(r*  +  a"  —  2ar  sin  5  cos  ^)*, 
These  are  the  components  of   the   magnetic   induction  due  to  a  circular  current  of 
strength  -^—3 — ^ »  where  /a  is  the  coefficient  of  magnetic  permeability. 

For  if  C7  be  the  strength  of  the  current,  Fy  0  and  H  the  components  of  the  vector 
potential  at  any  point  P, 

f^Jo  vr^  +  a'  — 2ar  sintfcos^ 


therefore  the  components  of  38  the  magnetic  induction  are 

r  cos  0  cos  il>ad<f> 


^C  f'        r  cos  I 
a=— 2— I   


(r*  +  a"-2arsin(?cos^)*' 
qO  f^         r  sin^cos^^  — a 


6  =  0, 


/*^o  (r'  +  a*-2arsin^cos^)*' 
See  Maxwell's  Electricity,  equations  A,  Art  691. 

As  a  particular  case  let  us  suppose  the  radius  of  the  circular  axis  of  the  ring  to  be 
small  In  this  case  we  shall  get  the  simplest  components  by  resolving  along  and  per- 
pendicular to  the  radius  vector  from  the  centre  of  the  circular  axis.    We  get 

cosgd^ 


displacement  along  the  radius  vector  =  6Vc»  sinpt  I    


wb*a*(o  sin  pt       ^ 
= -^ ^costf; 


2ar  sin  0  cos  ^)' 


For 


40 


•/: 


-/: 


whenoe,  taking  P^s /' 1^(000  Au- sin  ftuooB^d^,  and  re- 
dadng  by  above  relation,  we  get  xeqoired  result. 


0  (00s  fttt- Bin  Ml  0080}!' 
»  Bin  ftn(l+coe*0)  "2oo8  faiooB^ -^  _  ^ 
{ooB  Att  -  Bin  fttt  COB  0}i 
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placement  perpencucoiar  xx>  uie  raaiasi  ..  .  •   /i  \ 

vector  and  tending  from  the  axis  oty^^^oawsmpt  I    — — — :t»^ 

the  system  J  ^«  (»'+a'-2or8xn(?co8^)«  (u); 

irbVm  aiapt  .    a 
g^S-^sm^  ) 

if  only  the  lowest  terms  of  -  are  taken  into  account. 

This  is,  as  might  have  been  expected,  the  same  as  the  magnetic  induction  due  to 
a  magnetic  particle  whose  axis  is  along  the  axis  of  the  ring  and  whose  strength  is 

irVa^m  sin  pt 
2  • 

6.  Before  leaving  this  part  of  the  subject  a  reference  should  be  made  to  Mr  Pearson's 
"Note  on  twists  in  an  infinite  elastic  solid,"  published  in  the  Messenger  of  Mathematics 
for  1883,  to  which  my  attention  has  been  called  since  writing  the  above.  In  this  paper 
the  following  results  are  given, 

where  F  =  7—  I  -  dv, 

where  u,  v,  w  are  the  displacements  due  to  any  given  twists  f,  17,  t;  ^^  system  of  dis- 
placements being  so  chosen  that  €  =  0.  From  these  results  equations  (1)  and  (13)  can 
readily  be  deduced  as  special  cases. 

It  should  however  be  pointed  out  that  in  these  equations  it  is  required  that  every 
twist  filament  should  presuppose  a  definite  displacement  at  any  point  of  the  medium  and 
no  propagation  is  considered  from  a  definite  boundary.  In  fact,  substituting  these  values 
at  any  point  where  there  is  no  twist,  we  get 

de    "'     df    "'     A"    "' 

whence  it  appears  that  the  relations  are  kinematical  in  character;  and  do  not  give  dis- 
placements which  satisfy  an  oscillatory  displacement,  or  one  that  in  any  way  depends  upon 
the  time. 

From  the  way  in  which  equation  (1)  was  obtained  it  is  clear  that  the  effect  of  a  long 
wave  to  the  first  approximation  is  the  same  as  if  the  effective  force  is  neglected. 
Bence  we  could  immediately  deduce  equaticm  (13)  by  the  help  of  Mr  Pearson's  formulae, 
since  they  do  satisfy  the  equations  of  elasticity  if  these  terms  are  neglected:  and  similarly 
it  can  be  seen  that .  the  displacement  due  to  twist  along  a  curve  of  any  form  is  the 
same  as  the  magnetic  induction  due  to  a  current  along  the  curve  if  the  squares  of  the 
inverse  wave  length  are  neglected.      I  have  preferred  to  leave    the    work   in  its  original 


u 

^dW 

dy  ' 

dV    1 
'dz' 

dU 

dW 

V 

~  dz   ■ 

dx' 

w 

dV 
~  dx 

dU 
dy'\ 
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form,  since  the  displacements  given  in  equations  (9)  will  give  the  strain  at  any  point 
produced  by  several  other  displacements  of  the  boundary  besides  a  simple  twist:  in  fact 
all  which  can  be  deduced  from  a  dilatation  and  twist  given  by 

6  =  Jcoshu  —  cos »  S  (-4,-P*  cos  nv  +  ^/-P/  sin  nv), 

sin  Aw         x^frydP^  .   T>/dP'    .        \ 

m  =  =  S I B^  -J-*  cos  nv  +  B^  -j-^  smnv  I . 

JcoQhu-coQV     \      du  •   du  J 

The  general  values  for  the  displacement  can  also  by  the  help  of   the  foregoing  be 
deduced  for  the  case  of  a  long  wave,  if  the  displacement  is  symmetrical  about  an  axis. 

For  in  this  case  the  dilatation  is  known*  to  be 

to  a  second  approximation  if  Z^  is  the  zonal  harmonic  of  the  order  n. 

Also  we  have 

2-t.r  ~  ^♦*+i^ir^  =  >/cos  hu'-cosv%(A  JP^  cos  nv  +  ^«'-P,  sin  nv), 

since  each  side  of  the  above  equation  is  the  general  solution  of  Laplace's  equation  in 
the  case  of  symmetry  about  an  axis. 

Hence  2  "o/o   _i\*  —  v  cos  hu  -  cos  v  2  (fimPn  ^os  nv  +  C^'P^  sin  nv) , 

if  the  0*s  satisfy  the  equations 

A,^    20, -4(7, -SO,,  ^/  =  -4C/-3(7;, 

^=    3(7, -4(7,-50,,  ii;=     3(7/ -4(7; -5(7/, 

il,=     5(7,-403-7(7,,  ii;^    6(7; -4(7/ -7(7;, 

.l.  =  (2n-l)(7..,-4(7.-(2n  +  l)0^„        ^;=(2r.-l)(7^;-4C7;-(2n  +  l)  (7^,/, 
as  can  be  verified  by  differentiation  with  respect  to  r. 

Whence  we  get  as  the  value  of  e,  if  fourth  powers  of  hr  be  neglected, 
€  =  VcosAw  — cost;  2  (-4.«P,  cos  nt;  +  -4;P;  sin  nv) 

^y^,  cosAu  +  coBt;  S(C7Peos».  +  (7;P:Bmnt>) (16), 

VcosAm  — cosv  ^ 

if  the  C*8  and  ^'s  are  connected  by  the  equations  just  given. 

The  complete  value  for  a»  to  a  second  approximation  might  also  be  determined  and 
values  for  f  and  17  obtained  which  would  satisfy  any  given  conditions  at  the  surface  of 
a  ring  the  u  of  which  is  given;  but  the  complicated  character  of  the  relations  connecting 
the  constants  would  make  the  determination  of  the  displacement  in  any  special  case  a 
matter  of  considerable  difficulty. 

*  TramactUmt,  Vol.  sv.  pa«;e  7,  eqoatioxiB  (8), 
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Leaving  this  pturt  of  the  subject  let'  us  now  see  how  a  rectilineal  twist  will  be  acted 
upon  if  placed  in  a  field  of  vibration.  For  this  purpose  it  will  be  necessary  to  find  the 
general  expression  for  a  displacement  in  cylindrical  co-ordinates  in  order  to  get  suitable 
surface  conditions.  The  case  of  two  parallel  rectilineal  twists  will  first  be  investigated  and 
the  general  result  deduced  from  this  simple  case. 

7.  To  find  expressions  for'  a  steady  periodic  disturbance  in  an  elastic  medium  un- 
limited in  extent:  if  the  displacement  is  given  for  all  points  which  are  on  the  surface 
of  an  infinite  straight  cylinder  when  in  their  undisturbed  positions,  the  motion  being 
supposed  to  take  place  in  planes  perpendicular  to  axis  of  cylinder.  The  disturbance  will 
reduce  to  a  case  of  motion  in  two  dimensions.  We  shall  have,  by  the  ordinary  theory 
of  elasticity,  the  disturbance  compounded  of  u  and  v  along  and  perpendicular  to  radius 
vector  from  the  axis  where  u  and  t;  are  given  by  the  equations* 


dd 


dr    '^dff 


.(16). 


where 


_  1  rf  (ru)  ,\dv 


r 

- 1      ^        1  d(7^) 
^"r      d9       r     dr    ' 

r  and  6  being  co-ordinates  of  undisturbed  positions. 


Equations  (I)  reduce  to 


pr      cTe 
2/t   df 


dr\dr)     r  d^""^  W 


(17). 


Thus  €  and  y  are  independent,    as    can    be    otherwise    shewn;    and   €   is   the   same 
arbitrary  function  of  X  +  2/i  as  7  is  of  fi. 

To  solve  equation  for  €  in  a  periodic  form,  put 

whence  w  must  satisfy  the  equation 

d  f    dw\     1  dt  V 
r 

if  pp^^Q^-\''Zfi)V. 

By  Fourier's  theorem  w  is  of  the  form 

2t^«  sin  {nd  +  aj, 


iA^thiw^^--"- 


where  w.  satisfies 


Vol.  XIV.  Part  11. 


dr       r 


dw. 


dr 


f  + 


(I. -!>.-, 


.(18). 


•  Lam«,  Elasticityy  Art.  78. 


26 
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It  is  known*  that  the  solution  of  this  equation,  which  is  applicable  to  space  outside 
the  cylinder,  is 

«'-=^-<^)'{dM'F^' ^'^^• 

If       w,  =  ^r  +  \iri  +  log  j)  |1  -  ^  +  2j-p...J  +  j-g,- -  2^,  8,  +2VP:6*  ^•- J ' 

^»'^«'^  ^.  =  1  +  1+3+ m* 

and  r  is  Euler's  constant  (=  •5772156...)- 

The  solution  applicable  to  space  within  the  cylinder  is  the  ordinary  Bessel's  function 
of  order  n. 

Hence  w^  being  of  the  form  given  above 

6  =  tA^  sin  {ne  +  O  e*!-*  (Ar)"  {d^.}*«'.. 

with  another  term  obtained  by  changing  the  sign  of  i. 

Changing  the  constants  and  substituting  the  trigonometrical  form  of  solution  for  the 
exponential  one,  we  have 

e  =  S^.  sin  {nd  +  aj  {krT  |^}"  y.. 

if    y,  =  sin(p«  +  r.)((r  +  log|)(l-5;  +  ^.+...)  +  (^*-^,5,...)} 

+  |cos(|,«  +  ?.){l-^  +  Jp^.5....} (20), 

and  similarly, 

7  =  2B.  cos  {ne  +13,)  (hr)'  |  jA_|"  ^., 

where  pp*  »=  /i&'  and  z^  is  the  same  function  of  ^r  as  y^  is  of  kr. 

To  get  u  and  t;  we  have  by  equations  (16) 

Ide       1  dy 


^*    Vrdd'^h^dr  J 

which  will  give  general  values  for  the  displacement  at  any  point  in  the  medium. 
We  shall  require  the  terms  in  €,  7,  u  and  v  corresponding  to  n~0  and  n^\. 

*  See  Bayleigh,  Theory  of  Sound,  Vol.  n.  Art.  841. 


•(21), 
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They  are 
e  =  A:'^8io(j,<+j;)|(r  +  log|:)(l-^+^^...)  +  ^£f.-2?|^.S,.. 

-*  ^•'^^^'+« -T-^  •  2 1-2--2^-4+2^1^6•••} 

7  is  the  same  fuDction  of  Ar  as  e  is  of  kr. 
Also  for  n-^O, 
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(22), 


.^•..(^.«{(r..^J)(^.^v.,.^.(^,^.^|.,_.,.)j 


.4... 

r 


--•sin  (pe  +  S;)|(r  +  log^j(-2--^...j- (-2-5.-2^5,..)} 

-7'^<^+^>2{-2--F:4+2r4V6-} 

(H,'  being  the  epoch  (in  7)  corresponding  to  (;^  in  e. 
And  for  n  ss  1, 

«.  = -p  sin  (jrf  +  C.)  sin  (^  +  a,)  jl  +  ^r- -  gr-p  +  •  •  •  J 

+  ^  sin  (i,<  +  ?.)  sin  (d  +  a,)  |(^r  +  log -2  j  (^-2"  -  2vi  +  •  •  •  j  -  (  2"  ~  2V4  ^»+ •  •  •  jj 
+  ^'  cos  (i)<  +  ?.)  sin  (d  +  a,) .  2  (^-g-  -  gvJ  +  •  •  •  | 

+  £?sin(|,t  +  Osin(d  +  /8.)|l-^  +  2>74»--} 

-pi8in(/,<  +  08m(«  +  ^.)|(r  +  log2J(2--2r4  +  ---j-('2"-2'T4^'-'"-j} 
-^cosCp«  +  Osin(^  +  j8.).f(*;--|^4  +  ...) 


(23), 


26—2 
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A 

v,=  — ^  sin 
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.  A. 


\  (24). 


--Jsmi 


Mutual  action  of  two  rectilineal  twists. 
8.    Let  us   suppose  two    cylindrical  surf&ces   to"  have  their   centres  fixed   and    to  be 


moving  with  *oscillatory  twists  about  their  centres ;  the  angular  displacements  at  any  time  t 
being  given  by  o^sinp^,  w^wipt 

We  shall  suppose  the  displacements  to  be  so  small  that  there  is  no  slipping  at  the 
boundary;  also  that  the  waves  are  long,  so  that  the  distance  c  between  their  centres  is 
small  compared  with  the  length  of  the  wave  of  displacement.  The  radii  are  supposed  to 
be  small  compared  with  the  distance  c. 

For  all  points  in  space,  the  distance  of  which  from  either  cylinder  is  not  comparable 
with   the  wave-length,  we   have  by  equation  (1)   a   displacement  compounded   of 

— -    perpendicular  to  AP 

and  —   perpendicular  to  BP, 

a  and  h  being  the  radii  of  the  cylinders. 
These  are  equivalent  to  a  component 

-4  c  sin^,  sin|>^  along  BP, 
and  a  component     — ^  c  fcos^, — *jsinp<+  -^-  ^mpt  perpendicular  to  BP. 
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In  the  immediate  neighbourhood  of  the  surfEtce  of  B  these  reduce  to 

^fsin  d,-  -»  sin 2^,  +  ^  sin S^.-^sin  i$,...)  sinpt, 

C      \  C  C  C  / 

and  ^i—  (cos  0^  — *cos  2d,  +  -f  cos  3d,  —  -|  cos 4d,... )  sin p^  +  -*— sin  pt. 

c    \        ^     c  •     c"  ■     c  ^     J      ^        r^        ^ 

Hence  if  the  terms  due  to  the  reflection  at  the  surface  of  B  are  represented  by  u^,  v^, 
we  have 


displacement  along  SP  =  -^^  f  sin  $^  — ^  sin  2d, . . .  j  dnpt  +  w, 

displacement  perpendicular  to  BP  =^^— (cosd, — ^■cos2d,...)sin/)^+t;,+  -^sinp^ 

C      \  0  /  T^ 


...(25); 


u^  and  V,  must  be  of  the  forms  given  in  equations  (24),  the  constants  being  determined 
by  the  boundary  conditions. 

Suppose  for  example  that  there  is  no  slipping  at  the  boundary. 

The  component  along   the  radius  from  the   centre  must  be  zero  and  the   component 
perpendicular  to  the  radius  equal  to  6Qisinp^.  . 


C,«=?/  and  tanC. , ^(fe*  +  ^) ^__^ (26), 


Taking  the  terms  dependent  on  sin  0^ ,  cos  0,  we  get  for  the  constants  in  equation  {24) 
■2|*'log(f+r)  +  AMog(f  +  r)} 

^=     ^c(fe';F)"°^'V^-^-4-;' 


whence 


+  COS  (pt +  Q  an  0,{1<^ A,- VB,)  J, 
+  COS  (|)*  +  rj  COS  d,  (Jfe'-Aj- A*£,)  J  . 


Digitized  by 


Google 


204 


Mb  LEAHY,  ON  THE  MUTUAL  ACTION  OF 


or 


sinrj)^  +  g'i)8in^j 


+  — *  sin  g;  cos  (^«  +  j;)  sin  ^,, 


"• T  WA* +P)  V  "  V  '"■  ^«  +"7 — E — ^ 7 — U — \  '^  ^  ^"^  ^*  ■*■  ^»^  '^'^ ^« 


+  ^ — *•  sin  (^  cos  (;7t  +  f,)  cos  ^, . 


•  c 


•(27). 


Since  the  series  in  equations  (24)  are  convergent  it  is  clear  that,  at  any  distance 
from  the  twists  which  is  comparable  with  the  length  of  the  wave,  the  reflected  displace- 
ment will  be  negligible  as  compared  with  the  direct  twisting  action.  This  will  not  be 
the  case  if  we  are  dealing  with  distances  which  are  small  compared  with  the  length  of 
the  wave,  but  it  can  be   shewn  that  the  eflfect  is  of  the  same  kind  as  that  already  given, 

or  is    of  higher  orders  in   -   and   -.       Omitting  for  the  present   the    terms   due   to    this 

c  c 

"induced  twist*",  we  shall  proceed  to  find  the  force  between  the  twists— the  displacement ^ 

being  taken  to  be  that  given  in  equations  (25) :  u^,  v^  being  given  in  equations  (27). 

To   find  the   force   on   B    we    must   first    calculate    the   normal  and   tangential   forces 


9__ 

which   act  at  any  point  of  its  surface,  resolve  and  then  integrate  for  the  time   —   which 
is  a  complete  period. 


*  If  m=  — 7^5— p\  ^^"^  ft*  *  double  reflection  will  give  a 
resolved  displaoement  at  the  surfaoe  of  B  composed  of 
«,'=**^*8in^i{sinp«-2msin(|><+fi)+m«Bm(j?t  +  2fi)}. 

t?,' = ?^  cos  ^,  {sinpt -2m  sin  (pt + fi)  +  »i»  sin  (|)t  +  2fi)}. 
c 

This   can   be  treated  like  the  terms  ^-^  sin  0^  and 

e 

^-^ooe^t  in  equation  (25),  and  will  by  result  (29)  give  a 


force 

"■  t[^*^*®^^i^*^^  {l-2mcosfi  +  w»co8  2f,}. 
A  subsequent  reflection  will  give  a  force 

"    C(A«+A2)"' 

{1  -  im  008  ti + 6i»«  cos  2fi  -  4»i»  cos  Sf^  +  m'coB  4^j ) , 
the  series  being  continued  for  r  reflections  at  each  surface 
if  (2r+ 1)  c  is  comparable  with  the  wave  length. 

All  these  terms  will  give  the  same  effect  as  the  one 
investigated  in  the  text  since  m  is  smaU. 


?  sin  fi  cos  f I 
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The  force  acting  along  the  normal  at  any  point  of  the  sur&ce  is 

du  .  ^   /»  .  1  du\ 


^,  =  (X...)^%X0  +  lg). 


and  the  force  along  the  tangent  to  the  surface  is 

fdv     1  du     v\ 


^      ^\dr^r  dd     rj' 


The  only  terms  to  be  taken  into  account  are  .those  involving  cos  6^,  sin  0^,  as  all  the 
others  disappear  on  integration  over  the  surface. 


At  the  surface 


w  =  0, 
d0     "' 


V  =  6a>,  sinjp^, 

d0    "' 


therefore,  since 


.(28). 


du     4aV     A;*       •    t,  •    ,    .  ,  ^.   ■    a 

5?  =  WfTP '''^^"•'(^  + f> «'°''" 

• 

In  calculating  the  force  on  B  it  must  be  remembered  that  P  is  in  its  displaced 
position:  hence  the  angle  which  the  normal  to  the  surfa^^e  makes  with  AB  is  no  longer 
0^  but  tfj  +  ft>j  sin/)^. 

Therefore,        Force  on  AB  revolving  along  AB  in  the  direction  AB 

=  [  '[N^  cos  (0^  +  c»,  sinpO  -  T  sin  {0^  +  ©,  sinpOl  Wtf 
Jo 

= r/^Tix\  ^^^  ?  sin  (p*  +  ?)  /     sin  (c»,  sinp^)  d^ 


Trcj 


since  ct>,  is  small ; 


Force  perpendicular  to  AB 

=  ^(ff^^  ^^^  (®«  ^^^i^^)  sin  (p<  +  ^  sin  f. 
The  only  admissible  part  of  this  is 

the  term   »^»/  being  negligible   as   being  of   a  higher  order  of  small  quantities. 
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To  find  the  whole  force  on  B  we  must  integrate  for  the  time  —  ,  and   we   get  the 
force  perpendicular  to  j1£  to  be  zero;  and  the  force  in  direction  AB  during  the  period  — 


.(29). 


This  is  an  attraction  if  the   twists  are  in   the   same  sense,  and  a  repulsion  if  they 
are  in  opposite  senses  at  the  same  time. 

9.     More  generally,  let  a  tube   of   twist    be    placed    in   an  elastic  medium   which  is 
undergoing  any  periodic  disturbance  jPsinp^,  the  angular  displacement   of   the  surface  of 


a? 


the  tube  at  time  t  being  ct>  sin  pt,  and  reckoned  to  be  positive  in  the  direction  indicated 
by  the  arrow  heads  in  the  figure. 

Let   Ox  be  the  direction  of  the  component  of  F  resolved  perpendicularly   to  the  axis 
of  the  tube,  the  trace  of  which  on  the  paper  is  0. 

The  component  which  is  parallel  to  the  axis  will  clearly  have  no  action  on  the  surface 

u 

during  a  complete  oscillation,  for  its  action  during  that  period   will   be   Ztrb  I     Zsinptdt, 

Jo 

which  is  zero,   Z  being  the  component  parallel  to  the  axis.    The  section  of  the  tube  being 

small,  X   may  be   taken  to  have  the  same  value   all  over  the  surface:  and   even  if  the 

small   variations  of  X  are  taken  into  account  it  can  be  seen  that  they  will  disappear  on 

integration  over  the  surface  like  the  higher  terms  in  equation  (25)  above. 

As  before  we  shall  have  to  add  terms  similar  to  those  given  in  equation  (27), 
namely,  along  OP 


+  X  sin  5i  cos(p^  +  Q  sinO; 


sinO 
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and  perpendicular  to  OP 


f.)co8  0 


+  X  sin  {;  cos(|)«  +  ?,)  cosd, 
X  being  the  radiua  and  ^^  given  in  equation  (26). 

Hence  we  sball,  as  before,  find   the  force  on   the  twist  to  be  in  the   direction   Oy 
and  of  magnitude 

"^-^J^'^^icoaf,. 

and  we  have  the  following  results. 

If  the  field  of   vibration    be    e3cplored  by  a  twist  which  is  not    supposed    to    have 
inductive  action  on  the  surfaces  giving  rise  to  the  displacement,  and  if   its  axis  is  along 


Oz,  the  direction  of  the  twist  bearing  to  the  positive  direction  oi^OZ  the  same  relation 
as  the  thread  does  to  the  axis  of  a  right-handed  screw,  then  if  the  displacement  in  the 
medium  at  any  point  is  represented  by  ^sin^^;  a  force  will  be  experienced  by  the 
twist  in  the  direction  Oy,  where  Oy  is  at  right  angles  to  the  plane  containing  the  axis 
of  the  twist  and  the  direction  of  F^  the  magnitude  of  the  farce  being  equal  to 

AJ®  sin  J*Oir, 

where  A;  is  a  constant,  depending  on  the  nature  of  the  medium  and  the  period  of  the 
twist. 

Also,  if  Oa;  is  the  normal  to  the  plane  of  yOx  drawn  in  the  same  direction  as  F\ 
0«,  Oy,  0%  will  be  in  cyclical  order.  This  is  the  same  as  the  relation  between  the 
magnetic  induction,  the  electromotive  force,  and  the  current  given  in  Maxwell's  Electricity, 
Vol.  ii»  Chap.  8,  where  it  is  stated  that  if  the  primary  circuit  is  fixed  and  the  primary 
current  kept  constant,  and  if  the  magnetic  field  be  explored  by  a  linear  circuit  conveying 
a  current  it  will  experience  a  force  similar  in  magnitude  and  direction  *to  that  given 
above  if  F  represents  the  magnetic  induction  and  m  the  currents 

10.    It  remains  to  add  a  note    on   the    possible  application  of  these  results  in  the 
formation  of   a   theory    of  magnetic    action.      It  has   for  some  time  been  inferred  from 
Vol.  XIV.  Pabt  IL  27 
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several  experimental  results*  that  the  particles  of  a  magnetic  body  are  polarised,  and  that 
magnetization  simply  means  the  inclination  of  their  axes  in  the  same  direction.  If  we 
suppose  these  particles  to  be  small  oscillatory  circular  twists,  we  see  by  result  (15)  that 
the  displacement  produced  by  each  of  them   will  be  the  same  as  the  magnetic  induction 

due   to  magnets  of   strength  ^ —,    where  ©  is  the  angular  displacement  at  the 

surface,  h  the  radius  of  the  cross  section,  and  a  that  of  the  circular  axis  of  the  twist. 
Also,  it  has  been  shewn  that  a  force  will  act  upon  a  rectilineal  twist  similar  to  that 
which  would  act  on  a  current  in  the  magnetic  field,  and  it  can  be  proved  that  the  force 
on  another  small  ring  would  be  that  experienced  by  a  small  magnet  at  the  point.  If 
magnetization  of  a  body  means  the  inclination  of  the  axes  in  a  particular  direction,  the 
summation  of  the  effect  of  these  rings  will  be  the  summation  of  the  supposed  magnetic 
effect  of  the  particles  of  the  body.  The  general  condition  of  a  bar  magnet  on  this 
theory  will  be,  that  its  sur&ce  is  vibrating  tangentially,  so  that  the  direction  of  vibration 
is  parallel  to  the  axis  of  the  body. 

A  cylindrical  body  carrying  a  current  will,  on  a  similar  hypothesis,  have  its  surface 
also  vibrating  tangentially;  but  in  this  case  the  direction  of  vibration  will  be  perpendicular 
to  the  axis  of  the  cylinder:  and,  since  it  has  been  shewn  in  a  former  paper f  that 
pulsating  spheres  in  an  elastic  medium  will  act  upon  each  other  like  electrified  spheres, 
those  in  like  phases  repelling  and  those  in  unlike  phases  attracting  one  another;  a  statically 
electrified  body  may  be  considered  to  have  its  surface  vibrating  normally. 

Thus,  if  the  surface  of  a  body  is  vibrating  in  any  manner,  the  components  of  the 
vibration  will  correspond  to  the  magnetic,  electrodynamic,  and  electrostatical  condition  of 
the  vibrating  substance.  The  chief  objection  that  I  see  to  the  theory  is  that  it  is  dif&cult 
to  imagine  how  the  alternate  polarizations  and  depolarizations  of  particles  ranged  along 
a  wire  could  give  rise  to  oscillatory  twists.  Several  suggestions  might  be  made  as  to 
shape,  mode  of  motion,  etc.  of  the  particles,  in  order  to  explain  this,  but  they  would  be 
mere  speculations  while  they  have  no  experimental  basis  to  rest  upon.  This  is  at  present 
an  impediment,  but  does  not  appear  to  be  a  fatal  objection  to  the  theory. 

That  magnetic  and  electrical  action  is  not  propagated  through  an  intervening  medium 
is  almost  inconceivable  after  Faraday's  experiments  and  MaxwelFs  investigations;  and  that 
there  must  be  tangential  stress:  Le.  that  the  medium  is  not  a  fluid  appears  from  the  con- 
dition of  the  magnetic  field  due  to  a  current.  Moreover  it  is  difficult  to  think  that  the 
remarkable  results  given  in  Chap.  xx.  of  Maxwell's  Electricity  are  a  mere  accident,  and 
that  the  media  through  which  light  and  electricity  are  propagated  should  not  be  related. 
There  remain  the  possibilities  of  transmission  by  means  of  statical  stress,  finite  displace- 
ment, and  vibration.  This  last  has  always  been  objected  to  on  the  ground  that  the  flow 
<of  electricity  takes  place  in  all  directions,  and  not  in  a  straight  line  at  right  angles  to 
the  wave  front,  as  is  the  case  with  light.    But  this  property  of  the  transmission  of  light 

*  See  Proceedingt  of  the  Royal  Society,  Vol.  xzzy.  p.  19  I       t  Trafuaetioni  of  the  Cambridge  PhiloeophicaZ  Society, 
Mid  p.  178,  I  Vol.  XIV.  Ptot  1. 
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in  straight  lines  depends  upon  the  shortness  of  the  wave  lengths;  and  if  we  consider 
long  waves  the  transmission  in  a  straight  line  will  no  longer  follow.  It  may  be  noticed 
that,  if  the  medium  of  propagation  is  identical  with  the  luminiferous  ether,  a  long  wave 
will  not  imply  a  slow  vibration;  for  example,  a  wave  length  of  200  miles  will  correspond 
to  about  1000  vibrations  in  a  second,  taking  the  velocity  of  light  to  be  200,000  miles 
a  second.  It  may  at  least  be  said  for  a  vibratory  theory  that  it  gives  results  which 
correspond  with  observed  facts,  namely,  that  like  normally  vibrating  bodies  repel  and  unlike 
attract:  also  that  like  twisting  bodies  attract  and  unlike  repel;  and  that  in  the  case 
of  simple  forms  of  the  bodies  the  law  of  force  is  the  same  as  that  of  observed  electrical 
and  magnetic  actions.  Moreover,  by  a  small  change  in  our  hypothesis,  an  explanation  of 
gravitation  can  be  deduced  from  what  has  been  proved  in  the  case  of  pulsating  spheres; 
which  is  in  accordance  with  what  has  always  been  expected  to  be  the  case,  if  the  ex- 
planation of  electrical  actions  should  be  found.  In  the  result  worked  out  for  pulsating 
spheres  the  radius  at  any  time  t  is  supposed  to  be  aQ.+k^  sin  pt)y  which  is  the  natural 
supposition;  a  being  the  radius  of  the  sphere  in  a  state  of  equilibrium.  But  if  we  vary 
this  supposition  by  supposing  the  radius  to  be  a  (1  +  fc^  sin  pt  —  k^  sin^pt),  [which  is  not 
very  unnatural  since  the  work  required  to  compress  a  sphere  into  one  of  radius 
a(l  — i)  is  greater  than  would  be  required  to  extend  it  to  a  radius  a{l+ky\,  then,  in 
addition  to  our  previous  result  that  two  spheres  repel  if  the  amplitudes  i^,  Ar,  have  the 
same  sign  and  attract  if  they  have  opposite  signs,  we  should  get  a  statical  stress,  the 
coefficient  of  which  would  be  —  i*/,  and  which  would  give  an  attraction  varying  according 
to  the  law  of  the  inverse  square,  as  may  easily  be  seen  by  geometrical  considerations. 

The  possibility  of  electrical  action  by  means  of  statical  stress  or  of  finite  displacement 
still  remains  untouched.  It  may  be  shewn  that  in  the  former  case  a  twisting  stress  would 
give  rise  to  a  force  of  the  kind  required  between  two  cylindrical  surfaces,  but  there  would 
in  this  case  be  a  much  more  important  term  urging  them  along  the  lines  of  magnetic 
induction,  which  is  not  consistent  with  observation.  As  several  experiments  point  to  the 
idea  that  an  electric  current  is  accompanied  by  a  twisting  action,  this  looks  like  an  objection 
to  a  theory  of  statical  stress.  Moreover  the  mathematical  theories  of  finite  displacements  in 
an  elastic  medium  or  of  stress  in  it  are  far  more  difficult  than  that  of  vibrations,  and 
I  would  venture  to  submit  a  remark  of  Lam^  on  this  question  which  had  better  be 
reproduced  in  his  own  words,*  "En  g^n^ral,  sauf  quelques  cas  simples,  les  problfemes 
"  relatifs  k  T^quilibre  d'^lasticit^  sont  incomparablement  plus  difficiles  k  traitor  par  Tanalyse 

"  math^matique  que  les  probl^mes  relatifs  aux  vibrations Une  si  grande  difference  dans 

"la  facility  d'aborder  les  deux  genres  de  problfemes  pourrait  6tre  une  indication  naturelle. 
"  Parmi  les  questions  de  Physique  math^matique  qui  rdsistent  aux  efforts  des  g^omfetres, 
**  ou  qu'ils  traitent  pdniblement  par  des  formules  longues  et  compliqudes,  il  en  est  beaucoup 
'*  dont  rimportance  est  fort  douteuse.  Au  contraire,  un  grand  nombre  de  questions  qui  se 
"r^lvent  par  des  calculs  et  des  formules  simples  sont  d'une  importauce  incontestable. 
"  Serait-ce  done  que  T^quilibre  d'^lasticit^  joue  dans  la  nature  un  role  moins  important 
"que  les  vibrations?" 

*  Lam^,  Le^ofu  svr  ViUuticitSt  Art.  69. 
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X.     On  a  class  of  Spherical  Harmonics  of  complex  degree  with  application 
to  physical  problems.     By  E.  W.  Hobson,  M.A. 

[Read  Feb.  28,  1887.] 


The  object  of  the  present  communication  is  to  present  an  investigation  of  the  properties 
of  Spherical  Harmonics  of  degree  —  J+JP^/— 1,  and  to  give  some  examples  of  the  appli- 
cation of  these  functions  to  express  the  solution  of  certain  questions  in  the  theory  of  the 
potential.  In  the  Appendix  on  Spherical  Harmonics  in  the  first  volume  of  Thomson  and 
Tait's  Natural  Philosophy,  the  importance  of  these  Harmonics  in  the  determination  of  the 
steady  motion  of  heat  in  spaces  bounded  by  concentric  spheres  and  co-axial  cones  is 
pointed  out,  and  some  general  remarks  are  made  about  Harmonics  of  fractional  and  imaginary 
degrees.  These  remarks  are  the  basis  of  the  investigations  in  the  present  paper.  The 
functions  with  which  this  paper  is  concerned  were  introduced  as  independent  functions, 
defined  by  certain  definite  integrals,  by  Herr  Mehler  (see  Crelles  Journal,  VoL  Lxviii.,  and 
a  memoir  entitled  "  Ueber  eine  mit  den  Kugel-  und  Cylinderfunctionen  verwandte  Function," 
Elbing,  1870),  and  are  called  by  him  '' Kegelfunctionen,"  which  we  should  render  as  ''Conal 
Harmonics." 

An  account  of  these  functions,  with  Mehler's  application  of  them  to  potential  problems 
connected  with  the  infinite  half-cone  and  the  space  bounded  by  a  rotating  circular  segment, 
will  be  found  in  Heine's  Kugelfuruitumeru  I  have  treated  these  functions  entirely  firom  the 
point  of  view  of  Thomson  and  Tait,  that  is  to  say  as  a  particular  case  of  ordinary  Spherical 
Harmonics.  The  only  writing  besides  the  above-mentioned  Appendix  of  Thomson  and  Tait, 
with  which  I  am  acquainted,  in  which  the  problem  of  conduction  of  heat  or  electricity  in 
the  space  bounded  by  two  concentric  spheres  and  a  cone  with  the  vertex  at  the  centre 
is  touched  upon,  is  a  note  by  Mr  W.  Bumside  in  the  Mathematical  Messenger  for  1885. 
In  this  note  two  problems  are  solved,  in  which  the  potential  function  is  symmetrical  with 
respect  to  the  axis  of  the  figure. 

In  the  first  part  of  the  present  communication  the  zonal  and  tesseral  harmonics  of 
degree  — i+p^/— 1  are  exhibited  as  series  in  various  forms;  in  order  to  make  the  requisite 
transformations  free  use  is  made  of  the  general  theorems  for  hypergeometric  series  in 
Rummer's  paper  on  the  subject,  in  CrelWs  Journal,  Vol.  xv. 
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The  addition  formula  for  the  zonal  harmonic  of  the  first  kind  is  then  obtained.  In 
the  second  part  these  functions  are  applied  to  the  following  problems : 

(1)  The  determination  of  the  permanent  temperature  at  any  point  in  a  uniform  con- 
ductor bounded  by  portions  of  two  concentric  spherical  surfaces  and  by  a  right  circular 
cone  with  its  vertex  at  the  centre  of  the  spheres,  when  the  temperature  is  given  at  every 
point  of  the  conal  boundary  and  is  zero  over  the  spherical  boundary. 

(2)  The  same  problem  for  the  space  bounded  by  two  such  spheres  and  two  such 
cones,  the  temperature  being  given  over  each  of  the  conal  boundariea 

(3)  The  case  in  which,  besides  the  boundaries  in  (1),  there  are  also  two  plane  boundaries 
each  passing  through  the  axis  of  the  cones,  and  which  are  maintained  at  temperature 
zero. 

(4)  The  problems  corresponding  to  the  above,  when  there  is  only  one  spherical 
boundary. 

(5)  The  case,  given  by  Heine  {Kiigelfunctionen),  of  the  space  bounded  by  an  infinite 
half-cone. 

(6)  The  case  in  which  the  boundaries  are  those  in  (1)  but  in  which  the  temperature 
is  also  given  arbitrarily  over  the  spherical  boundaries. 

(7)  The  determination  of  the  electricity  induced  on  the  surface  of  an  infinite  con- 
ductor with  a  hollow  of  the  shape  in  (1)  due  to  an  electrified  point  inside  the  hollow. 

(8)  The  corresponding  problem  for  the  space  in  (4). 

(9)  By  inversion,  the  determination  of  the  potential  at  any  point  external  to  a  con- 
ductor bounded  by  two  non-intersecting  spheres  and  the  surface  formed  by  the  revolution 
round  its  chord,  of  a  segment  of  a  circle  joining  the  two  common  inverse  points  of  the 
two  spheres  due  to  a  free  charge  on  the  insulated  conductor.  A  direct  method  of  solving 
this  problem  has  been  indicated  by  C.  Neumann  (Math.  Ann.  Vol.  18,  Ueber  die  Meh- 
lerschen  functionen). 

(10)  The  determination  of  the  potential  of  the  electricity  induced  on  a  conductor  of 
the  shape  in  (9)  by  an  external  electrified  point. 

(11)  The  determination  of  the  current  function  of  the  motion  in  an  infinite  perfect 
incompressible  fluid,  due  to  the  motion  of  a  solid  body  whose  surface  is  of  the  form 
generated  by  the  rotation  of  a  circular  segment,  in  the  direction  of  the  axis  of  rotation. 

In  conclusion  a  remark  is  made  as  to  the  two  dimensional  harmonics  of  imaginary 
degree. 

It  should  be  observed  that  the  arbitrary  functions  in  these  problems  are  supposed 
to  be  such  that  the  integrals  and  series  are  convei^ent  and  that  the  latter  have  not 
in  general  (i.e.  except  at  particular  points  or  along  particular  lines)  infinitely  slow  con- 
vergency.  This  will  be  the  case  for  all  functions  which  need  be  considered  in  phjrsical 
problems. 

I  hope  on  a  future  occasion  to  consider  some  approximations  made  from  the  results 
obtained,  especially  in  the  problems  (9)  and  (10).     These  last  problems  are  interesting  from 
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the  fact  that  when  the  rotating  segment  is  only  a  small  portion  of  a  circle  the  body 
becomes  two  spherical  conductors  connected  by  a  conducting  wire.  It  may  be  interesting 
to  know  how  the  charge  is  divided  between  the  spheres  and  the  wire,  and  thus  to  know 
bow  great  the  effect  of  such  a  connection  is  upon  the  distribution  of  electricity  on  spheres. 


PART  I. 

Investigation  of  the  form  and  properties  of  Spherical  Harmonics  of  degree  —  ^  •\-pJ—  1. 
L     The  equation  satisfied  by  the  zonal  harmonic  P»(/Lt)  is 

if  for  n  we  put  —i+^N/— 1,  this  equation  becomes 

i.{(i-''')S-"''^*'"-° ™- 

If  we  assume  that  the  series  cr^  +  a,/Lt  +  a,^' + satisfies  this  equation,  we   obtain   by 

substituting  and  equating  the  coeflScients  of  the  various  powers  of  /it  to  zero, 

_j,'+(2r,-f)« 
*"      (2»  -  1)  (2n)    •--*' 

"«~(2ft+l)(2n)    ••->' 
hence,  writing  A,  B  for  a,,  a,  respectively,  we  obtain  the  solution  of  (1)  in  the  form 

If  we  denote  by  F{a,  b,  c,  x)  the  hypergeometric  series 
,  .  a.b^  .a(a  +  l). 6(6  +  1)^  . 

1  +  T a?H i — a } — rrrr —  Or  +  ... 

1 .  c  1 .  2 .  c  (c  + 1) 

this  solution  may  be  written 

v  =  AF{i  +  hpi,  i-^pt.  i,  /*')+-B/*F(f  +  ip,  i-^pi.  I,  /*«) (2). 

2.     Each  of  the  hypergeometrical  series  in  (2)  is  convergent  for  values  of  fi  between  + 1, 
but  is  divergent  when  /i  =  ±  1,  for  we  find 

n  +  1     a^  _4n'-2M'+... 
"nT  *  o^^ ""      4n"  -  2n"      ' 

n  +  1  a,,^t^4n'  +  2n*+  ... 
n    *  a^j  4w'+2n«      ' 

28—2 
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which  shews  that  the  terms  of  each  series  alternately  diminishes  at  a  rate  comparable   with 

the  rate  of  diminution  of  the  terms  of  the  series  1  +  ^+^ 

It  is  however  possible  so  to  choose  the  ratio  of  il  to  jB  that  the  value  of  v  in  (2)  may 
be  finite  when  /Lt  =  l. 

The  series  F{a,  b,  c,  a)  may  be  written 

1,  n(c-l) fn(a)n(6)  n(a  +  r-l)n(6  +  r-l)  ) 

^"^nca-ijncft-i)  tn(i)n(c)^"^--"^     n(r)n(c+r-i)     ^  +  -|' 

hem5e,  if 

A___IHzh) E ng)  _n 

the  value  of  v  will  be  finite  if  we  suppose  that  an  equal  number  of  terms  of  the  two 
series  is  always  taken.  Strictly,  we  ought  to  write  the  terms  of  the  two  series  alter- 
nately, but  for  convenience  we  retain  the  form  (2);  thus,  if 

A     n(-j+ipt)n(-|-iyO 
5-2n(-i+ipon(-i-ipO' 

the  value  of  v  in   (2),  under  the  supposition  just  mentioned,  remains  finite  when  /l(  ~  1. 

If  the  ratio  -^   have  the   above  value  with  the  sign  changed,  v  will  remain  finite  when 

yLt  =  -l.  We  can  now  divide  the  value  of  v  into  two  parts,  one  of  which  is  finite  when 
/L(  =B  1  and  infinite  when  fi^  —  l,  whilst  the  other  is  finite  when  /i  =  —  1   and  infinite  when 

3.  It  is  convenient  to  choose  absolute  values  of  A  and  B  such  that  v  s  1  when 
/t  =  l.  This  may  be  done  most  conveniently  by  means  of  a  theorem  given  by  Rummer 
{Grelle,  Vol.  xv.  p.  82), 

y-      /a  +  6-l\ 

F{a.  b,  —2—.   ^-j  =  --__-J'^^,  ^,   ^,  a>) 

When  a?  =  l   the  left-hand    side    of  this   equation   becomes    unity;    if  we    put    a  =  \+pi^ 
b^^—pi,  a?  = /i' =  cos'tf,  we  obtain  the  equation 

If  we  denote  the   right-hand  side  of  this  equation  by  K,(fJi),  the  complete  solution  of 

the  equation  (2)  is 

v^GK,{,.)  +  DK,{r^ii) (3), 

where  C  and  D  denote  arbitrary  constants. 
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The    expression   K,{fJi)    is  equal   to  unity  when  jm  —  I   and  is  infinite  when  /ti^— 1, 
and  K,{~'fi)  is  unity  when  /*  =  — 1  and  infinite  when  /i=s  +  l. 
Moreover 

The  first  of  these  equations  shews  that  K^(ji)^P-^+p^(fi).  Heine  has  shewn  (Handbuch 
der  KugelfuncHonm,  Vol.  n.  p.  225)  that  K,{-  fi)  =  ^  {Q.^+^(ji)  +  Q.^.j,,Qi)l  where  Qi/i) 
denotes  the  zonal  hannonic  of  the  second  kind. 

4.    If  in  the  equation  (1)  we  put  ^  ^  1  —  /i*  and  change  to  ^  as  independent  variable, 
the  equation  will  be  found  to  become 

Assuming  v »  %A^2^  as  a  solution  of  this  equation,  we  find 

a;-     (n  +  2)' 

thus        ,^4,{l\^F^.'e^^±^^^fti^^n*e^..] 

Since  Z,(cos0)  does  not  change  sign  with  0  we  have 


TT 


a  result  which  is  valid  so  long  as  0  lies  between   ±  ^ . 

5.  The  function  iT^  (cos  0)  may,  by  means  of  two  theorems  given  by  Kummer  in  his 
above-mentioned  memoir  on  hypergeometric  series,  be  expanded  in  cosines  of  multiples  of 
0.     These  theorems  are 


,/a   b    1         ,-\  \     2      J 


U  ,  2a6  2a(o+ 2)6(6  +  2)  ,.^     | 

I       (a-2)(6-2)  (a-2)(o-4)(6-2)(6-4)  j 


-„/o  +  l    6  +  1    3        ,a\  V     2      ; 
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If  we  substitute   in  these  the  values  a  =  J+pt,  b^^—pc,   we  have,  referring  to  the 
value  of  ir,(cos  0)  in  equation,  (2), 

where 


/8  =  fTr 


{n(-i+ii>on(-i-ij,or' 

2w 


n(-f  +  ip)n(-i-ipt)n(i  +  i2>.)n(i-ip)- 

This  agrees  with  the  formula  obtained  by  Heine  (Kugel/unctionen,  Vol.  ii.  p.  241)  by  means 
of  the  addition  theorem  for  the  K  function.  The  above  series  for  K^ioosB)  may  be  ob- 
tained  directly  by  substituting  z=fM  +  Jfi*^!  in   the   equation    (1),   which  then  takes  the 

form  ^.(^«_i)^^  +  2^^%(/+i)(^-l)=0. 

If  we  assume  v  —  tAji^  as  a  solution  we  get  -4,{p*  +  (»  — i)*}  =-4,_,fp*  +  (n  — |)*},  and  we 
thus  get  a  series  of  the  form  above,  but  the  determination  of  the  constants  is  troublesome. 

6.     In  order  to  express  IT,  (cos  0   as  a  definite  integral  we  shall  require  to  express 

F  (a,  b, 5 ,  a;  j  as  a  de6nite  integral     The  general  term  of  the  series  is 

n(°'^^"^)n(a  +  r-l)n(fe  +  r-l)    ^ 

n(^±|:=i+r)n(a-i)n(6-i)    ■^' 

,     ■  n(2a!-l)      2"n,        ., 

and  smce  n(x.^l)  =  7^  "^'' ~  *^' 

this  may  be  written 

2'^  "I,      2      >/"V   2  /  n(a  +  k-l)n(b  +  k-l)      2     +*'     ^- 

T; tt(a-l)tt(i-l^         •         n(o  +  6  +  2A-l)        •    ifc!«  +  .Li! 

'2        1. 
the  sum  of  the  series  is  therefore 

fa  +  b-l\      /a  +  b       \ 

^     ii(.- 1)11(1-1,     J.  |,_^,,.„>|¥^" <"• 

which  is  the  required  expression  for  F  (a,  6,  = ,  xj . 
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a 
If  we  put  a  =  i  +  j)t,  b  =  ^—pi,  x  =  sm*^ ,  we  get 

„        nv_  1 pw-*+i'*(l-u)-*-»''  +  tt-*-iH(i-M)-HfK^ 

^/«°«''^-2n(-Hj'0n(-J-i>.)j.  {l-*rM(l-«)}4  ""' 

now    n(-i+jpt)  n(— J  — pt)  =  — r ;  if  we  make  the  substitution  «=-—y,  which  gives 

u{\  —  u)  —  \  sech'^o,  this  integral  becomes 

cos  pa 


coshjwr  f "         cosh  \  a         , 
"2^r~j-.r       sin*  1^1*    "' 
t       cosh'iaj 

or  V2  cosh  pTTf- cospo ^g^ 

•w         Jo  (cosh  a  +  cos  Gy 
Also,  changing  tf  into  ir  —  0, 

ir  i  nx      >/2c08hp7r  r*  COS  02  , 

ir,(-  cos  ^)  =  ^     / ^ X  <^^- 

'"'         Jo    (cosh  a  —  cos  tf)» 

The  functions '  if, (cos  ^),  ir,(-cos^)   introduced   by  Mehler  were  defined  by  means   of 
these  definite  integrals  and  their  properties  were  deduced  from  this  definition. 

7.     I   shall  now    investigate    the  form   of   the    tesseral   harmonics   of  degree    —^+pL 

sin 
Those  of  the  order  8  are  of  the  form         8(f> .  u^,  where  u^  satisfies  the  differential  et^uation 


U'-O-h^^i-Th--"- 


If  we  put  ti,  =  (1  — /A*)**  w„  the  differential  equation  for  w^  is 

The  value  of  w,  obtained  from  this  differential  equation  is  found  as  in  the  former  case 
(«  =  0)  to  be 

^[^^ r72~'*'^  1.2.3.4 f*  +-J 

+  ifA*[l+      12.3     '*  +  1.2.3.4.6  /*+-]• 

or  Af(i«+i  +  iAit,  i<  +  i-i/«,  i, /*•) 

Employing  the  theorem  of  Kummer's  used  in  Art.  3,  we  find  that  the  expression 
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is  convergent  when  /i  =  l>  and  is  equal  to  unity  when  /a=0;  and  that  it  is  in  fact  equal  to 

Fis  +  ^-hpi,  «  +  i-pt,  8  +  1,  sin'J^), 

If  in  the  above  expression  the  two  series  are  added  instead  of  being  subtracted,   the 
resulting  expression  is  convergent  for  /i  =  — 1,  and  is  equal  to 

F{s  +  ^-\-ph  «  +  i-i)A,  «  +  l,  cos"itf). 

It  may  be  shewn  as  before  that,  provided  0  lies  between  ±  i^,  the  expression  considered 
is  equal  to 

t'ds  +  i  +  ^Ph  i«  +  i-ii>*,  «+l,  sin'^). 

If  we  denote  this  expression  (9)  by  K^'  (ji),  the  most  general  value  of  u,  is 

sin*  0 .  {CK;  (cos  $)  +  LfK;  (-  cos  6)], 

where  K^  (cos  0)  is  finite  except  when  tf  =  tt,  and  KJ  (cos  0)  is  finite  except  when  tf  =  0. 

8.     If  we  apply  the  theorem 
to  the  expressions  just  obtained  for  K^  (ji),  we  find  that  they  become 

cos-^itf.-P(i-pt,  1+pt,  «  +  l,  sin"i^), 

and  CO80 F{^8  +  i-^pi,  ^^i  +  ipi,  «  +  l,  sin'^, 

respectively. 

9.    If  in  the  theorems  quoted  in  Art  5  we  put  a-8  +  ^+pi,  6  =  «  +  ^  - pt,  we  obtain 
for  Kp(±co8  0)  the  expression 


■where      a  = 


Jtr.n{8)U{~8-\) 


n(i»-i  +  ii)*)n(i«-i-ipt)n(-i«-i  +  ii)on(-i«-i-ip)' 


a_ 2An(g)n(-g-j^) 

"    ■"   TT   /I   -  1      .      1 \   TT   /I   -  1 1     -_ .  V    II    /         1    _     .      1 


n(i«-i  +  ii)on{i«-i-ii>t)ii(-i»+i  +  ij,t)n(-i»  +  i-ii)t) 
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10.     I  shall  now  investigate  the  addition  theorem  for  the  function  K,(ji).     Let 
cos  7  =  cos  0  cos  0^  +  sin  ^ .  sin  0^  cos  (^  —  ^,). 

Assume  K,  (cos  7)  =  2  «,  cos  «  (^  —  ^,) 

substituting  in  the  equation 

which   K,  (cos  7)  satisfies,  we  have  by  equating  to  zero  the  coefficient  of  cos « (^  —  <f>^)  the 
equation 

r,{<'-''')|i-H-r^]'^-«. 

the  solution  of  which  is 

u.=a;;f/0*)+/8;jsr/(-M). 

In  this  case  we  must  have  i8/  =  0  for  -BT,  (cos  7)  remains  finite  when  costf  =  l,  whereas 
K,*{-1)  is  infinite,  also  since  cos  7  contains  fi  and  fi^  symmetrically  a/  must  contain 
K,*(ji^)  as  a  factor;  therefore 

K,  (C0S7)  ^Xy.K;  (/*)  k;Oi;)  cos*  (^  -  ^o» 

to  determine  7,  put  tf  =  dj  =  j7r  and  ^^^O;  this  equation  becomes  then 

iT,  (cos  ^)  ==  27.  if/ (0)  ir;  (0)  cos  *^, 
^  comparing  this  with  equation  (6),  we  have 


y.{K;(0)Y=a. 


ip*+V} '{4p'+(2«-8)*} 


{4p'  +  3»} {V  +  (2*-l)V 

-      ft{*P*+3'i (4p'+(2*-3y} 

""'  ~     '^{4p'+6') {4p*+(2»-l/}' 

according  as  «  is  even  or  odd.    Now  equation  (9)  shews  that 

v'.m\- N^^r  n  (s) 

°p-l)'H-j)-|  Ufis--Sr  +  p'\  


fi- 


.  „_/  1V9  (^p'+iQCV+a*) {V+(2*-i)'} 
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Hence  we  obtain  the  addition  theorem 

K,  {cos  0  cos  tfj  +  sin  ^  sin  0^  cos  (<^  -  ^,))  =  K,  (cos  0)  K,  (cos  0^) 

PART  II. 

AppUcations  to  physical  problems. 

I  shall  now  give  some  examples  of  the  application  of  the  functions  of  which  the 
properties  are  investigated  above,  to  the  solution  of  problems  in  electricity,  the  conduc- 
tion of  heat  and  hydrodynamics. 

11.  If  we  determine  n  so  that  the  harmonic  (At^-\-'^^jS^  may  vanish  for  both 
the  values  a  and  b  of  r,   we  obtain   from  the  equations 

Uf 

1       kwi 
the  values  n  =  —  ^  +         i  ,  where  k  denotes  any  integer;  thus  spherical  harmonics  of  degree 

log.- 
— -+— T    are  adapted  to  the   solution  of  potential  problems  in  which  the  boundary   of 

the  space  considered  consists  partially  of  portions  of  the  two  spheres  r=a  and  r  =  6. 

12.  Suppose  it  required  to  determine  the  permanent  temperature  at  any  point  in 
the  space  bounded  by  the  two  concentric  spherical  surfaces  r^a,  r=b  and  the  right 
circular  cone  0  =  0,  when  the  two  spherical  boundaries  are  maintained  at  temperature 
zero  and  the  temperature  is  given  as  a  function  of  r  and  ^  at  every  point  of  the 
conical   boundary;  r,  0,  <f>  denote   the   ordinary   polar   coordinates  of  any  point. 

Suppose   b  >  a,   and  let  r  =  aef,   b  =  o^,  then  if  S^^i  i   denote  a  surface   harmonic   of 

degree    —  ^  H ,    the    solid    harmonic    -p  sin  ( — ^  j .  S^^^  i    vanishes    over    each  •  of   the 

spherical  boundaries.  The  surface  harmonic  must  not  be  infinite  when  ^  =  0  and  the 
potential  function  V  must  be  unaltered  when  ^  +  27r  is  substituted  for  ^,  therefore  a 
suitable  form   for    F  is 

KZr(oos0) 


=  ^  -7=.  mil  I  - 
4=1  »Jr         \ 


— ^j  2  lB^co3m6+ CjM^inmd) — ^ , 

.  <r  /«=o'   *«         •^        *-  ^'iir;;(co3a) 
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where  Bj^,   Cj^  are  determined   from    the    condition    that   when    0  s  a,    V  may  be  equal 
to    a    given   function    of   p  and   ^  for  all  values   of  p  between  0  and  a.    Suppose  the 

value  of  V  over  the  conical  boundary  given  in  the  form  -j^fip,  ^) ;  assume 

Jr 

f{p,  ^)  =  ^.  (p)  +  2  [4>^  (p)  cos  m4>  +/^ (p)  sin  m^), 

1   r2» 

then  we  have  ^«  0»)  "^  2^^  1     f^'  ^'^  ^^ 

1  f^  / 

^J  0 

and  for  values  of  p  between  0  and  <r  we  have 

hence  /(p,  *)  =|^*j"8m^/^/]'8in*^^'/0''.  f)<ip'<^f 

+  ^/r  *i"  ?^^^^  f '  r  sin  *^e'  cos  m  (^  -  ^O/O*'.  f )  <^P'  d*' ; 

^■T  *=1   m^l  <T        J  0  J  0  <f 

thus  we  have 

K^  (cos  ^ 

r--J-      S    2  €sin(*^^).-^- n\u,f^cosm{4>-4>')/ip\  4>')dp'd<t>\ 

27r"vr*=»i«i-o  \  «^  /     A;t,(cosa)    J0J9  o- 

when  €sb1,  except  when  fn  =  0  and  then  €  =  |. 

This  value  of   F  satisfies  the  potential  equation,  is  finite  throughout  the  space  con- 
sidered, vanishes  for  r  =  a  and  r^h  and  is  equal  to  -j^f(p,  <f>)  over  the  conical  boundary; 

it  expresses  therefore   the   temperature  at  any  point  within  the  space  considered. 

In  the  particular  case  in  which  the  temperature  over  the  conical  boundary  is  constant 
and  equal  to  F^,  the  value  of  F  is 

ir^(cos^ 


F.     -,    .     kTtp 


— \^  i  .sin 


•  I    c*  sin  — -  dp' 


iirjr'*'  ^    '  if fc,  (cos  a)  . 


^^4P;^-(^"\/^^^^)ir^(cosa)' 


2F, 

or  — ^ 

13.  In  the  case  in  which  the  space  throughout  which  F  is  to  be  found,  is 
bounded  by  the  two  spheres  r  =  a,  r=6  and  the  two  cones  0  =  a,  d  =  A  we  require  both 
the  functions  K(co8  0)  and  -^(-cos^)  to  express  the  value  of  F;  these  are  now  both 
finite  throughout  the  space  considered. 

29—2 
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An  expression  of  the  form 
1^=  2 2  -=  sin  (  — -)  {(A^ cos ni4>  +  B^ sin  nup)  KJI^ (cos  0) 

+  (0^  cos  m4>  +  D^  sin  mj))  K^  (-  cos  0)] 

9 

satisfies    the    boundary    conditions    F=cO    for    T'=^ay   r«&    and    is    finite    and    continuous 
throughout    the    space,  and    the    four    sets    of    coefficients    may    be    determined    so    that 

F=-p/j(p,  ^)  for  tf  =  a,  and  F=  -7=X0>,  ^)  for  ^  =  ^8,  for  values  of  p  between  0  and  <r. 

vr  ^T 

The  above  expression  becomes  for  0  =  a 
F=22  -psin  — ^  [{-4^^jj;^(cosa)  +  C^j^;J|^(-co8o))cosm^ 

+  5^j  X'^  (cos  a)  +  D^  iTj^  (-  cos  a)  sin  w^], 
now  we  have  as  above 

vr  29r^r  a-   JoJq  <r 

hence  we  obtain  the  equations 

il^,Z-(cosa)  +  a,^-(-cosa)  =  H^.  T  f  sin^'cosmf  ./,(p',  <f>')  dp'dif>\ 

Zir  Jo  Jo  <'■ 

5^-(co8a)  +i)^Z-(-co8a)  =  2^  [' f'sin^  sin mf  ./,(/>',  i>')dpd^', 
and  by  putting  ds/9  in  the  expression  for  V,  we  obtain  in  like  manner 

il^iir-(co8/8)  +  C^K'i-cosfi)  =  gljj^' IJ'sin^'  cosmf  ./.(p',  ^0  dp'd^' 

5^-(co8/8)  +i)^-(-co8/9)  ^i^l^'l^'sin^'sinrnf  ./,(/7',  f)<?p'd^'. 

Determining  the  values  of  the  constants  A,  B,  C,  D  from  the  equations,  we   obtain  the 
following  expression  for  the  temperature 

7=^-r2S •         sin^ 

2w'Vr       ir^(co8a)ir^(-co3/9)-^^(cos/3)^^(-co8«)         «■ 

0  0-  9  9 

xj'^j^^n^coam  {if, -<!>•)  [/.(p',  f)  fe  (cos  ^)  ^^  (- cos /S)  -  if^  (cos  tf)  ^^^  (cos ;8)| 
+  f,{p',  f  )fe  (-  cos  0)  KZ,  (cos  a)  -  KZ,  (cos  d)  Z^  (-  cos  M  dp'd<l>', 

\        9  9  9  9  ^  -J 

where  e  =  1,  except  when  m  =  0  and  then  €  —  J. 
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In  the  particular  case  in  which  V  is  constant  over  each  conical  boundary,  say  F=  F, 
for  0  =  a  and  V^V^  for  0^fi,  we  must  put  /,{p,  <t>)^V^^,  /.(p»  ^)  =  ^««*^  i«^  *^e  ex^ 
pression  just  obtained ;  it  then  becomes 

i^Ty;  ^  iT  (cos  a)  Jf  (- cos /3)-ir  (cos /8)Jir(- cos  a)  ^^^   <r  J.  ®^^   c'^    ^ 

x[ir(co8tf){F,Jir(-cosi8)-F^(-co8a)}+iir(-co8tf){F^(cosa)-F,ir(co8/8){, 

which  is  equal  to 

^   ,^^  ,  ,        Kk.{cos0)Ki^{^coHfi)^Kt,{-cos0)Kt,{cosfi) 

2<rF/y         k         a^pW       T T T T 

Vr    *-i  4ifc'7r"  +  <r*         <r    *  irfcr(cosa)  JSr*,(~cos^) --K'^(-cosa)  JSr^(cos/8) 

#  «•  ••  # 

Jf  jk,  (cos  tf )  K]tw  (—  cos  a)  —  K^  (-  cos  d)  -P^  (cos  a) 


^       4A;*7r''  +  <7*         <r    '  iTj^,  (cos  a) -K'^fc,  (- cos /8)  — -Kjt,  (— cos  a) -K"^  (cos /3) ' 

0  9  mm 

This  is  the  expression  for  the  permanent  temperature  throughout  the  space  considered 
when  the  spherical  boundaries  are  maintained  at  temperature  zero  and  the  conical  boundaries 
at  constant  temperatures  F^  and  V^ 

14.  In  the  case  in  which  there  are  besides  the  two  spherical  and  the  one  or  two 
conal  boundaries,  also  two  plane  boundaries  ^  =  0  and  ^  =  7,  over  which  F  is  to  vanish, 
the  value  of  F  will  consist  of  terms  of  the  type 


s""(^)-(t')-'I<*""« 


■J' 

for  this  vanishes  over  the  four  boundaries  r^a,  r^b,  ^sO,  ^=^7.    We  find  that  for  values 
of  p  between  0  and  <r  and  of  <f>  between  0  and  % 

f^- « -hi  f.r  (^)  /:/*  "■'^'  -"=?*'  •/"'■  *^  ^'^'^ 

Hence  for  the  case  in  which  there  is  one  conal  boundary  0^a  maintained  at  temperature 

—  /(p,  ^),  the  permanent  temperature  at  any  point  is 

Jr 

HIT 

Z^(C08<>) 

m 

The  case  in  which  there  are  two  conal  boundaries   0=^a,  0^0  may  be  treated  in  a 
similar  manner,  but  it  seems  unnecessary  to  write  down  the  result  in  this  case, 

15.     The  solution  of  the  problems  corresponding  to  the  foregoing  ones,  when  there 
is  only   one  spherical  boundary,  may  be  deduced  from  the  above  solutions   by  making  a 
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indefiDitely  small  and  replacing  the  summations  with   respect  to  it  by  corresponding  de< 
finite  integrals,  but  the  solutions  may  easily  be  obtained  directly  as  follows. 
Terms  of  the  type 

are  suitable  for  this  case,  since  they  vauish  for  r^b  and  are  finite  and  continuous  for  all 
points  in  the  space  considered  (except  infinitely  near  the  origin  which  is  the  vertex  of  the 
cone,  and  may  be  supposed  excluded  by  surrounding  it  by  an  indefinitely  small  sphere). 
Let  r^be'f",  then  p  has  values  between  0  and  oo  for  the  space  considered.  If  there  is 
one  conal  boundary  over  which 

we  have  /0>>  ^)  -  -  Sc  I    f{p,  ^')  cos  m  (^  -  if/)  d<f>\ 

W"         J  ^ 

and  /(/),  ^')  « -  /    /    sinpp  sin  pp  .f(p,  <f>')  dp  dp\ 

for  values  of  p  between  0  and  oo ;  hence  the  value  of  V  is 

for  this  expression  is  equal  to  ■-j=  f  (p,  6')  when  0  —  a. 

Jr 

If  F  is  constant  r=  V,  over  the  cone  this  expression  becomes 

^   2  jb  rr  .       .     ,    'p:k,(coq0).  ., 

K  — -.-7=/    I     smopsinpp  . p«    ^-) {dpdp 

^    JrJoh  iT,  (cos  a)    ^   '^ 

—  ^     A  p  j^  sin  jpp  K,  (cos  0)  y 
"irV  r],   l  +  4/^,(cosa)''^- 

16.    If  there  are  two  conal  boundaries  ^  =  a,  ^  =  /8,  over  which 

we  obtain  by  proceeding  in  a  similar  manner 

r  =  ^, .  -i  2e  I    f   f    cos  »n  (^  -  ^0  mn;)p  wapp'f^  (j>'.  if/) 

It      V?'        J»  J »  Jo 

K," (cos 0)  Kr  (- cos ^)  -  K," (- cos  &) K," (cos  ff)  ^,,  ^    ,, 
K,"  (COS  a)  K,"  (-  cos  j8)  -  K,"  (-  cos  a)  iT,"  (cos  fi}^'P  ^P  "P 


2      1  ruff 


K,"  (cos  g)  .gp"  (-  cos  g)  -  K,"  (-  cos  0)  A","  (cos  a)  ^ , ,  ,        , 
a;-  (cos  a)  iTp-  (-  cos  /3)  -  iTp"  (-  cos  a)  K/'  (cos  yS)  "^  *-P  "'' ' 
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The  cases  in  which  there  are  also  plane  boundaries  ^  =  0,  ^^7  may  be  treated  as 
before. 

17.  If  in  the  preceding  cases  we  supposed  b  to  become  infinite  we  should  obtain  the 
solution  of  the  case  in  which  the  sole  boundary  is  the  infinite  half  cone,  the  value  of  V 
being  zero  at  infinity;  in  this  case  it  would  be  necessary  to  alter  the  meaning  of  p,  we 
should  put  r^e^  and  int^rate  for  p  between  the  values  ±00;  for  /(p,  ^)  we  should  use 
the  formula 

instead   of  the  formula  used  above;  we   then  obtain   for  V  in   the  case  of  a  single  conal 
boundary,  the  value 

which  is  given  by  Heine  {KugelfuncHonen,  Vol.   II,  p.   243)  and  is  obtained  by  him  in. a 
direct  mauuer. 

18.  In  all  the  problems  discussed  above,  the  value  of  V  has  been  supposed  to  be 
zero  over  the  spherical  boundaries,  and  to  have  arbitrary  given  values  over  the  conal 
boundaries.  If  the  values  of  V  over  the  spherical  boundaries  are  not  zero  but  given 
functions  of  $  and  <[>,  we  shall  have  to  add  to  the  values  of  V  throughout  the  internal 
spaces,  which  we  have  obtained,  values  of  V  which  satisfy  the  conditions  of  vanishing  over 
the  conal  boundaries  and  having  given  values  over  the  spherical  boundaries;  we  should 
then  have  the  complete  values  of  F,  which  satisfied  the  conditions  of  having  arbitrarily  given 
values  over  the  whole  of  the  boundaries.  The  natural  way  to  solve  the  problem  of  deter- 
mining V  so  that  it  may  vanish  over  the  conal  boundaries  and  have  prescribed  values  over 
the  spherical  ones,  would  be  to  assume  an  expression  for  F  in  a  series  of  spherical  harmonics 
of  degrees  and  orders  so  chosen  that  they  vanish  for  the  one  or  the  two  values  of  0  cor- 
responding to  the  conal  boundaries.  However  the  determination  of  the  degrees  and  orders 
of  the  harmonics  which  satisfy  this  condition  presents  such  difficulties  that  I  have  evaded  it 
by  using  harmonics  of  integral  degree  which  express  the  given  temperatures  over  the  whole 
of  the  spherical  surfaces  of  which  the  boundary  is  a  part.  If  the  temperature  over  the 
portion  of  a  spherical  surface  exist  by  a  cone  tf  =  a  is  given  in  the  form  F{0,  <f>),  I  suppose 
this  function  so  extended  as  to  apply  to  the  whole  of  the  spherical  surface;  the  value  of 
F{0,  4>)  outside  the  cone  is  entirely  at  choice,  and  may  be  taken  either  as  zero  or  as  an 
analytical  function  of  the  same  form  as  that  which  expresses  the  given  temperature  over 
the  portion  of  the  spherical  surface  cut  off  by  the  cone;  this  arbitrarily  assumed  form  for 
the  value  of  F  over  those  portions  of  the  spherical  surfaces  which  do  not  form  part  of  the 
boundaries  of  the  space  considered  cannot  affect  the  result,  since  the  value  of  F  inside  thej 
space  only  depends  on  the  boundary  values  of  F.  The  extension  of  the  function  F(0,  ^) 
to  the  whole  spherical  surface  is  merely  an  analytical  artifice. 

19.  Consider  the  case  of  the  space  bounded  by  two  spheres  r  =  a,  r=6  and  a  cone 
0  as  a ;  suppose  the  temperatures   of  the  portions  of  the  spherical  surfaces  maintained   at 
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given  values  F^  {0,  ^),  F^  (0,  ^)  respectively ;  we  have  to  determine  a  value  of  V  which 
shall  have  these  given  values  over  these  boundaries  and  shall  vanish  over  the  conal  boundary 
d  =  a.  As  explained  above,  I  suppose  F^{0,  ^),  F^(0,  <}>)  functions  given  over  the  whole 
spherical  surfaces  r^a,  r^b,  their  values  for  0>a  being  chosen  so  as  to  make  the  functions 
most  simply  expansible  in  surface  harmonics  of  positive  integral  degree. 

Suppose  F^(0,  <^)  =  2F^,  F^{0,  <I>)^XZ^   F,  and  Z^  denoting  harmonics  of  integral 
degree  n.     Assume 


then  from  the  conditions 


we  obtain  IV>  ^n»  ^^^  thence  the  following  value  of  F. 

IT-     /q'v8inh(n-f  ^)(<r~p)  y  /6  -  sinh_(nj^|)p  ^ 

•^"Vr^     sinh(n  +  i)<r       '•"^V  r  ^sinh  (n  + i)<r    "' 

this  value  of  V  which  I  shall  denote  hy  -=.  fi  (p,  6,  0)  has  the  prescribed  values  over  the 
spherical  boundaries  but  does  not  vanish  for  0^  a,  so  we  must  add  to  it  a  value  of  V 

which  vanishes  over  the  spherical  boundaries  and  is  equal  to  —  -p .  /li  (p,  ^,  a)  over  the  conal 

Vr 

boundary. 

This  is  (Art.  12) 

-  — -rT=  S    S  €  sin  — 5  —^. r  I  l   sin  — ^cos  m(^ -  ^') A*(p'.  4^\  «)  dp  d^'. 

Hence  the  complete  value  of  F  which  has   the  prescribed  values   over  the  spherical 
boundaries  and  vanishes  over  the  conal  one  is 

T^_     /g  <.  sinh  (n  -f  ^)  (<r  -  p)  ^   ,      jh  ^  sinh  {n^r^p  ^ 
^'y  r^      sinh(n  +  i)(r       ^-^  V  r     sinh  (n  +  i)  cr  ^* 

,-  ,  KI(COB0) 

7^  2    2  €  sm  — ^         


27r*  Vr  k^\  «i=o  ^      KlkK  (cos  a) 

n*'  .    hirp  ,.       .,. -.sinh(n  +  A)(<r-p')  ^  .      ..    ,  ,  ,., 

^  ^fan^cosm(4>-4>)^     sinh  (n  A)  /    ^"  ^"'  ^ ^  ^^  ^^ 


/r                        L-     ir*,(cos^) 
2     2  €  sin  — - , 


27r*  Vr  *-i  w-o  ^      ir^(cos  a) 
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We  have      J%in  *^  sinh  (n  +  i)  ;>' dp' =  ~  ^-^  |J  L^ 

^     J^.a  ["sin  (Att -  (nH-  ^) o-  J^]     sin  {kir  +  (n  +  |)  <r >/^"| 
2        L     ^7r-(n  +  i)(^^/^  ^tt  +  (n  +  i)  <r  ^/=a    J 

_     V—  I .  a-  —  2A?w  cos  Att  sin  (n  +  ^)  <r  V—  1 

,       (- 1)***  sinb  (n  +  i)  <r  i    •    .,    i      f'  .    W    .  ,   ,        .,  ,  ^  ,, 

=  far<r^  p  , — .     .^j-va  V     I   fti^d  similarly    I   sm  — —  sinh  (n  +  i)  (<r  —  p  ;  ap 

_  feTTcr  sinh  (n  -f  |)  <r 

thus  the  integration  with  respect  to  p'  in  each  term  has  been  performed.  A  further 
simplification  of  the  expression  above  is  obtained  by  substituting  for  F»,  Z^  their  expansions 
in  tesseral  harmonics 

rcos 
.    m^if/  cos  m  (^  —  if))  d<f>    is    zero    unless   m^  =  m,  and  is    then    equal    to 
sin 

cos 
IT  .    m^  we  have  the  following  expression  for  the  temperature  at  any  internal  point,  under 

the  given  surface  conditions 

T^_     /a  V  sinh  Cn  -f  ^)  (<r -  p)  y.  /g^  sinh  (n -h  j)  p  «. 

•^"V  r^        sinh(n  +  J)o-         •"^'Vr^  sinh(n  +  i)<r    * 

/-  f^hr  (cos  tf) 

s/flhx  2    2f-iy2sin    -^       "^  *  <f  jL  Tn^**  cos  i  (An^m  COB  m<^  -f  Bn^m  sJn  m0) 

jfirrrCcOS^) 

_  s/^f  2  S  2  sin  ^ .     ^  *^*  fc.  T;"*'  (cos  a)  U^^,^  cos  m<^  +  Rn,m  sin  wi<^) 

f     f 'r.Tr  cos  m^d/id<^ 
where  -^»tm=    "^  ^  (see  Ferrers'  Spherical  Harmonics,  p.  86) 


-B»»i  = 


w  — ml  2n  +  I 
I      r^'r^Tr  sin  mt^rf/id^ 


n+m!      27r 


n  — w!  2n+  1 

-^ '«,«•=  an  expression  similar  to-  -4»^„  with  Z^  for  F^, 

■B'«,m= B%i»   
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This  value  of  V  added  to  the  value  in  Art  12  gives  the  complete  values  of  V  throughout 
the  space  when  the  values  over  the  whole  boundary  are  given. 

In  the  particular  case  in  which  the  temperatures  are  given  constant  over  the  spherical 
boundaries  F'=F,  and  V=V^,  we  have 

JSrifc,(cos^) 
6F,-aFa6(F,>F,)^  S(--l)*sin^,-^ .^...^^.(F.-F.). 

20.  An  important  application  of  the  preceding  formulae  is  the  determination  of  the 
potential  of  the  electricity  on  the  surface  of  an  infinite  conductor  with  a  hollow  of  the  shape 
just  considered,  due  to  an  electrified  point  placed  inside  the  hollow  space.  If  we  suppose 
a  negative  unit  of  electricity  placed  at  the  point,  the  problem  is  equivalent  to  the  deter- 
mination of  the  value  of  F  throughout  the  space  considered  when  it  is  equal  over  the 
bounding  sutface  to  the  reciprocal  of  the  distance  tcom  an  internal  point.  This  value  of 
F  is  the  Green's  function  for  the  space,  and  when  found  enables  us  to  determine  the 
potential  at  any  point  of  the  space  considered,  due  to  any  arbitrarily  given  surface  dis- 
tribution of  matter;  for  if  G{P)  denotes  the  Green's  function  of  any  point  P,  the  potential 
at  P  of  any  surface  distribution  in  which  a  is  the  density  at  the  element  d8'  of  surface 
is  fO(P)a''dS,  the  integration  being  taken  over  the  whole  boundary. 

In  this  case  the  value  of  F  over  the  bounding  surface  is 

1  ^ 

a  '  J^  +  6*^-'26^^"{cos  0  cos"^^  +  sin  fl  sm  O^c^  (<l>  -  4>J}  * 

if  p^  0^,  4>^  are  the  coordinates  of  the  internal  point.    Over  the  conal  boundary  the  value 
of  F  is  then  to  be 

1  1 

a  *  J^  4-  e^po  -  2«p+'*»  {cos  a  cos  0^  +  sin  a  sin  ^^  cos  (^  —  <l>^) } 

and  we  must  substitute  this  value  for  the  function  —p.f{p,  ^)  in  Art.  12. 

If  p>p^  this  expression   is  equal  to   -S-jjjq:jy>  P^fcosacostf^  +  sinasin^jCOS  (^- ^,^)}, 

r 

and  this  is  equal  to 

It  p<p^  the  same  expression  is  equal  to 

l^^-  T22^;n-(cosa)2r'(cos^0co8m(^-.^^. 

We  must  therefore  in  accordance  with  the  method  of  Art  12  expand  a  function  which  is 
equal  to     ^^^^^^  for  values  of  p  between  p^  and  cr,  and  is  equal  to  ^^^^^^  for  values  of  p 
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between  0  and  p^  in  a  series  of  sines  of  multiples  of  — ;  the  required  series  will  be 

2i4«.ifcsin— ^, 

where  A^^  =  -  f "«- C+D *»+(•-« " sin^ dp +  -  (' e"**" (•+«' sin ^ dp, 

carrying  out  the  integrations,  we  get 

W  fl -e(«-*)p*cos  ^1  +  (n -i)<re(»-«Ao£ 


.sin*5^* 


A'7r»+(n-J/a* 


2«r 


TT 


e"oo 


The  part  of  V  due  to  this  distribution  over  the  cone  is  then 

if^(costf) 
F,  =  -^*2  TT22.e-(»+^)^-4,,,^;rr(cosa) 

Over  the  sphere  p » 0,  the  value  of  F  is  to  be 

-te' (»+i) AoP^  {cos ^  cos  i?^  +  sin  0 sin  ^^ cos  (^- ^p)}. 
and  over  the  sphere  p so-  it  is  to  be 

-  2  €*«>- ^»+i5 '  P,  {cos  tf  cos  tfj,  +  sin  tf  sin  ^^  cos  (^  -  ^J}, 
hence  using  the  formula  in  Art  19  we  have,  since  in  this  case 

-4,.,  COS  m^  +  5«.,  sin  TO^  »-«-(•+«*•.  2S .  ^^|7^  cos  m  (^  t- ^,), 

-4 '«„  cos  m^ +  £'»,,  sin  »i^  =  -«•»•-(•«+»)'.  J2  ^^^j  cos  m  (^  -  ^,). 
The  value  of  F, 

*      V  r         Sinn  (n  +  J)  <r        a  ^.o         n  +  tn! 

A  jsmMn^   1  ^_(,^„,  Y2X.^i^2:i"'(co8^  rr(<^^^^ 
V  r     8inh(»  +  i)«r   a  »».•         w  +  wl    "   ^        /    •   v       «/  xr     r«/ 

_>^  2  2  (-lySsin*^.     -'       ■      S 
2^r*-i»-<>  ^      Jijj(cosa)  »=» 
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The  sum  of  V^  and   F,  gives  the  complete    value  of  F,  that  is  the   Green's  function  of 
the  point  pj9^il>.. 

The  corresponding  problem  for  the  case  of  the  space  bounded  by  two  cones  and  two 
spheres  may  be  solved  in  the  same  manner,  but  it  is  unnecessaiy  to  work  out  this  case 
in  detail  as  the  formulae  do  not  essentially  differ  from  those  just  obtained. 

21.  I  shall  now  obtain  Green's  function  for  the  space  bounded  by  a  cone  and  a  single 
spherical  surface,  this  might  be  deduced  from  the  last  case  but  is  as  easily  obtained 
directly  by  means  of  the  formula  in  Art  15.  Using  the  notation  in  that  article,  suppose 
Pq»  ^o>  ^0  ^^®  coordinates  of  the  point  for  which  the  Green's  function  is  to  be  obtained. 
The  reciprocal  of  the  distance  between  this  point  and  (p,  0,  <f>)  is 


b  Je'^  +  e'^-^^e-^-^  {cos  6co&  B^  +  Aii  ^  sin  ^^  cos  (^  -  ^J} ' 

It  is  well  known,  that  the  value  of  the  function  over  the  sphere  is  that  due  to  a 
mass  e^*  at  the  inverse  point  whose  coordinates  are  hef";  6^  ^,  and  the  value  of  this  at 
any  internal  point  is 

^ 

h  ^/c^•  +  e-^  -  ieh-f"  {cos  tf  cos  ^,  +  sin  6  sin  0^  cos  (^  -  ^J} ' 

We  must  add  to  this  the  value  obtained  from  the  formula  in  Art.  15,  where  we  put 


Jbe 


b  Je'^  +  6"^  -  ie'f^'f^  {cos  at  cos  tf,  +  sin  a  sin  ^^  cos  (<^  —  if>^} 

Jb(f''^ 
b  ^/e^-  e'^  -  2e^-'»  {cosa  cos  0^  +  sin  a  sin  ^^  cos  {<^  -  <^J}  * 
The  value  of  Green's  function  is  therefore 

1 

6  Jl  -  €'^-^^  -  2«-'»-^ {cos  ^  cos  ^^  +  sin^  sin  0^ cos  (^  -  ^) 

Jb'^  Jr        .U  Jo  Jo  ^^     ^ /       ^r       rr  j^m  ^^^  ^^ 


i 


g-ii» 


l>/6~^  +  6-*^  -  2c-''-'**  {cos  a  COS  tf^  -f  sin  a  sin  0^  cos  (<^  -  ^J  j 

^'^ ) 

J^  -  ^-^  -  ^^'P  {cos  a  cos  ^,  +  sin  a  sin  0^  cos  (^  -  <^J}  j    *    ^^* 

This  is  the  potential  of  the  electricity  induced  by  a  negative  unit  placed  at  the  point 
/>o>  ^»  ^«  The  integration  with  respect  to  ^'  may  be  carried  out  by  expanding  the 
denominators  of  the  fractions  in  Tesseral  harmonics  as  in  the  last  case,  distinguishing  the 
two  cases  />  <  Po- 

22.    I  shall  now  apply  the  method  of  inversion  to  obtain  from  the  preceding  cases 
the  solution   of  the   corresponding  problems  for  the  spaces  bounded  by  the  surfaces  which 
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are  the  inverses  with  respect  to  a  point  on  the  axis^  of  the  spherical  and  conal  surfaces. 
The  inverse  of  a  spherical  surface  with  respect  to  any  point  not  on  the  surface  itself 
is  a  spherical  surface,  and  that  of  a  cone  is  the  surface  generated  by  the  revolution  of 
a  circular  segment  round  its  chord. 


Fig.  1. 

Let  0  be  the  centres  of  two  spheres  and  the  vertex  of  a  cone  aa  in  Art  12;  take 
a  point  C  on  the  axis  in  the  space  between  the  spheres  and  invert  the  system  with 
respect  to  C,  taking  CO  =  Jfc  for  the  constant  of  inversion,  so  that  0  is  its  own  inverse 
point  The  two  spheres  of  which  AA\  BB  are  diameters  invert  into  Iwo  spheres  on 
aa',  hV  as  diameters  and  the  cone  inverts  into  the  surface  formed  by  the  revolution  of 
a  segment  of  a  circle  of  which  00  is  chord,  and  which  contains  an  angle  equal  to 
the  semi- vertical  angle  of  the  cone. 


Fig.  2. 

Let  F  be  the  inverse  of  any  point  P,  then  we  have,  i£  p,  0,  ^  are  the  coordinates 

of  P,    lOP'C^  iPOO-e,  also  pQ^oC^k^'   ^^^  *®    ^^^^   ^^  ^  ^^   ^^^**    ^    ^ 
constant  is  a  series  of  spheres   for  which   0  and    0   are  common   inverse   points.    Corre- 

OP'  a.  n. 

spending  to  p  =  0,  p  =  <r  we  have  the  two  spheres  for  which  ^^  is  equal  to  t  aud  t  ^f  and 
the  radii  of  these  spheres  are  easily  found  to  be  ^r^>  cf^^V*    ^^  ^^  inverse  figure 
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we  regard  p,  0,  ^  as  the  coordinates  of  any  point  P";  we  have 

CP^  =  a*  (e«*»  +  e*'-  2fl^+^cos  ff)  =  a*.e^^  [2  cosh  (p-r)  -  2co8^) 

where  k  =  aeT. 

According    to    the    method    of    inversion  if  F  is    the    potential    at    P    due    to    any 
distribution  of  matter,  the  potential  V  at  P'  due  to  the  inverse  distribution  is  given  by 

V'=V  — 

y      *^-CP" 


P-T 


/.  F'«F.e8  V2cosh(/>  +  T)-2cosft 

23.  To  the  problem  of  determining  the  potential  throughout  the  space  bounded  by 
two  spheres  and  a  cone  corresponds  that  of  finding  the  potential  at  any  point  in  the 
space  external  to  two  spheres  aa',  hV  connected  by  the  figure  00  formed  by  the  rotation 
of  a  segment  of  a  circle.  In  the  case  in  which  the  two  spheres  (ia\  hV  are  equal  and 
the  segment  is  flattened  down  we  have  a  body  approximately  the  shape  of  a  dumb-bell 
slightly  thickened  in  the  middle. 


Pig.  s. 

Suppose  that  it  is  required  to  find  a  potential  V  throughout  the  external  space  so 
that  at  the  surface  of  the  body  just  described 

r  =  PO>,  ft  ^). 

We  have  T^  V.  e^  1^2  cosh  (/t)  +  t)  -  2  cos  ft 

where  V  is  determined  by  the  formula  in  Art.  12,  substituting  for  f{p,  ft  ^)  the  value 

Pfp,  ft  4>)^e^ 
^/2oosh(p  +  T)-2oo8tf' 

24.    First  suppose  it  required   to  find    the   potential   at   any  point   due  to   the  dis* 
tribution  of  electricity  on  a  conductor  of  this  form  charged  to  potential  (7. 

For  the  spheres  p»0,  ps»ir  the  values  of  V  are 


^/2cosht-2cos^'   y2cosh(<r  +  T)-2costf' 
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and  for  the  cone  ^  =  a  F  is 

Ja C^ 

Jr  J2  oosh  (p  +  t)  —  2  cos  a 

Hence  the  port  of  V  due  to  the  value  of  V  over  the  cone  is 

4ir>/r*=i         o-   if*r(co8o)*  j^  V2cosh{/)'  +  T) -2co8a  ^" 

To  find  the  parts  of  V  due  to  the  values  of  V  over  the  spheres  we  must  in 
accordance  with  Art  19  expand  these  values  in  harmonics  of  integral  degree,  we  have 
at  once 

*  <7S  «-'P.(co8^), 


^2  cosh  T  —  2COB0        K-o 


^/2co8h(T  +  o-)-2co8i' 
Hence  the  corresponding  part  of  F  is 


(7*— 2<r-»<»+»»P.(coBtf). 


V  r         8inh(n+J)<r  ^        '      y  r     8mli(»  +  ^)«-  "^     . 

47r     *-i  "^    JSrt,(co8a),=o  fc'ir*  +  «r»(»  +  i/ 

_Jba^  ^  ^_kwp  ^^^""^"yJto-^-C-^D'PJcosa) 
4,/;     *-i         T  -Zt^Ccosa).*,      i»^  +  o'(n  +  i)'     " 

.    Inrp' 
srn-^ 

The  integral  |     .        .      .  dp'  can  be  expanded  in  a  series,  thus: 

*      JoV2co8hO>'  +  T)-2co8a   *^  *^ 

.    Jbrp' 
sin — —  .         j^  , 

'  ■  '^  rfp'=»  I   sin ^^ 2«-(»+»(^+'>P.(cosa)(L>' 

Jo>/2coshO>'  +  T)-2oosa   '^     Jo         <r  '^       '^ 

^P.(cosa) 
=  t  — n-k  [c-<"+*>^ -  cos  Jbr .  e- (»+»)(»+'>]. 
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Hence  the  value  of  V  is 

.   ^    /S ir7—\ — ; a 2      /^x?    •     *^P      T  'c        W  P,  (C08  tt) 

+  T  v2  cosh (p  +  t)  -  2  COS  ^  a/  -  2  am  — ^  «r^-;^ ;  2  .,  «  .  /    .  i\«^ 

{c-*^  (1  -cos  ibr)  -  6-«'-<»+»'  (1  +C08fc»r)). 

This  is  the  potential  at  anv  point  in   external   space  of  the  electricity  on  the  conductor 
ivhen  it  is  at  potential  C. 

25.  Next  suppose  it  required  to  find  the  electricity  induced  on  a  conductor  of  the 
same  shape  induced  by  a  negative  unit  of  electricity  at  any  point  in  the  external  space. 

We  shall  obtain  the  solution  of  this  problem  by  inverting  the  case  solved  in  Art  21, 

CP 
supposing  that  a  mass  —  ^^  is  placed  at  the  point  P,   the  inverse   of  the  given  point 

(/^•^•^o)-     I^  order  to  find  V  we   must  therefore  multiply  the  value  of  V  in  Art.  21  by 
e»(p»-0  J2  cosh  (po  +  t)  —  2  cos  0^,  hence  the  value  of  V  is 

e*(p+^> -^ V2cosh(/)o  +  T)-2cos^^  V2cosh(/>  +  T)-2cos^ ( V^  +  F,), 
where  V^  and  F,  are  the  expressions  in  Art.  19. 

26.  For  the  case  of  the  infinite  half  cone  with  no  bounding  spheres,  if  r  =  ^  denote 
the  distance  of  any  point  from  the  origin,  it  is  known   (Heine,  YoL  IL  p.  243)  that  the 

value  of  F  at  any  point  in  the  cone  corresponding  to  V=-r=  f{p,  ^)  over  the  surface  is 

This  may  easily  be  deduced  from  Art  15,  by  making  the  radius  b  of  the  bounding 
sphere  infinite  and  altering  the  meaning  of  p. 

By  inversion  we  find  the  potential  F'  of  the  space  external  to  a  figure  bounded  by 
the  surface  of  revolution  generated  by  the  revolution  of  a  segment  of  a  circle  round  its 
chord,  the  value  of  F'  which  is  such  that  the  potential  at  the  bounding  surface  is  F(fi,  ^)  is 

72coshD-2cos^ %•/*/•"  r       F{p\4rj      ir^"(co8^)      ,     ^      ,.  ^^jj.^^^ 

27.  As  an  example  of  the  use  of  this  formula  I  shall  find  the  current  function  ('^) 
in  an  infinite  fluid  when  a  solid  of  this  shape  is  moving  with  a  velocity  F  in  the  direction 
of  its  axis. 
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Let  y  be  distance  of  any  point  P  from  the  axis  and  x  the  distance  from  C  measured 
along  the  axis,  then  fi  satisfies  the  equatiqn 

da^      dy^      y  dy  "    ' 


Fig.  4. 


In  a  paper  on  the  potentials  of  the  surfaces  generated  by  the  revolution  of  Lima^ous 
recently  read  before  the  Philosophical   Society,    Mr  A.  B.   Basset  has  remarked  that  this 

equation  is  of  such   a  form  that  -   sin  0  is  a  potential;  in  fact  the  equation  may  be  written 


and  since  at  the  surface  '^  =  ^1^,  ^^ — —  is  a  potential  of  the  external  space  and  is  equal 

at  the  surface  to  ^Fysin^. 

Now  referring  to  the  figure  in  Art.  22,  we  see  that 

•    _  .    P  a  }f_ sing 

ky^smif.j^.e  •  ^^+^2  cosh  (p  +  t)  -  2  cos  0}  ""^  ^■"2cosh/>- 2cos5' 

putting  i  =  1,  a  =  0  to  suit  the  new  notation.     Hence  the  value  of  — over   the  surface 

if 

is  iF  = r r^ — a«      Thus   referring   to    the  formula  in  the  last  article   we   have  for 

^      2  cosh  />  -  2  cos  ^  ^ 

the  value  of  the  current  function 

Fsin^sina  p    f  1  Ku,(cos0)  ,         ,..,. 

i         — — 1       I       -=  — ^^ cos  a(o  -^  pjdp  da. 

47rV2coshp-2co3^J-aoJ— (2coshp'-2cos(9)*  ir^(cosct)        ^^     t' ^    f   r 

28.     It  may  seem  worthy  of  remark  that  corresponding  problems  in  two  dimensions 
may  be  solved  by  means  of  two  dimensional  harmonics  of  imaginary  degree. 


If(ilr*  +  -i)       nd  vanishes  for  two  values  r=a,  r  =  6  of  r,  we  must  have 
\  rVcos 

^a-  +  |  =  ^6"  +  ^.  =  0, 
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therefore 


a»"  =  6'",  or  2nlog-  =  27-l*^. 

Of 


n  = 


hrJ-1 


If  6  =  06^,  r=^aei',  then  sin — ^\A^e^-{-B^e    *"  )  vanishes  for  p  =  0  and  p^a. 


Fig.  6. 


For  example  to  determine  the  steady  motion  of  heat  in  the  space  bounded  by  r  =  a, 
r  =  6,  ^  =  0,  0  =  OL  when  the  temperature  is /^(p)  for  ^  =  0,  f^{p)  for  d  =  a  and  vanishes  for 
r  =  a,  r  =  6,  we  have  to  determine  A^  and  B^  from  the  equations 


(^+B4=/;/.(p')8in^d,, 


hence  the  temperature  is 
.    hrrp 
-S    1 —      Jsmh --/,(/) )  +  smh — ^ '  .f^(p)\  sm—f^dp. 


sinh ' 
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XL     Table  of  the  Exponential    Function    e*   to    twelve    places    of  Decimals. 
By  F.  W.  Newman,  Emeritus  Professor  of  University  College,  London. 

[Communicated  hy  Prof.  Adams.     Read  October  31,  1887.] 

This  Table  gives  the  value  of  e'  for  values  of  x  from  a;  =  0'001  to  a?  =  2000,  taken 
at  intervals  of  0001. 

The  mode  of  forming  it  is  exactly  similar  to  that  described  at  length  by  the  author 
in  the  introduction  to  bis  Table  of  the  Descending  Exponential,  which  was  published  in 
Part  III.  of  Vol.  xin.  of  the  Society's  Transactions,  The  object  in  both  cases  was  to 
secure  a  systematic  verification  of  the  results. 

First  from  e,  we  may  find  «*  by  the  formula 


also 


Hence,  if  M  denote  the  sum   of  the  odd   terms  and  N  that  of   the  even   terms  of 

the  above  series  for  e*,  we  have 

e^^M  +  N, 

also  l^M-N, 

which  suflBciently  tests  the  accuracy  of  both  M  and  N  and  therefore  that  of  e*. 

Similarly  e'  may  be  found  with  verification  from  e\ 


For 
also 


And  if  M'  denote  the  sum   of  the  odd   terms,   and  N'  the   sum   of  the  even  terms 
of  the  series  for  e",  we  have 

and  e  ^M'-N'; 

and  since  e  is  already   known,  this  tests  the  accuracy  of  both  M'  and  N'  and  therefore 

that  of  if' +  2V"  or  6». 

After  this  the  intervals  are   halved,   and  ef  is  obtained  when  x  is  taken  successively 
=  2'5,  1"5,  and  05  by  means  of 

31—2 
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since  c».e-*  =  e^',    «".«-♦  =  e*,    e^'.e*  =  «^,   e«.e*  =  e", 

e».e-*=e",    e".  «"*  =  <!',    e'*.e*=i=e', 

by  which  all  are  doubly  verified. 
Further,  by  means  of 

**    "  (^*  10  ■•■fOo*  1030730  "^"^^7' 

still  working  downwards  from  e*,  we  may  obtain  in  succession,  with  verification  at  every 
fifth  result, 

^  when  X  is  29,  28,  27,  2*6,  2-5,  ...  2,  1*9,  18,  ...  1,  09,  08,  ...  01  and  0. 

The  table  thus  formed  is  called  by  the  author  his  skeleton  table,  in  which  the 
calculations  are  carried  to  16  places  of  decimals,  but  from  x^Z  to  x  =  %  it  is  left  as 
a  mere  skeleton. 

Then  between  x  =  'i  and  ^  =  0  the  entries  were  filled  in,  making  x  vary  at  each 
step  by  '01.    First,  all  the  intervals  were  halved  by  means  of 

***"        (^  -  20 "^ 20740 *  20.40.60 "*■  "^7  ' 

Thus  e-  =  «-    (i-^  +  2-oVo-20():FO  +  *^)' 

and  again  «- =  e'*  (l  +  ^j  +  ^^^  +  2^^  +  &c.)  . 

»"^  ^*=''"0-2V2o!4O-1o^  +  *")' 

SO  that  if  M"   denote  the  sum   of  the  odd  terms  of  either   of   these  latter  series,  and 
W  the   sum   of  the   even  terms,   then 

and  if"-J\r"  =  e*«; 

and  since   e^^   has  been  already  calculated  independently,  this  tests  the  accuracy  of  both 
JIf"  and  N\  and  therefore  that  of  M"^N"  or  of  e'^\ 

In  this  way  may  be  obtained  with  perpetual  verification,  the  value  of  e*  from 
a:  =  2   to  a?  =  l-95,   1*9,   1-85,   &c.  ...  down   to  •!,    05,  0. 

After  this,  by   means  of 

^*  '* "  r  *  100  **■  1007200  *100.200.300'*"'^^7 ' 
the  process  is  continued  from  a?  =2,  so  that  x  may  descend  at  every  step  by   *01,  and 
verification  is  obtained  after  every  fifth  entry. 
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Finally  the  table  was  enlarged,  without  any  change  in  the  process,  so  as  to  make 
X  descend  by  only  *001  at  each  step. 

Thus,  the  intervals  are  first  halved  by  means  of 


200  •  200.400-^200.400.600 

1 


+  &C, 


which  gives  ^^'"  =  4  ""  250 -^  200^400  ^200. 40^ 

from  which  may  be  derived  in  succession  the  values   of   f  for    a?  =  1*985,   1*976,  &c  ... 

down  to  '005,  with  verification  at  every  step. 

After  thus  halving  the  intervals,  the  table  is  completed   by  employing  in  a  similar 
manner  the  formula 

1.1.  1 


e*~'  =  l±- 


+  &C., 


1000  '  1000.2000-^1000.2000.3000 

and   verification  is  obtained  after  every  fifth  entry  in  the  table. 

The  table  has  been  thoroughly  revised  by  Professor  Adams,  who  has  thus  detected 
several  errors  which  had  almost  exclusively  arisen  in  copying.  With  the  exception  of 
these,  the  revision  showed  that  the  en-ors  of  the  table  as  given  by  the  author  rarely  ex- 
ceeded a  unit  in  the  last  place  of  decimals. 

In  the  table  as  printed  the  figure  in  the  12th  decimal  place  has  been  altered 
when  requisite  in  order  to  make  the  table  correct  to  the  nearest  unit  in  the  last 
decimal  place.  In  one  or  two  cases  the  figures  which  would  follow  immediately  after 
the  12th  decimal  are  so  close  to  500  that  it  is  not  possible  to  be  certain  which  of 
two  consecutive  figures  in  the  12th  place  is  the  nearest  to  the  truth,  without  carrying 
the  testing  calculations  beyond  15  places  of  decimals,  which  it  would  not  be  worth 
while  to  do. 


SKELETON  TABLE  OF  e*  TO  16  DECIMALS,  FROM  X^O   TO  X^3. 


X 

e^ 

X 

1*1 

1*2 

1-3 
1*4 

1*6 

17 
1*8 
1-9 
2-0 

.   e* 

X 

e* 

•I 

•2 

•3 

•4 

•s 

•6 

7 
•8 

'9 
i-o 

i'io5i  7091  8075  6476 
1-2214  0275  S160  1698 
I '3498  5S80  7576  0031 
1*4918  2469  7641  2703 
1*6487  2127  0700  1 281 

1-8221  1880  0390  5090 
2-0x37  5270  7470  4765 
2*2255  4092  8492  4676 
2*4596  031 1  1156  9496 
2*7182  8182  8459  0452 

3*0041  6602  3946  4331 

33201  1692  2736  5474 
3*6692  9666  7619  2442 

4-0551  9996  6844  6745 
4*4816  8907  0338  0648 

4-9530  3242  4395  "48 
S'4739  4739  1727  199^ 
6*0496  4746  4412  9461 
6*6858  9444  2279  2694 
7*3890  5609  8930  6502 

2*1 
2*2 

2-3 

2*4 

2-S 

2-6 

2*7 
2*8 
2*9 

3'o 

8*i66i  6991  2567  6501 

9*0250  1349  9434  1209 

9*9741  8245  4814  7208 

11*0231  7638  0641  6017 

12*1824  9396  0703  4735 

13*4637  3S03  5001  6904 
14-8797  3172  4872  8341 
16*4446  4677  1097  0499 
18*1741  4536  9443  0610 
20*0855  3692  3187  6677 
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X 

•000 

I- 

e^ 

I 
X 

•050 

e^     ! 

X 

e^ 

1  150 

e^ 

1-0512  7109  6376 

-100 

1*1051  7091  8D76 

1-1618  3424  2728 

•001 

I'OOIO 

0050  0167 

•051 

1-0523  2289  3283 

*IOI 

I -1062  7664  1763 

1  -151 

11629  9665  8082 

•002 

I '0020 

0200  1334 ' 

•052 

1-0533  7574  2513 

*I02 

1-1073  8347  1728 

:  -152 

1-1641  6023  6432 

•003 

I -0330  0450  4503 

,  -053 

1*0544  2964  5 1 191 

•103 

1*1084  9140  9-76 

1  -153 

1-1653  2497  8943 

•004 

I  -0040 

0801  0677 

1  -054 

1-0554  8460  2155 1 

-104 

1-1096  0045  4916 

1  -154 

1-1664  9088  6778 

•00s 

roD5o 

1252  0859  j 

'055 

1 0565  4061  4675 1 

•105 

I-II07  I06I  0356 

1  '^55 

1*1676  5796  1105 

•006 

I '0060 

i8d3  6054  ; 

•056 

1-0575  9768  3737 

-106 

I'liiS  2187  6507 

1  -156 

1-1688  2620  3090 

•007 

1-0070 

2455  7267  : 

•057 

1 0586  5581  0395 1 

•107 

I-I129  3425  4479  1 

1  -157 

1*1699  9561  3901 

•008 

I  -0080 

3208  5504  , 

-058 

1-0597  1499  5710, 

•108 

1-1140  4774  5386 

'  -158 

1-1711  6619  4708 

•009 

I  '0090 

4062  1774 

•059 

1-0607  7524  0740 ' 

-109 

11151  6235  0341 

•159 

11723  3794  6681 

•010 

I'OIOO 

5016  7084 

-060 

i*o6i8  3654  6545 

•no 

I '1 162  7807  0459 

!  -160 

1-1735  1087  0992 

•on 

I -01 10 

6072  2445 

061 

1^0628  9891  4187  1 

-III 

1-1173  9490  6854 

,  ''^' 

1-1746  8496  8814 

•012 

I'0I20 

7228  8866 

-062 

ro639  6234  4728] 

-112 

1-1185  1286  0645 

'  -162 

1-1758  6024  1321 

•013 

I  0130 

8486  7360 

•063 

1-0650  2683  9231  1 

•113 

1-1196  3193  2949 

1  -163 

1-1770  3668  9688 

•014 

1*0140 

9845  8938 

•064 

I '0660  9239  8762  i 

-114 

1-1207  5212  4884 

-164 

11782  1431  5093 

•015 

1-0151 

1306  4615 

•065 

1-0671  5902  4384  1 

•115 

1-I2I8  7343  7572 

,   165 

1-1793  9311  8711 

•016 

i-oi6i 

2868  5406 

-066 

1-0682  2671  7166 

•116 

11229  9587  2133 

'  -166 

1-1805  7310  1723 

•017 

1-0171 

4532  2325 

-067 

1-0692  9547  8175 

•117 

1*1241  1942  9691 

-167 

1-1817  5426  5308 

•018 

1-0181 

6297  6390 

•068 

1-0703  6530  8479 

•118 

1-1252  4411  1367 

•168 

1-1829  3661  0648 

•019 

1-0191 

8164  8617 

-069 

10714  3620  9148 

-119 

1*1263  6991  8288 

•169 

1-1841  2013  8924 

•020 

1-0202 

0134  0027 

•070 

10725  0818  1254 

*I20 

1*1274  9685  1579 

•170 

1*1853  0485  1320 

•021 

I -02 1 2 

2205  1638 

-071 

1*0735  8122  5868 

-121 

1*1286  2491  2367 

-171 

1-1864  9074  9022 

•022 

1-0222 

4378  4470 

-072 

1-0746  5534  4064 

-122 

1*1297  5410  1780 

•172 

1-1876  7783  3214 

•023 

10232 

6653  9547 

•073 

1-0757  3053  6915 

•123 

1-1308  8442  0947 

•173 

i*i888  6610  5084 

•024 

1*0242 

9031  7891 

•074 

1*0768  o68o  5496 

•124 

11320  1587  0999 

'174 

1-1900  5556  5820 

•025 

10253 

1512  0524 

•075 

1-0778  8415  0885 

•125 

1*1331  4845  3067  : 

•175 

1*1912  4621  6612 

•026 

1-0263 

4094  8473 

-076 

1-0789  6257  4157 

•126 

1*1342  8216  8283  1 

-176 

1-1924  3805  8651 

•027 

1*0273 

6780  2763 

•077 

1-0800  4207  6393 

*I27 

11354  1701  7781 

•177 

11936  3109  3127 

•028 

1-0283  9568  4421 

-078 

I -081 1  2265  8670 

*I28 

1-1365  5300  2697 

-178 

1-1948  2532  1235 

•029 

1-0294 

2459  4475 

•079 

1-0822  0432  2070 

*I29 

1-1376  9012  4166 

•179 

1-1960  2074  4168 

•030 

1-0304  5453  3954 

•080 

1-0832  8706  7675 

•130 

1-1388  2838  3325 

*i8o 

1*1972  1736  3122 

•031 

1*0314 

8550  3887  . 

i  -081 

1-0843  7089  6567 

•131 

1-1399  6778  1312 

*i8i 

1-1984  1517  9293 

•032 

1-0325 

1750  5305 

•082 

1-0854  5580  9830 

•132 

1-1411  0831  9267 

-182 

1-1996  1419  3880 

•033 

I -0335 

5053  9241 

'  -083 

1*0865  4180  8548 

•133 

11422  4999  8331 

•183 

1-2008  1440  8081 

•034 

1-0345 

8460  6728 

1  -084 

1-0876  2889  3809 

•134 

1*1433  9281  9645 

•184 

1-2020  1582  3096 

•035 

1-0356 

1970  8800 

1  -085 

1*0887  1706  6698 

•135 

1-1445  3678  4351 

-185 

1-2032  1844  0128 

•036 

I  0366  5584  6491 

-086 

1*0898  0632  8305 

•136 

1-1456  8189  3595 

-186 

1-2044  2226  0378 

•037 

1-0376 

9302  0838 

-087 

I  0908  9667  9718 

-137 

1-1468  2814  8520 

•187 

1-2056  2728  5050 

•038 

1-0387 

3123  2878 

*o88 

1-0919  8812  2028 

•138 

1-1479  7555  0274 

•188 

1-2068  3351  5350 

"039 

10397 

7048  3650 

-089 

1*0930  8065  6326 

•139 

I  1491  2410  0004 

•189 

1-2080  4095  2483 

•040 

I  -0408 

1077  4192 

•090 

1-0941  7428  3705 

•140 

1-1502  7379  8857 

-190 

1-2092  4959  7657 

•041 

I  0418 

5210  5545 

•091 

1-0952  6900  5258 

-141 

1-1514  2464  7985 

-191 

1-2104  5945  2081 

•042 

1^0428 

9447  8751 

•092 

1-0963  6482  2081 

•142 

11525  7664  8537 

-192 

i-2n6  7051  6965 

•043 

I -0439 

3789  4851 

•093 

•1-0974  6173  5268 

•143 

1-1537  2980  1666 

"193 

1-2128  8279  3519 

•044 

1*0449 

823s  4888 

•094 

i'0985  5974  59^7 

•144 

1*1548  8410  8525 : 

-194 

1*2140  9628  2956 

•04S 

I  -0460 

2785  9909 

•095 

10996  5885  5126 

•145 

1-1560  3957  02681 

•195 

I -2 1 53  1098  6490 

•046 

I  0470 

7441  0957 

-096 

11007  5906  3994 

•146 

1-1571  9618  8051 

-196 

1-2165  2690  5334 

•047 

1-0481 

2200  9080 

•097 

i*ioi8  6037  3621 

•147 

11583  5396  3030! 

-197 

1-2177  4404  0706 

•048 

1-0491 

7065  5324 

•098 

1-1029  6278  5109 

•148 

1-1595  1289  6363' 

•198 

1-2189  6239  3822 

•049 

I  -0502 

2035  0740 

•099 

1-1040  6629  9559 

•149 

1*1606  7298  9209 

•199 

1-2201  8196  5900 
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X 

e^ 

X 

ei" 

X 

e^ 

X 

^x 

•200 

I'22I4 

0275  8160 

-250 

1-2840  2541  6688 

•300 

13498  5880  7576 

•350 

1-4190  6754  8593 

•20I 

1-2226 

2477  1823 

•251 

1-2853  ioo8  4331  1 

•301 

1-3512  0934  1538 

•351 

1-4204  8732  5912 

•202 

1*2238  4800  81 1 1 

-252 

1-2865  9603  7285  ; 

•302 

1-3525  6122  6709 1 

•352 

1-4219  0852  3719 

•203 

1-2250 

7246  8247 

-253 

1-2878  8327  6835, 

-303 

1-3539  1446  4442 

-353 

1-4233  3114  3434 

•204 

1*2262 

9815  3456 

1  -254 

1-2891  7180  4268 

-304 

1-3552  6905  6090 

'354 

1*4247  5518  6480 

•205 

1-2275 

2506  4963 

1  -255 

1-2904  6162  0873 

-305 

1*3566  25C0  3006  i 

-355 

1-4261  8065  4281 

•206 

1-2287 

5320  3995 

i  -256 

1-2917  5272  7940 

•306 

1*3579  8230  6548 

'356 

1*4276  0754  8264 

•207 

T'2299 

8257  1781 

'  -257 

1-2930  4512  6759 

-307 

1-3593  4096  8072 

-357 

1-4290  3586  9854 

•208 

1-2312 

1316  9549 

1  -258 

12943  3881  8624 

•308 

1-3607  0098  8937 

-358 

1-4304  6562  0480 

'209 

I  2324  4499  8530 

1  '259 

1*2956  3380  4828 

•309 

13620  6237  0503 

*359 

1-4318  9680  1572 

•210 

1-2336  7805  9957 

1  -260 

1-2969  3008  6666 

•310 

1-3634  2511  4132 

•360 

1*4333  2941  4560 

•211 

1-2349 

1235  5061 

'  261 

1-2982  2766  5434 

1  311 

1-3647  8922  1 186 

•361 

1-4347  6346  0879 

•212 

1-2361 

4788  5079 

'  -262 

1-2995  2654  2429 

•312 

13661  5469  3029 

-362 

1-4361  9894  i960 

•213 

i'2373 

8465  1244 

1  -263 

1-3008  2671  8952  1 

313 

1-3675  2153  1028 

•363 

14376  3585  9241 

•214 

1-2386 

2265  4793 

1  -264 

13021  2819  6301 

-314 

1-3688  8973  6547 

•364 

1-4390  7421  4158 

•215 

I  -2398 

6189  6966 

I  -265 

1*3034  3097  5778 

•315 

1-3702  5931  0957 

■365 

T-4405  1400  8149 

•216 

1-2411 

0237  9001 

-266 

1-3047  3505  8687 

•316 

1-3716  3025  5626 

-366 

1*4419  5524  2655 

•217 

12423 

4410  2138 

1  267 

1-3060  4044  6331 

•317 

1-3730  0257  1925 

•367 

1*4433  9791  9115 

718 

12435 

8706  7619 

1  -268 

1-3073  4714  0015 

•318 

1*3743  7626  1228 

•368 

1-4448  4203  8974 

•219 

I  2448 

3127  6688 

'  -269 

1-3086  5514  1046 

-319 

1-3757  5132  4906 

-369 

1-4462  8760  3675 

•220 

1-2460 

7673  0587 

1  -270 

1-3099  6445  0733 

•320 

1-3771  2776  4336 

'370 

1-4477  3461  4663 

•221 

i'2473 

2343  0564 

1  -271 

1-3112  7507  0385 

-321 

1-3785  0558  0894 

•371 

1-4491  8307  3387 

•222 

1-2485 

7137  7864 

-272 

1-3125  8700  1311 

•322 

1-3798  8477  5957 

-372 

1-4506  3298  1293 

•223 

1-2498 

2057  3736 

'  -273 

1-3139  0024  4825 

•323 

1-3812  6535  0906 

•373 

1-45 20  8433  9833 

•224 

1-2510 

7101  9428 

1  -274 

1-3152  1480  2239  1 

•324 

1-3826  4730  7119 

-374 

1-4535  3715  0457 

•225 

1-2523 

2271  6192 

•275 

1-3165  3067  4868 

•325 

1-3840  3064  5981 

•375 

1-4549  9141  4618 

•226 

1-2535 

7566  5278 

j  -276 

1-3178  4786  4027 

•326 

1-3854  1536  8873 

-376 

1-4564  4713  3771 

•227 

1-2548 

2986  7940 

•277 

1-3191  6637  1035 

•327 

1-3868  0147  7180 

•377 

1*4579  0430  9371 

•228 

1-2560 

8532  5432 

'  -278 

1-3204  8619  7209 

•328 

1-3881  8897  2289 

•378 

1-4593  6294  2876 

•229 

1-2573  4203  9010 

1  -279 

1-3218  0734  3870 

•329 

1-3895  7785  5588 

•379 

14608  2303  5743 

•230 

1-2586 

oooo  9929 

-280 

1-3231  2981  2337 

'330 

1-3909  6812  8464 

-380 

1-4622  8458  9434 

•231 

1-2598 

5923  9449 

-281 

1-3244  5360  3935 

•331 

1-3923  5979  2308 

•381 

1-4637  4760  5410 

•232 

1-2611 

1972  8828 

•282 

1-3257  7871  9987 

•332 

1-3937  5284  8513  1 

-382 

1-4652  1208  5133 

•233 

1-2623 

8147  9327 

•283 

1-3271  0516  1817 

•333 

1-3951  4729  8470  , 

•383 

1-4666  7803  0068 

•234 

1-2636 

4449  2208 

•284 

13284  3293  0753 

'334 

1-3965  4314  3575 
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2-4694  6122  6688 

•954 

2-5960  7321  1239 

•80s 

2*2366  9649  8820 

•85s 

2-3513  7438  0575 

•905 

2*4719  3192  3057 

*955 

2*5986  7058  2920 

•806 

2-2389  3431  4040 

•856 

2*3537  2693  1035 

*9o6 

2*4744  0509  1359 

*956 

2*6012  7055  3271 

•807 

2-2411  7436  8194 

•857 

2*3560  8183  5222 

*907 

2-4768  8073  4065 

•957 

2*6038  7312  4893 

•808 

22434  1666  3523 

•858 

2 3584  3909  5490 

*9o8 

2*4793  5885  3652 

*958 

2-6064  7830  0389 

•809 

2*2456  6120  2269 

•859 

2*3607  9871  4199 

•909 

2*4818  3945  2599 

•959 

2*6090  8608  2363 

•810 

2-2479  0798  6676 

*86o 

2*3631  6069  3706 

-910 

2*4843  2253  3385 

'960 

2*6ii6  9647  3423 

•811 

2-2501  5701  8992 

•861 

2*3655  2503  6374 

'911 

2*4868  0809  8494 

-961 

2^6143  0947  6180 

•812 

2-2524  0830  1465 

•862 

2*3678  9174  4567 

-912 

2*4892  9615  041 1 

*962 

2-6169  2509  3247 

•813 

2*2546  6183  6346 

•863 

2-3702  6082  0652 

•913 

2*4917  8669  1624 

-963 

2-6195  4332  7239 

•814 

2*2569  1762  5889 

•864 

2*3726  3226  6998 

*9i4 

2*4942  7972  4625 

■964 

2-6221  6418  0775 

•815 

2*2591  7567  2350 

•865 

2-3750  0608  5977 

•915 

2*4967  7525  1905 

•965 

2-6247  8765  6475 

•816 

2*2614  3597  7987 

•866 

2-3773  8227  9962 

*9i6 

2*4992  7327  5961 

•966 

26274  1375  6962 

•817 

2-2636  9854  5059 

-867 

2*3797  6085  1329 

•917 

2-5017  7379  9290 

•967 

2*6300  4248  4864 

•818 

2-2659  6337  5831 

•868 

2*3821  4180  2458 

•918 

2 5042  7682  4393 

•968 

2*6326  7384  2809 

•819 

2-2682  3047  2566 

•869 

2*3845  2513  5728 

•919 

2^5067  8235  3773 

'969 

2-6353  0783  3427 

*820 

2*2704  9983  7532 

-870 

2*3869  1085  3524 

-920 

2-5092  9038  9936 

•970 

2*6379  4445  9354 

•821 

2*2727  7147  2998 

•871 

2-3892  9895  8231 

•921 

2*5118  0093  5390 

*97i 

2*6405  8372  3226 

•822 

2*2750  4538  1236 

•872 

2*3916  8945  2237 

•922 

2-5143  1399  2644 

•972 

2*6432  2562  7681 

•823 

2*2773  2156  4519 

•873 

2*3940  8233  7933 

•923 

2-5168  2956  4213 

*973 

2*6458  7017  5362 

-824 

2*2796  0002  5124 

•874 

23964  7761  77" 

•924 

2*5193  4765  2612 

•974 

2*6485  1736  8913 

•825 

2*2818  8076  5329 

•87s 

2*3988  7529  3967 

•925 

2*5218  6826  0358 

•975 

2-6511  6721  0983 

•826 

2-2841  6378  7415 

•876 

2*4012  7536  9099 

•926 

25243  9138  9973 

•976 

2*6538  1970  4219 

•827 

2*2864  4909  3666 

•877 

2*4036  7784  5506 

•927 

2-5269  1704  3980 

*977 

2-6564  7485  1276 

•828 

2*2887  3668  6365 

•878 

2-4060  8272  5591 

•928 

2-5294  4522  4903 

•978 

2-6591  3265  4807 

•829 

2*2910  2656  7801 

•879 

2-4084  9001  1759 

•929 

2-5319  7593  5273 

979 

2-6617  931 1  7472 

•830 

2*2933  1874  0264 

•880 

2*4108  9970  6417 

•930 

2*5345  0917  7618 

*98o 

2*6644  5624  1929 

•831 

2*2956  1320  6046 

*88i 

2-4133  1181  1975 

931 

2*5370  4495  4473 

•981 

2*6671  2203  0844 

•832 

2*2979  0996  7441 

*882 

2-4157  2633  0846 

*932 

2*5395  8326  8372 

•982 

2*6697  9048  6880 

•833 

2*3002  0902  6747 

-883 

2*4181  4326  5442 

•933 

2-5421  2412  1856 

•983 

2*6724  6161  2707 

•834 

2*3025  1038  6262 

•884 

2-4205  6261  8183 

•934 

2*5446  6751  7464 

•984 

2-6751  3541  0996 

•835 

2*3048  1404  8287 

•885 

2*4229  8439  i486 

•935 

2-5472  I34S  7739 

•985 

2-6778  1188  4421 

•836 

2-3071  2001  5127 

•886 

2-4254  0858  7773 

•936 

25497  6194  5228 

•986 

2*6804  9103  5658 

•837 

2*3094  2828  9086 

•887 

2*4278  3520  9470 

•937 

25523  1298  2479 

•987 

2-6831  7286  7386 

•838 

2-3"7  3887  2475 

•888 

2-4302  6425  9001 

•938 

2*5548  6657  2044 

*988 

2*6858  5738  2287 

•839 

2-3140  5176  7602 

•889 

2*4326  9573  8798 

•939 

2-5574  2271  6475 

*989 

2*6885  4458  3046 

•840 

2-3163  6697  6781 

•890 

2-4351  2965  1290 

-940 

2*5599  8141  8329 

-990 

2-6912  3447  2349 

•841 

2*3186  8450  2328 

'891 

2*4375  6599  8912 

•941 

2-5625  4268  0165 

-991 

2*6939  2705  2887 

•842 

2*3210  0434  6559 

•892 

24400  0478  4100 

•942 

2-5651  0650  4544 

•992 

2*6966  2232  7353 

•843 

2-3233  2651  1794 

•893 

2*4424  4600  9293 

943 

2^5676  7289  4029 

"993 

2*6993  2029  8441 

•844 

2*3256  5100  0357 

•894 

2*4448  8967  6933 

•944 

2-5702  4185  1 188 

•994 

2*7020  2096  8850 

•845 

2-3279  7781  4570 

'895 

2*4473  3578  9462 

•945 

2-5728  1337  8588 

•995 

2-7047  2434  1279 

•846 

2-3303  0695  6762 

•896 

2*4497  8434  9328 

*946 

2*5753  8747  8803 

•996 

2*7074  3041  8434 

•847 

2*3326  3842  9261 

•897 

2-4522  3535  8978 

•947 

2*5779  6415  4404 

•997 

2*7101  3920  3019 

•848 

2-3349  7223  4398 

•898 

2*4546  8882  0863 

•948 

2-5805  4340  7971 

•998 

2-7128  5069  7743 

•849 

2-3373  0837  4508 

•899 

2*4571  4473  7438 

•949 

2-5831  2524  2081 

•999 

2*7155  6490  5319 
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X 

I'OOO 

^ 

X 

e^ 

X 

e^ 

X 

e* 

2*7182  8182  8459 

1-050 

2*8576  51 1 1  8063 

i-ioo 

3-0041  6602  3946 

1*150 

3-1581  9290  9690 

I'OOI 

27210  0146  9882 

1*051 

2-8605  1019  8483 

I-IOI 

3-0071  7169  2554 

1*151 

3-1613  5268  2222 

I'002 

27237  2383  2306 

1-052 

28633  7213  9414 

I-I02 

3-0101  8036  8334 

1*152 

3-1645  I561  6108 

I -003 

2-7264  4891  8454 

1053 

2-8662  3694  3716 

1103 

3-0131  9205  4294 

1*153 

3-1676  817I  4509 

1-004 

27291  7673  1052 

1*054 

2-8691  0461  4256 

I-IO4 

3*0162  0675  3447 

1-154 

3-1708  5098  0593 

1-005 

27319  0727  2826 

1055 

2*8719  7515  3901 

1*105 

3-0192  2446  8807 

1*155 

3-1740  2341  7528 

i-oo6 

27346  4054  6508 

1*056 

2-8748  4856  5522 

II06 

3-0222  4520  3391 

1*156 

3-1771  9902  8486 

1-007 

27373  7655  4830 

1*057 

2 8777  2485  1991 

I-I07 

3-0252  6896  0221 

1*157 

3-1803  7781  6644 

I -008 

2-7401  1530  0530 

1*058 

2-88o6  0401  6185 

I-I08 

3-0282  9574  2320 

1*158 

3-1835  5978  5179 

1-009 

2-7428  5678  6345 

1*059 

2 8834  8606  0983 

I-I09 

3*0313  2555  2715 

1159 

3-1867  4493  7275 

i-oio 

2-7456  oioi  5017 

I -060 

2-8863  7098  9268 

IIIO 

3*0343  5839  4436 

I -1 60 

3-1899  3327  6116 

i-oii 

27483  4798  9290 

I  061 

2-8892  5880  3924 

I-III 

3*0373  9427  0515 

i'i6i 

3-1931  2480  4891 

I -012 

27510  9771  I9I2 

1-062 

2-8921  4950  7839 

1-II2 

30404  3318  3989 

1-162 

3*1963  1952  6790 

IOI3 

27538  5018  5631 

1-063 

2*8950  4310  3904 

1*113 

3-0434  7513  7897 

1163 

3*1995  1744  5010 

1*014 

27566  0541  3201 

1-064 

2*8979  3959  5012 

I-II4 

30465  2013  5279 

1*164 

3-2027  1856  2747 

1-015 

27593  6339  7376 

1-065 

2*9008  3898  4060 

1*115 

3-0495  6817  9183 

1-165 

3*2059  2288  3203 

I -016 

2-7621  2414  0915 

1066 

2*9037  4127  3947 

I-II6 

3-0526  1927  2654 

1-166 

3*2091  3040  9582 

I -01 7 

2 7648  8764  6579 

1-067 

29066  4646  7575 

III7 

3*0556  7341  8746 

1*167 

3*2123  4114  5092 

IOI8 

27676  5391  7130 

1068 

2*9095  5456  7851 

i*ii8 

3*0587  3062  0510 

1-168 

3-2155  5509  2943 

I-OI9 

27704  229s  5336 

1-069 

2-9124  6557  7681 

III9 

30617  9088  1006 

1-169 

3*2187  7225  6349 

I -020 

27731  9476  3964 

1-070 

2*9153  7949  9977 

I-I20 

3-0648  5420  3293 

1-170 

3-2219  9263  8529 

I -02 1 

27759  6934  5788 

I -07 1 

2-9182  9633  7653 

I-I2I 

30679  2059  0434 

1-171 

3-2252  1624  2700 

1-022 

27787  4670  3581 

1-072 

2*9212  1609  3625 

1*122 

30709  9004  5497 

1-172 

3-2284  4307  2089 

I'023 

2-7815  2684  OI2I 

1*073 

2-9241  3877  0814 

1*123 

30740  6257  1549 

1173 

3-2316  7312  9921 

1-024 

2-7843  0975  8189 

1-074 

2-9270  6437  2141 

I-I24 

3*0771  3817  1664 

1*174 

3-2349  0641  9426 

1-025 

27870  9546  0566 

1*075 

2-9299  9290  0534 

1-125 

3-0802  1684  8918 

1*175 

3-2381  4294  3838 

1-026 

2 7898  8395  0039 

1-076 

29329  2435  8919 

II26 

3-0832  9860  6389 

1-176 

3-2413  8270  6393 

1-027 

27926  7522  9396 

1-077 

2-9358  5875  0229 

1*127 

3-0863  8344  7159 

1*177 

3-2446  2571  0331 

1028 

2 7954  6930  1428 

1-078 

2*9387  9607  7398 

II28 

3-0894  7137  4312 

1-178 

3*2478  719s  889s 

1*029 

2-7982  6616  8931 

1*079 

2-9417  3634  3364 

II29 

3-0925  6239  0937 

1*179 

3-2511  2145  5332 

1*030 

2*8010  6583  4699 

1-080 

2-9446  7955  1066 

1130 

3-0956  5650  0125 

1-180 

3-2543  7420  2890 

1031 

2-8038  6830  1534 

I -081 

2*9476  2570  3447 

1*131 

3-0987  5370  4969 

1-181 

3*2576  3020  4822 

1-032 

2*8066  7357  2237 

1*082 

2*9505  7480  3455 

1132 

3-1018  5400  8568 

1-182 

3*2608  8946  4385 

1*033 

28094  8164  9614 

1*083 

2*9535  2685  4038 

1133 

3-1049  5741  4020 

1*183 

3*2641  5198  4838 

1*034 

2*8l22  9253  6472 

1-084 

2-9564  8185  8148 

1-134 

31080  6392  4431 

1184 

3*2674  1776  9443 

1*035 

2-815I  0623  5624 

1*085 

2*9594  3981  8739 

1*135 

3-1111  7354  2905 

1*185 

3-2706  8682  1466 

1-036 

28179  2274  9882 

1-086 

29624  0073  8772 

1*136 

3-1142  8627  2553 

1-186 

3-2739  5914  4176 

1*037 

2-8207  4208  2063 

1-087 

2*9653  6462  1205 

1137 

3-1 1 74  02 II  6488 

1-187 

3-2772  3474  0846 

1-038 

2*8235  6423  4986 

i-o88 

2-9683  3146  9002 

1138 

3*1205  2107  7826 

1-188 

3-2805  1361  4750 

1-039 

2*8263  8921  1474 

1-089 

2-9713  0128  5132 

1139 

31 236  4315  9684 

1-189 

3-2837  9576  9169 

1-040 

2-8292  1 701  4352 

1*090 

2*9742  7407  2563 

1-140 

3-1267  6836  5186 

1-190 

3-2870  8120  7383 

I -041 

2*8320  4764  6446 

1-091 

29772  4983  4268 

1*141 

3-1298  9669  7457 

1-191 

32903  6993  2679 

I  042 

2*8348  81 1 1  0588 

1-092 

2-9802  2857  3224 

1142 

3-1330  2815  9624 

1-192 

3-2936  6194  8345 

I  "043 

28377  1740  9612 

1-093 

2-9832  1029  2408 

1*143 

3-1361  6275  4820 

1*193 

3-2969  5725  7674 

1-044 

2-8405  5654  6354 

1094 

2*9861  9499  4803 

1*144 

3-1393  0048  6179 

1*194 

3-3002  5586  3960 

1*045 

2 8433  9852  3652 

1095 

2-9891  8268  3393 

1*145 

3-1424  4135  6839 

1*195 

3-3035  5777  0502 

1*046 

2 8462  4334  4349 

1-096 

2*9921  7336  1 166 

1-146 

3*1455  8536  9941 

1-196 

3-3068  6298  0602 

1*047 

2*8490  9IOI  1289 

1*097 

2-9951  6703  H13 

1*147 

3-1487  3252  8628 

1*197 

3-3101  7149  7565 

1-048 

2-8519  4152  7321 

1-098 

2-9981  6369  6227 

I -148 

3-1 5 18  8283  6047 

1-198 

3*3134  8332  4700 

1*049 

2-8547  9489  5295 

1*099 

3-OOI1  6335  9505 

1*149 

3*1550  3629  5350 

1*199 

3-3167  9846  5319 
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X 

^ 

X 

e* 

X 

^ 

X 

"e^ 

I '200 

3-3201  1692  2737 

1-250 

3-4903  4295  7462 

1-300 

1 
3-6692  9666  7619 

1-350 

3-8574  2553  0697 

I'20I 

3-3234  3870  0271 

1*251 

3-4938  3504  6173 

I -30 1 

3*6729  6779  9547 

1-351 

3*8612  8488  5584 

1*202 

3*3267  6380  1245 

1*252 

3*4973  3062  8719 

1-302 

3-6766  4260  4443 

1-352 

3-8651  4810  1755 

1-203 

3-3300  9222  8983 

1-253 

3-5008  2970  8596 

1-303 

3-6803  2108  5981 

1-353 

3-8690  1518  3075 

I '204 

3-3334  2398  6813 

1-254 

3-5043  3228  9303 

1-304 

3*6840  0324  7841 

1-354 

3-8728  8613  3411 

1*205 

3-3367  5907  8067 

1-255 

3-5078  3837  4343 

1-305 

3*6876  8909  3705  1 

1-355 

3-8767  6095  6633 

I '206 

3*3400  9750  6081 

1-256 

3-5"3  4796  7221 

1*306 

3-6913  7862  7258 

1-356 

3-8806  3965  6617 

1*207 

3-3434  3927  4193 

1-257 

3-5148  6107  1447 

1-307 

3-6950  7185  2190 

1-357 

3-8845  2223  7240 

1*208 

33467  8438  5744 

1*258 

3-5183  7769  0535 

1*308 

3-6987  6877  2194  1 

1-358 

3-8884  0870  2386 

1*209 

3-3501  3284  4080 

1-259 

3-5218  9782  8001 

1-309 

3-7024  6939  0967 

1-359 

38922  9905  5941 

1*210 

3-3S34  8465  2549 

1*260 

3-5254  2148  7365 

1310 

3-7061  7371  2210 

1*360 

3-8961  9330  1795 

1*211 

3*3568  3981  4503 

1*261 

3-5289  4867  2151 

1*3" 

3*7098  8173  9627 

1-361 

39000  9144  3843 

1*212 

3-3601  9833  3297 

1*262 

3-5324  7938  5886 

1*312 

3-7135  9347  6926 

1-362 

3-9039  9348  5983 

I-2I3 

33635  6021  2290 

1-263 

3-5360  1363  2100 

1-313 

3-7173  0892  7819 

1-363 

3-9078  9943  2116 

1*214 

3*3669  2545  4843 

1*264 

3-5395  5141  4329 

1-314 

3-7210  2809  6021 

1-364 

3*9118  0928  6150 

l'2IS 

3*3702  9406  4322 

1*265 

3-5430  9273  6109 

1-315 

3-7247  5098  5251 

1-365 

3-9157  2305  1993 

1*216 

3  3736  6604  4095 

1*266 

35466  3760  0982 

1-316 

3*7284  7759  9233 

1366 

3-9196  4073  3559 

1*217 

3-3770  4139  7534 

1*267 

3*5501  8601  2493 

1-317 

3-7322  0794  1693 

1-367 

3-9235  6233  4766 

1*218 

3-3804  2012  8016 

1*268 

3-5537  3797  4191 

1-318 

3*7359  4201  6360 

1-368 

3-9274  8785  9536 

1*219 

3*3838  0223  8917 

1*269 

3-5572  9348  9626 

1-319 

3-7396  7982  6971 

1-369 

3-9314  1731  1795 

I '220 

3-3871  8773  3621 

1-270 

3-5608  5256  2356 

1-320 

3*7434  2137  7261 

1*370 

3-9353  5069  5470 

1*221 

3*3905  7661  5513 

1*271 

3-5644  1519  5938 

1-321 

3-7471  6667  0973 

1-371 

3*9392  8801  4497 

1*222 

3-3939  6888  7983 

1*272 

3-5679  8139  3936 

1-322 

3-7509  1571  1852 

1-372 

3*9432  2927  2813 

1-223 

33973  6455  4421 

1*273 

3-5715  5"5  9915 

1-323 

3-7546  6850  3647 

1-373 

3*9471  7447  4357 

1*224 

3-4007  6361  8224 

1*274 

3*5751  2449  7446 

1-324 

3-7584  2505  01 J I 

1*374 

3-9511  2362  3077 

1*225 

3*4041  6608  2791 

1*275 

3*5787  0141  0102 

1-325 

3*7621  8535  5000 

1-375 

3-9550  7672  2921 

1*226 

34075  719s  1524 

1*276 

3*5822  8190  1459 

i  1*326 

3-7659  4942  2075 

1-376 

3-9590  3377  7841 

1*227 

3-4109  8122  7830 

1*277 

3-5858  6597  5099 

1327 

3-7697  1725  5099 

1-377 

3-9629  9479  1796 

1*228 

3-4143  9391  5"7 

1*278 

3-5894  5363  4604 

1-328 

3-7734  8885  7842 

1-378 

3*9669  5976  8746 

1*229 

3*4178  looi  6798 

1*279 

3-5930  4488  3564 

1*329 

3-7772  6423  4073 

1-379 

3-9709  2871  2656 

1-230 

3-4212  2953  6290 

1*280 

3-5966  3972  5569 

1-330 

3-7810  4338  7569 

1-380 

39749  0162  7495 

I'23I 

3-4246  5247  701 1 

1*281 

3*6002  3816  4214 

1-331 

3-7848  2632  2108 

1-381 

39788  7851  7236 

1*232 

3*4280  7884  2385 

1-282 

3*6038  4020  3098 

1-332 

3-7886  1304  1475 

1-382 

3*9828  5938  5856 

1-233 

3*4315  0863  5839 

1-283 

3-6074  4584  5822 

1-333 

3-7924  0354  9454 

1383 

3*9868  4423  7335 

1234 

3-4349  4186  o8oi 

1*284 

3-6110  5509  5992 

1-334 

3-7961  9784  9838 

1-384 

3*9908  3307  5659 

I '235 

3-4383  7852  0705 

1-285 

3-6146  6795  7217 

1-335 

3-7999  9594  6419 

1-385 

3*9948  2590  4817 

1*236 

3*4418  1861  8988 

1*286 

3*6182  8443  31 1 1 

1-336 

3-8037  9784  2997 

1*386 

3*9988  2272  8800 

1*237 

3-4452  6215  9090 

1*287 

3*6219  0452  7290 

1-337 

38076  0354  3373 

1-387 

4*0028  2355  1607 

1-238 

3-4487  0914  4455 

1*288 

3*6255  2824  3373 

1-338 

3-8114  1305  1353 

1-388 

40068  2837  7238 

1-239 

3-4521  5957  8529 

1*289 

3*6291  5558  4985 

1-339 

3*8152  2637  0746 

1-389 

4*0108  3720  9697 

1*240 

3-4556  1346  4763 

1*290 

3-6327  8655  5753 

1-340 

3-8190  4350  5366 

1-390 

4*0148  5005  2994 

1-241 

3-4590  7080  6610 

1*291 

3-6364  21 15  9307 

1*341 

3-8228  6445  9030 

1-391 

4*0188  6691  1 142 

1*242 

3-4625  3160  7529 

1*292 

3-6400  5939  9284 

1-342 

3-8266  8923  5559 

1*392 

4*0228  8778  8156 

1-243 

3-4659  9587  0979 

1*293 

36437  0127  9319 

1-343 

3*8305  1783  8777 

1-393 

4*0269  1268  8059 

1*244 

3-4694  6360  0426 

1*294 

3-6473  4680  3057 

1-344 

3*8343  5027  2513 

1-394 

4*0309  4161  4875 

I -245 

3-4729  3479  9337 

1-295 

3-6509  9597  4141 

1-345 

3-8381  8654  0600 

1-395 

4-0349  7457  2632 

1*246 

3-4764  0947  1 183 

1*296 

3-6546  4879  6222 

1*346 

3*8420  2664  6874 

1*396 

4*0390  1 156  5365 

1-247 

3-4798  8761  9438 

1*297 

3-6583  0527  2952 

1-347 

3-8458  7059  5174 

1*397 

4-0430  5259  7109 

1*248 

3-4833  6924  7581 

1*298 

3*6619  6540  7987 

1-348 

3-8497  1838  9346 

1-398 

4*0470  9767  1907 

1*249 

3-4868  5435  9094 

1*299 

3-6656  2920  4989 

1*349 

3-8535  7003  3236 

1-399 

4*0511  4679  3802 
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a? 

eF 

X 

e* 

X 

e 

X 

6* 

1*400 

4-0551  9996  6845 

1-450 

4-2631  1451  5169 

1*500 

4*4816  8907  0338 

1*550 

4*7114  7018  2591 

I '401 

4-0592  5719  5088 

X-451 

4-2673  7976  1952 

1-501 

4*4861  7300  1000 

1*551 

4-7161  8400  9294 

1*402 

4-0633  1848  2588 

1-452 

4*2716  4927  6115 

1*502 

4*4906  6 141  7835 

1*552 

47209  0255  2181, 

I '403 

40673  8383  3407 

1-453 

4-2759  2306  1928 

1-503 

44951  5432  5333 

1*553 

47256  2581  5972 

1-404 

4-0714  5325  161 1 

1-454 

4-2802  oil 2  3664 

1-504 

4-4996  5172  7985 

1*554 

4*7303  5380  5389 

1-405 

4*0755  2674  1268 

1-455 

4-2844  8346  5602 

1-505 

4-5041  5363  0288 

1*555 

4*7350  8652  5159 

1*406 

4-0796  0430  6452 

1*456 

4*2887  7009  2024 

1*506 

45086  6003  6746 

1-556 

4*7398  2398  0017 

1-407 

4-0836  859s  1240 

1-457 

4-2930  6100  7216 

1*507 

4*5131  7095  1865 

1*557 

4*7445  6617  4699 

1-408 

4-0877  7167  9715 

1-458 

4-2973  5621  5469 

1*508 

4*5x76  8638  0155 

1*558 

4*7493  1311  3948 

1-409 

4*0918  6149  5962 

1-459 

4*3016  5572  1079 

1-509 

4*5222  0632  6131 

1*559 

4*7540  6480  2510 

1*410 

4*0959  5540  4071 

1-460 

4-3059  5952  8345 

1*510 

4*5267  3079  4314 

1*560 

47588  2x24  5138 

I-4II 

4-1000  5340  8136 

1-461 

4-3102  6764  1571 

1-511 

4*5312  5978  9229 

1-561 

4-7635  8244  6587 

1*412 

4-1041  5551  2254 

I  462 

4-3145  8006  5065 

1-512 

4*5357  9331  5403 

1-562 

4-7683  4841  1619 

1*413 

4*1082  6172  0528 

1*463 

4-3188  9680  3139 

1513 

4-5403  3137  7371 

1*563 

4*7731  1914  5000 

1*414 

4-1123  7203  7065 

1-464 

4-3232  1786  01 1 1 

1*514 

45448  7397  9671 

1*564 

4*7778  9465  1500 

1-415 

41164  8646  5973 

1-465 

4-3275  4324  0301 

1*515 

4*5494  21X2  6846 

1*565 

4*7826  7493  5895 

1-416 

4*i2o6  0501  1369 

1*466 

4-3318  7294  8034 

1*516 

4*5539  7282  3441 

1*566 

4*7874  6000  2966 

1*417 

4-1247  2767  7370 

1-467 

4*3362  0698  7641 

1*517 

4*5585  2907  4011 

1-567 

4*7922  4985  7497 

1*418 

41 288  5446  8098 

1-468 

4-3405  4536  3455 

1-518 

4*5630  8988  3109 

1-568 

4-7970  4450  4278 

1-419 

4-1329  8538  7682 

1-469 

4*3448  8807  9815 

1*519 

4*5676  5525  5298 

1-569 

4-80x8  4394  8105 

1-420 

4-1371  2044  0251 

1-470 

4-3492  3514  1063 

1-520 

4-5722  2519  5142 

1*570 

4*8o66  4819  3775 

1-421 

4-1412  5962  9942 

1-471 

4*3535  8655  1546 

1-521 

4*5767  9970  7212 

1*571 

4*81x4  5724  6094 

1-422 

41454  0296  0892 

1-472 

4-3579  4231  5617 

1-522 

4-5813  7879  6082 

1*572 

4*8162  7x10  9871 

1423 

4-1495  5043  7245 

1*473 

4-3623  0243  7630 

1*523 

4*5859  6246  6331 

1*573 

4*8210  8978  9920 

1-424 

4-1537  0206  3149 

1*474 

4-3666  6692  1946 

1-524 

4*5905  5072  2543 

1-574 

4*8259  1329  1058 

1-425 

4-1578  5784  2756 

1*475 

4-3710  3577  2930 

1*525 

4*5951  4356  9307 

1*575 

4*8307  4161  8110 

1-426 

4*1620  1778  0221 

1*476 

4*3754  0899  4949 

1*526 

4*5997  4101  1214 

1*576 

4-8355  7477  5905 

1-427 

4-1661  8187  9704 

1*477 

4*3797  8659  2378 

1*527 

4*6043  4305  2862 

«*577 

48404  1276  9274 

1*428 

4-1703  5014  5369 

1-478 

4-3841  6856  9594 

1-528 

4*6089  4969  8854 

1*578 

4*8452  5560  3057 

1*429 

4-1745  2258  1385 

1-479 

4-3885  5493  0979 

1*529 

4-6135  6095  3796 

1*579 

48501  0328  2095 

1-430 

41786  9919  1923 

1-480 

4-3929  4568  0919 

1*530 

4'6i8i  7682  2300 

1-580 

4-8549  5581  1237 

I-43I 

4-1828  7998  I161 

1-481 

4-3973  4082  3805 

1*531 

4-6227  9730  8980 

1-581 

4*8598  1319  5336 

1-432 

4-1870  6495  3280 

1482 

4-4017  4036  4032 

1*532 

4-6274  2241  8459 

1-582 

4-8646  7543  9248 

1-433 

41912  541 I  2464 

1-483 

4-4061  4430  6000 

1*533 

4-6320  52x5  5360 

1*583 

4*8695  4254  7836 

1-434 

4-1954  4746  2902 

1-484 

4*4105  5265  4113 

1*534 

46366  8652  43x3 

1*584 

4  8744  1452  5967 

I -435 

4*1996  4500  8788 

1-485 

44149  6541  2779 

1*535 

4*6413  2552  9954 

1*585 

4*8792  9137  8513 

1-436 

4-2038  4675  4319 

1-486 

4*4193  8258  6410 

1536 

4*6459  6917  6920 

1-586 

4*8841  7311  0350 

1-437 

4'2o8o  5270  3698 

1-487 

4*4238  0417  9425 

1*537 

4*6506  1746  9856 

1*587 

4*8890  5972  6361 

1-438 

4*2122  6286  1129 

1-488 

4*4282  3019  6244 

1538 

4-6552  7041  3410 

1-588 

4*8939  5123  1433 

1-439 

4*2164  7723  0824 

1-489 

4*4326  6064  1293 

1*539 

4-6599  2801  2235 

1*589 

4*8988  4763  0456 

1-440 

4*22o6  9581  6997 

1-490 

4-4370  9551  9004 

1-540 

4*6645  9027  0988 

1*590 

4*9037  4892  8327 

1-441 

4*2249  1862  3865 

1*491 

4*4415  3483  3810 

1*541 

4*6692  5719  4332 

1*591 

49086  5512  9947 

1-442 

4-2291  4565  5653 

1-492 

4-4459  7859  0152 

1*542 

4*6739  2878  6933 

1*592 

4*9135  6624  0223 

1-443 

4-2333  7691  6586 

1-493 

4-4504  2679  2472 

1*543 

4*6786  0505  3464 

1*593 

4*9x84  8226  4065 

1-444 

4-2376  I24I  0897 

1-494 

4-4548  7944  5220 

1*544 

4*6832  8599  8600 

1*594 

4*9234  0320  6390 

1-445 

4-2418  5214  2820 

1-495 

4-4593  3655  2848 

1*545 

4*6879  7162  7022 

1*595 

4*9283  2907  2119 

1-446 

4-2460  961 1  6596 

1*496 

4-4637  981 1  9812 

1*546 

4*6926  6194  3416 

1*596 

4*9332  5986  6177 

1-447 

4-2503  4433  6469 

1-497 

4-4682  6415  0575 

1*547 

4*6973  5695  2473 

1*597 

4*9381  9559  3496 

1-448 

4*2545  9680  6686 

1-498 

4-4727  3464  9603 

1*548 

4*7020  5665  8887 

1*598 

4*9431  3625  9010 

1-449 

4-2588  5353  1501 

1-499 

4*4772  0962  1366 

1*549 

4*7067  6106  7358  [1*599 

4*9480  8186  7662 
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X 

e* 

X 

e* 

X 

e^ 

X 

e^ 

I -600 

4*9530  3242  4395 

1-650 

5*2069  7982  7180 

1-700 

54739  4739  1727 

1-750 

5*7546  0267  6006 

I '60 1 

4-9579  8793  4161 

1-651 

5*2121  8941  1365 

1-701 

5-4794  2407  7005 

1-751 

5 7603  6015  6942 

I -602 

4*9629  4840  1916 

1-652 

5-2174  0420  7740 

1*702 

5-4849  0624  1708 

1*752 

5-7661  2339  8240 

1-603 

4-9679  13S3  2620 

1-653 

5-2226  2422  1520 

1-703 

5-4903  9389  131 7 

1-753 

5-7718  9240  5661 

1-604 

4*9728  8423  1237 

1-654 

52278  4945  7924 

1-704 

5-4958  8703  1320 

1-754 

5-7776  6718  4975 

1-605 

4-9778  5960  2740 

1-655 

5-2330  7992  2178 

1-705 

5-5013  8566  7211 

1-755 

5*7834  4774  1957 

1-606 

4-9828  3995  2102 

1-656 

5-2383  1561  9513 

1-706 

5 5068  8980  4489 

1-756 

5-7892  3408  2387 

1-607 

4-9878  2528  4305 

1-657 

5-2435  5655  5163 

1-707 

5*5123  9944  8656 

1-757 

5-7950  2621  2051 

1-608 

49928  1560  4333 

1658 

5-2488  0273  4371 

1708 

5-5179  1460  5223 

1-758 

5  8008  2413  6743 

1-609 

49978  1091  7178 

1*659 

5-2540  5416  2382 

1-709 

5-5234  3527  9706 

1-759 

58066  2786  2258 

i-6io 

50028  1 1 22  7834 

1-660 

5-2593  1084  4447 

1710 

5-5289  6147  7624 

1-760 

5*8124  3739  4403 

1-611 

50078  1654  1301 

1-661 

S-2645  7278  5824 

1*711 

5-5344  9320  4504 

1-761 

5-8182  5273  8985 

I -61 2 

5*0128  2686  2585 

1-662 

52698  3999  1773 

1712 

5-5400  3046  5878 

1-762 

58240  7390  i8ao 

1613 

5*0178  4219  6697 

1-663 

5-2751  1246  7564 

1-713 

5-5455  7326  7283 

1-763 

5-8299  0088  8730 

1*614 

50228  6254.8651 

1-664 

52803  9021  8467 

1-714 

5-5511  2161  4261 

1-764 

5*8357  3370  5541 

1-615 

50278  8792  3469 

1-665 

5-2856  7324  9761 

1-715 

5-5566  755»  2361 

1-765 

5-8415  7235  8086 

i-6i6 

5-0329  1832  6174 

1-666 

5-2909  6156  6728 

1-716 

5-5622  3496  7138 

1766 

5-8474  1685  2204 

1-617 

5"^379  5376  1799 

1667 

5-2962  5517  4658 

1-717 

5-5677  9998  4150 

1-767 

58532  6719  3740 

1-618 

50429  9423  5377 

1*668 

5-3015  5407  8843 

1-718 

5-5733  7056  8962 

1768 

58591  2338  8543 

1-619* 

5-0480  3975  1950 

1-669 

5 3068  5828  4583 

1-719 

5-5789  4672  7145 

1-769 

5-8649  8544  2470 

1-620 

5-0530  9031  6564 

1-670 

5-3121  6779  7181 

1-720 

55845  2846  4276 

1-770 

58708  5336  1383 

1-621 

5-0581  4593  4268 

1-671 

5-3174  8262  1948 

1-721 

5-5901  1578  5936 

1-771 

5-8767  2715  1149 

1-622 

50632  0661  01 18 

1-672 

5-3228  0276  4198 

1722 

5*5957  0869  77" 

1-772 

5-8826  0681  7644 

1*623 

5-0682  7234  9176 

1-673 

5-3281  2822  9250 

1-723 

5-6013  0720  5196 

1773 

5*8884  9236  6746 

1*624 

50733  4315  6506 

1-674 

5-3334  5902  2432 

1-724 

5-6069  1131  3989 

1-774 

5*8943  8380  4340 

1-625 

5-0784  1903  7180 

1-675 

5-3387  9514  9073 

1-725 

5-6125  2102  9693 

1-775 

5*9002  8113  6319 

1-626 

50834  9999  6273 

1676 

5-3441  3661  4510 

1-726 

5-6181  3635  7919 

1-776 

5*9061  8436  8580 

1-627 

5-0885  8603  8867 

1-677 

5*3494  8342  4084 

1-727 

5-6237  5730  4282 

1-777 

5-9120  9350  7025 

1*628 

5-0936  7717  0047 

1-678 

53548  3558  3141 

1*728 

5-6293  8387  4402 

1-778 

5-9180  0855  7564 

1*629 

50987  7339  4905 

1-679 

5-3601  9309  7035 

1-729 

5-6350  1607  3907 

1-779 

5-9239  2952  6113 

1-630 

5-1038  7471  8537 

I  680 

5-3655  5597  1122 

1-730 

5-6406  5390  8428 

1-780 

5*9298  5641  8591 

I -63 1 

5-1089  81 14  6043 

1*681 

5-3709  2421  0766 

1-731 

5*6462  9738  3604 

1781 

5*9357  8924  0927 

1-632 

S1140  9268  2532 

1*682 

5-3762  9782  1334 

1-732 

5-6519  4650  5078 

1-782 

5*9417  2799  9052 

1*633 

51 192  0933  3113 

1-683 

5-3816  7680  8200 

x-733 

56576  0127  8498 

1783 

5  9476  7269  8905 

1634 

51243  3110  2904 

1*684 

5-3870  6117  6744 

1-734 

5-6632  6170  9520 

1-784 

5-9536  2334  6432 

1-635 

5-1294  5799  7027 

1-685 

5-3924  5093  2350 

1-735 

56689  2780  3805 

1-785 

5*9595  7994  7583 

1-636 

5-1345  9002  0608 

1-686 

5 39 7 8  4608  0406 

1-736 

56745  9956  7018 

1-786 

5*9655  4250  8314 

1-637 

5-1397  2717  8780 

1*687 

5-4032  4662  6310 

1-737 

5-6802  7700  4831 

1-787 

5-9715  1103  4588 

1638 

51448  6947  6679 

1*688 

•  5-4086  5257  5460 

1-738 

5-6859  6012  2921 

1-788 

59774  8553  2373 

1-639 

5-1500  1691  9448 

1*689 

5-4140  6393  3263 

'•739 

5-6916  4892  6972 

1-789 

5-9834  6600  7645 

1-640 

5-1551  6951  2235 

1*690 

5-4194  8070  5131 

1-740 

5  6973  4342  2672 

1-790 

5*9894  5246  6383 

1-641 

5-1603  2726  0191 

1*691 

5-4249  0289  6480 

1-741 

5-7030  4361  5716 

1-791 

5-9954  4491  4574 

1*642 

5-1654  9016  8475 

1-692 

5-4303  3051  2732 

1-742 

5-7087  4951  1804 

1-792 

6*0014  4335  8211 

1643 

5-1706  5824  2250 

1-693 

5-4357  6355  9316 

1-743 

5-7144  61 11  6643 

1-793 

6-0074  4780  3291 

1-644 

5-1758  3148  6683 

1-694 

5-4412  0204  1663 

1-744 

5*7201  7843  5943 

1*794 

60134  5825  5820 

1645 

S'i8io  0990  6949 

1-695 

5-4466  4596  5213 

1-745 

5-7259  0147  5421 

1-795 

6-0194  7472  1807 

1*646 

5-1861  9350  8224 

1-696 

5*4520  9533  5409 

1-746 

5-7316  3024  0802 

1-796 

6-0254  9720  7270 

1*647 

5*1913  8229  5694 

1-697 

5*4575  5015  7701 

1-747 

5*7373  6473  7813 

1-797 

6-0315  2571  8230 

1*648 

5-1965  7627  4546 

1*698 

5-4630  1043  7544 

1-748 

5-7431  0497  2190 

1-798 

6-0375  6026  0717 

1*649 

5-^017  7544  9975 

1*699 

54684  7618  0397 

i  1-749 

5-7488  5094  9672 

1-799 

6-0436  0084  0764 
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X 

^ 

X 

€^ 

X 

&" 

X 

e 

i-Soo 

6-0496  4746  4413 

1-850 

6-3598  1952  2602 

1-900 

6-6858  9444  2279 

1*950 

7-0286  8758  0589 

i-8oi 

6-0557  0013  7710 

1-851 

6-3661  8252  3094 

I -90 1 

6*6925  8368  0783 

1*951 

7*0357  1978  3685 

I -802 

6-0617  5886  6707 

1-852 

6-3725  5 '88  9770 

1-902 

6-6992  7961  1872 

1*952 

7*0427  5902  2502 

1-803 

6-0678  2365  7464 

1-853 

6-3789  2762  8998 

1-903 

6-7059  8224  2240 

1*953 

7-0498  0530  4078 

1-804 

6-0738  9451  6044 

1-854 

6-3853  0974  7154 

1-904 

6-7126  9157  8592 

1-954 

7  0568  5863  5460 

1-805 

6-0799  7144  8520 

1-855 

6-3916  9825  0621 

1*905 

6-7194  0762  7635 

1*955 

7-0639  1902  3701 

I  806 

6-0860  5446  0968 

1-856 

63980  9314  5786 

1-906 

6-7261  3039  6087 

1-956 

70709  8647  5862 

1-807 

6-0921  435-5  9471 

1-857 

64044  9443  9045 

1-907 

6-7328  5989  0669 

1-957 

7-0780  6099  9010 

r8o8 

6-0982  3875  01 18 

1-858 

6-4109  0213  6799 

1-908 

6*7395  961 1  81 12 

1-958 

7-0851  4260  0219 

1-809 

6-1043  4003  9004 

1-859 

6-4173  1624  5456 

1-909 

67463  3908  5152 

1-959 

7-0922  3128  6572 

i-8io 

6-1 104  4743  2231 

1860 

6-4237  3677  1429 

1-910 

67530  8879  8531 

1-960 

7*0993  2706  5157 

I  81 1 

6-1165  6093  5905 

I -861 

6-4301  6372  1 140 

1-911 

6-7598  4526  5000 

1-961 

7-1064  2994  3069 

I-8l2 

6-1226  8055  6141 

1-862 

6-4365  9710  1015 

1-912 

6-7666  0849  ^3^5 

1-962 

7*1135  3992  7412 

1-813 

6-1288  0629  9058 

1-863 

64430  3691  7487 

1-913 

6*7733  7848  4238 

1-963 

7-1206  5702  5295 

r8i4 

6-1349  3817  0782 

1-864 

6-4494  8317  6997 

1-914 

6-7801  5525  0541 

1-964 

7-1277  8124  3836 

1-815 

6-1410  7617  7445 

1-865 

6*4559  3588  5991 

1*915 

6-7869  3879  6999 

1*965 

7-1349  1259  0158 

r8i6 

6-1472  2032  5184 

1-866 

6-4623  9505  0921 

1-916 

6-7937  2913  0397 

1-966 

7-1420  5107  1394 

1-817 

6-1533  7062  0144 

1-867 

6-4688  6067  8247 

1-917 

6-8005  2625  7525 

1*967 

7-1491  9669  4682 

i-8i8 

6-1595  2706  8476 

1-868 

6-4753  3277  4434 

1-918 

68073  3018  5179 

1-968 

7*1563  4946  7167 

1-819 

6-1656  8967  6335 

1-869 

6-4818  1 134  5955 

1-919 

6-8141  4092  0164 

1*969 

7-1635  0939  6002 

1-820 

6-1718  5844  9884 

1-870 

6-4882  9639  9287 

1-920 

6*8209  5846  9291 

1970 

7*1706  7648  8347 

1-821 

6-1780  3339  5292 

1-871 

6-4947  8794  0916 

I -92 1 

6-8277  8283  9376 

1-971 

7*1778  5075  1369 

1822 

6-1842  1451  8733 

1-872 

6-5012  8597  7333 

1*922 

6*8346  1403  7245 

1-972 

7*1850  3219  2242 

1823 

6-1904  0182  6390 

1-873 

6-5077  9051  5038 

1-923 

6*8414  5206  9729 

1*973 

7-1922  2081  8148 

1-824 

6-1965  9532  4450 

1-874 

65143  0156  0533 

1-924 

68482  9694  3665 

1*974 

7-1994  1663  6276 

1-825 

6-2027  9501  9105 

1-875 

6-5208  1912  0330 

1*925 

6-8551  4866  5899 

1*975 

7-2066  1965  3820 

1-826 

6-2090  0091  6556 

1-876 

65273  4320  0947 

1-926 

6-8620  0724  3282 

1-976 

7-2138  2987  7986 

1-827 

6-2152  1302  3008 

1-877 

6-5338  7380  8908 

1-927 

6-8688  7268  2673 

1*977 

7*2210  4731  5981 

1-828 

6-2214  3134  4673 

1-878 

6-5404  1095  0743 

1-928 

6-8757  4499  0937 

1-978 

7-2282  7197.  5024 

1-829 

6-2276  5588  7771 

1-879 

65469  5463  2989 

1-929 

6-8826  2417  4947 

1-979 

72355  0386  2341 

i^o 

6-2338  8665  8525 

1-880 

6*5535  0486  2 191 

1930 

6*8895  1024  1581 

1-980 

7-2427  4298  5161 

1-831 

62401  2366  3166 

I -881 

65600  6164.4898 

1931 

6*8964  0319  7727 

1-981 

7*2499  8935  0725 

1-832 

6-2463  6690  7931 

1-882 

65666  2498  7668 

1-932 

6*9033  0305  0276 

1-982 

7-2572  4296  6279 

1-833 

6-2526  1639  9064 

1-883 

6-5731  9489  7063 

1*933 

6-9102  0980  6128 

1*983 

7-2645  0383  9077 

1-834 

6-2588  7214  2813 

1-884 

6-5797  7137  9653 

1*934 

6-9171  2347  2191 

1-984 

7*2717  7197  6379 

1835 

6-2651  3414  5436 

1-885 

6-5863  5444  2015 

1*935 

6-9240  4405  5378 

1-985 

7 -2  790  4738  5453 

1-836 

6-2714  0241  3193 

1-886 

6-5929  4409  0732 

1-936 

6-9309  7156  2610 

1-986 

7*2863  3007  3576 

1-837 

6-2776  7695  2353 

1-887 

6-5995  4033  2394 

1-937 

6*9379  0600  0814 

1-987 

7*2936  2004  8029 

1-838 

6-2839  5776  9190 

1-888 

6-6o6i  4317  3597 

1*938 

6-9448  4737  6924 

1-988 

7*3009  I73I  6103 

1839 

6-2902  4486  9986 

1-889 

6-6127  5262  0943 

1*939 

6-9517  9569  7883 

t-989 

7-3082  2188  5095 

1-840 

6-2965  3826  1027 

1-890 

6-6193  6868  1043 

1-940 

6*9587  5097  0637 

1-990 

7*3155  3376  2310 

I -841 

6-3028  3794  8606 

1-891 

6-6259  9136  0512 

1*941 

6-9657  1320  2143 

I -99 1 

7*3228  5295  5058 

1-842 

6-3091  4393  9025 

1-892 

6-6326  2066  5973 

i*94« 

'69726  8239  9363 

1-992 

7*3301  7947  0661 

1-843 

6-3154  5623  8588 

1-893 

6-6392  5660  4055 

1*943 

6-9796  5856  9266 

1*993 

7*3375  1331  6443 

1*844 

6-3217  7485  3607 

1-894 

6-6458  9918  1394 

1-944 

6*9866  4171  8829 

1-994 

7-3448  5449  9739 

1-845 

6-3280  9979  0402 

1-895 

6-6525  4840  4633 

1*945 

6-9936  3185  5033 

^995 

7-3522  0302  7891 

1-846 

6-3'i44  5105  5297 

1-896 

6*6592  0428  0421 

1-946 

7-0006  2898  4870 

1-996 

7-3595  5890  8246 

1-847 

6-3407  6865  4624 

1-897 

66658  6681  5413 

1-947 

70076  33 1 1  5336 

1-997 

7-3669  2214  8160 

1-848 

6-3471  1259  4720 

1-898 

6-6725  3601  6274 

1*948 

7-0146  4425  3436 

1-998 

7*3742  9275  4998 

1-849 

6-3534  6288  1929 

1-899 

6-6792  1 188  9670 

1-949 

7-0216  6240  6181 

1-999 

7-3816  ^o%^  6129 

2-000  1  7 -389c 

>  5609  8930  6502 
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SECTION  L 

FUNDAMENTAL   EQUATIONS   IN   POLAR   CO-ORDINATES. 

§  1.  In  considering  the  form  taken  in  polar  co-ordinates  by  the  equations  for  the 
'equilibrium  or  state  of  vibration  of  an  isotropic  elastic  solid,  it  ia  convenient  to  deduce 
the  result  from  the  formula  for  the  energy  expressed  in  Cartesian  co-ordinates.  Using 
Thomson  and  Tait's  notation,  let  a,  /3,  7  denote  displacements  parallel  to  three  fixed 
rectangular  axes,  and  let 


whfle 


da 

-cb^dy-''' 

dy     da      . 
di^Tz=^' 

da     dl3 
dy'^dx'^' 

dx^ 

.(1). 
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If  m  and  n  are  the  elastic  constants  of  a  homogeneous  isotropic  material,  the  potential 
energy  W^  per  unit  volume  answering  to  the  displacement  a,  /9,  7  is  given  by 

2Tr,  =  (m  +  n)  S»  +  n  {a* +  y  +  c«- 4  (c/-f-egr+/5r)} (2)* 

We  must  transform  this  expression  to  polar  co-ordinates.     Moreover  it  is  most  convenient 
to  take  the  axes  not  in  fixed  directions  but  specially  for  each  point  considered. 

Thus  if  r,  5,  ^  denote  the  co-ordinates  of  any  point  P  in  a  sphere  referred  to  the 
centre  0  of  the  sphere  as  origin,  to  a  fixed  plane  from  which  to  measure  ^,  and  to 
a  fixed  axis  from  which  to  measure  6^  it  is  best  to  consider  the  displacements  of  P  as 

u  along  OP, 

V  along  a  perpendicular  to  OP  in   that  plane  which  contains  OP  and  the  fixed 

diameter  from  which   6  is  measured  [this  plane  we  shall  call  the  meridian 

plane  at  PJ, 
t(;  in  a  direction  perpendicular  to  the  former  two  directions,  and  so  perpendicular 

to  the  meridian  plane. 

u,  ti,  and  w  are  of  course  functions  of  r,  6,  and  if>,  and  we  have  to  express 
«,  /,  9^  a.  h  c,  S,  Fo  in  terms  of  r,  6,  <f>,  u,  v,  w. 

§  2.  To  do  so  we  require  certain  elementary  geometrical  relations  between  the 
directions  of  the  fundamental  axes  at  P  and  at  adjacent  points.  The  following  figure 
shows  these  at  once. 

Let  P  be  the  point  r,  0,  ^, 

Q r,  0  +  dd,  4>, 

•      R r  +  dr,  6,  4>, 

s r,  e,  4>  +  di>. 

Let  PNy  SN  be  perpendiculars  on  the  axis  from  which 
0  is  measured,  and  PT,  ST  tangents  to  the  meridian  sec- 
tions at  P  and  S;  i.e.  PT  is  perpendicular  to  OP  in  the 
meridian  plane  at  P,  and  similarly  for  ST.    Then 

pVs  =  d<l>, 

A  A      SN 

POS^^PNS^^  sin  0d<l>, 

A  A      SN 

PTS  =  PNS-^'^=  cos  0d4>, 

At  22  the  fundamental  axes  are  parallel  to  those  at  P. 

!the  axis  of  u  makes  angle  d0  with  axis  of  u  at  P, 
V  d0  V  , 
w  is  parallel  to  axis  of  w  at  P. 

ithe  axis  of  u  makes  angle  sindd^  with  axis  of  u  at  P, 
V  cos^3^  V  , 
w   3^  w 

*  Cf.  Thomson  and  Tait*B  Nat.  Philt  Part  n.,  Equation  (7),  p.  282,  patting  fc=in  -  i  n. 
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du 

de 


If  now  we  understand  exactly  what  is  meant  by  j^  and  similar  differential,  coefficients, 


we  can  deduce  at  once  what  we  want. 

If  Wj  denote  the  displacement  at  Q  along  the  direction  OQ,  then  -i^=Lt.  \^  ,  when 
Q  moves  up  to  P, 

Suppose  however  we  took  the  axes  of  a,  y,  z,   which   are   fixed   in   space,  to  coincide 

in  direction  with  the  axes  of  u,  v,  w  Skt  P ;   then  w  =  a,  but  -j-  is  not  =  — j^ .     But 

ay  rau 

da      J     component  of  displacement  at  Q  parallel  to  OP  -  u 
^  =  ^*- PQ • 

when  Q  moves  up  to  P; 

da  (^  +  -^d0)cosde-(v  +  ^d0\Qind0''U 

i.e.       T"  =*  I^*'  A^  ,  when  dO  indefinitely  small, 

_du     V 
^  de     r  • 

The  other  differentials  are  to  be  found  exactly  in  the  same  way.  This  method  is 
really  that  employed  in  Eigid  Dynamics  in  the  case  of  moving  axes,  and  is  practically 
the  same  as  that  given  by  Mr  Webb  in  the  Messenger  of  Mathematical  February,  1882. 

We  thus  easily  find    e  =  -r-  =-t- (3), 

.__d^_w     1  dv  ... 

J'^'dy'r^r  dd ^  ^' 

^      dz     r     r  r  smd  d4> 

drf     dB         1       dv      \  dw     w     ^  ^  ,.,v 

a  =  :T^  +  -f^  =  — r— ^  31^+-  -?^--cote (6), 

dy.    dz     r  sin  0  d(l>     r   dd      r  ^  ' 

,  __  da     dy _dw ^w         1       du  .^. 

"  dz     dx      dr      r     rsin^  d<f> 

__  d^     da  _  1  dw     dv  __  V  ,^. 

^  dx     dy     r  dd     dr     r 

It  is  to  be  noticed  that  most  writers  on  Elastic  Solids  measure  0  from  the  equator 
so  that  they  take  v  opposite  in  direction  to  the  above,  also  0  of  our  notation  is  equivalent 

to  ^  —  ^  of   Lamp's.      Taking   this   into   account   the   above    values   agree   with   those   of 

Mr  Webb. 

_-      ,        ^    ,  «,  ^  .         du     2,u     \dv     V  cot  0  ^       1      dw  .^. 

We  thus  find  S=«+/+fl^=  j-  +  -  +- j^  + + —^-i)  Ijo: W* 

"^      ^     dr      r      rd0         r         rsm0d(f> 

or,  as  is  often  more  convenient, 

^_l  {d.ur^        1     d.vrsind         1     d.tc;r sing) 
^"^('"dr'^si^       d0~~  "^sin'^        d^       j  ^  "^' 
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/I  dw  ^  w  cot  d         1 dvy     idv)     w  -      1      dw\"     /dv     v     1  duy)  -   . 

■^Vrd^      '  l^^r'smdd^J  '^  \dr  "  r '^  7sm0  d^J  '^[dr"  r'^rdS)  ] ^     ^' 

§  3.  It  seems  on  the  whole  the  best  way  of  finding  the  equations  of  motion  or  of 
equilibrium  to  employ  the  principle  of  the  conservation  of  energy  along  with  D'Alembert's 
principle.  Thus  the  increase  of  the  potential  energy  of  the  system  must  be  equal  to  the 
work  done  by  the  forces,  other  than  elastic,  which  act  throughout  the  mass  or  over  the 
surface  and  by  the  reversed  effective  forces.  Of  course  this  is  merely  another  way  of 
saying  that  the  sum  of  the  increases  in  the  potential  and  in  the  kinetic  energies  is  equal 
to  the  work  done  by  the  external  forces.  Let  us  denote  the  non-elastic  forces  which  act 
throughout  the  interior  of  the  mass,  Le.  "bodily  forces,"  by  R,  0,  O  parallel  to  u,  v,  w 
respectively,  per  unit  mass;  and  denote  the  surface  forces  similarly  resolved  by  F,  Q,  H 
per  unit  area. 

We  have  then  to  find  the  increase  in  the  potential  energy  of  the  entire  mass  due 
to  an  arbitrary  displacement  du,  dVy  dw,  and  also  the  work  done  by  the  systems  R,  S,  4>, 
F,  0,  H  and  the  reversed  effective  forces,  and  equate  the  two.     Thus 

jj|pr»  sin  edrd0d4>  Ur^  ^)  du  +  (e-  J)  3t;  +  (*-  -^)^  +  jjds{Fdu+Odv+Hdw) 

s=  change   in   potential  energy  of  solid  due  to  displacements   du,   dv,  dw,    for   all 
possible  values  of  the  ratios  du  :  dv  :  dw (12). 

The  triple  integral  applies  to  the  whole  of  the  interior  of  the  solid,  the  double  to 
the  whole  surface. 

Owing  to  the  length  of  the  expression  it  seems  best  to  write  out  separately  the 
changes  in  the  potential  energy  due  to  du,  dv  and  dw. 

If  then  W  denote  the  potential  energy  of  the  entire  solid, 

f     .du(2u     Idv     vcotO         1       dw\      ./u     I  dv\/u     v  cot  6         1      dw\ 
\       dr\r      r  dO         r         r  sin  5  d(f>/        \r     r  d0J\r         r         r  sin  d  dtp) 

fldw  ^wcotd         1       dvV     (dw     w         1      du^     (dv     v      1  dw\*n 
'^[rd0  7~"^i^^^d4>)  ^[d^^7'^rain0d4>)  '^  [d^^r'^  r  dd)  \j"'^^^^' 

Denote  the  variation  in  W  due  to  displacement  du  by  BIT,, 

to  av    by  dW^, 

and  to  3w;  by  dW^. 

Then  we  shall  find  dW^,  dW^,  dW^  each  to  consist  of  two  series  of  terms;  one  for  the 
interior,  the  other  for  the  surface.  To  find  these,  only  elementary  knowledge  of  the 
Calculus  of  Variations,  or  rather  integration  by  parts,  is  required. 

33—2 
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To  show  clearly  the  method  employed   we  shall   find   the  variation   of  the  term  in  S 
due  to  du  folly.    It  is 

jjjr^sm0drd0d<l>  |_2(m  +  n)  (^  ^_  +  ^,_-^-^^  -^  +  -^^^)  (^  -^)J  , 

i.e.  jjjsin  edrd0dit>  J2 (m  +  n)  8  ^^[  . 

Integrating  by  parts,  this  is  equal  to 

2  jT(m  +  n)  S.r'.dud0d4>  -  2  jjj{m  +  n)^du7^  sin  0drd0d<f>. 

To  obtain  the  entire  change  BIT  in  the  potential  energy,  we  have  only  to  add  together 
the  changes  dW^,  3TF,  and  dW^  which  are  to  be  obtained  exactly  in  the  way  illustrated 
above.  This  involves  no  absolute  difficulty  but  algebra  of  some  length.  Introducing  the 
values  so  obtained  for  dlT  in  (12),  supposing  the  normal  at  any  point  of  the  surface  to 
make  with  the  directions  of  w,  v,  w  at  that  point  angles  cos"^X,  cos"*/Lt,  cos"*!'  respectively, 

so  that  r^Bm0d<l>d0  =  XdS (14), 

rBm0d(f>dr=^fidS (15), 

and  rd0dr=vdS (16), 

we  find 

//.s[a.{y-x((,«,8-2«(«-|))-,»(*-5.i|)-„(g-^^|)} 

^      /Idw     wcot0         1      dv\) 
\r  d0  r         r  sin  0d(f>)) 

4-S»   iff  —  x    /^— -  ^  4.  — i— ^^  -       /I  dw     tf;cotg         1      dv\ 
\  \dr      r     rwixi0d^)  \r  d0  r  r8m0dif>) 

^     n d_  /     1      du  ^dw^ w\\ 

r  sin  0  d<t>  \r  sin  0  d<f>      dr      rj) 

's    (    /^v    ^^     'm'\-ndS  .       n        d  (dw  .  ^^        1     dv\     n  d  f  dv  du\\ 

.  r,    {    /^^^     ^^     m  +  n  dh     n  d  (    \    du       dw       \ 
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§  4.  The  displacements  du,  dv,  dw  are  arbitrary  and  independent,  thus  we  must  have 
the  coefficients  of  du,  of  dv  and  of  dw  in  (17)  in  the  interior,  and  at  the  surface,  all  zero. 
We  thus  get  three  equations  at  each  surface  (if  more  than  one),  and  three  internal 
equations.    The  latter  are 

/(Pu      T>\     /  \^         ^       d     .   ^  fdv     V      ldu\  ,       n       d  /     1      du      dw     w\  ,.^. 

^[de'^j^^'^'^''^d;^''^Bin0d0'^''^^[^^ 

fd^v    ^\     m  +  ndS         n      d  (dw  ,         ,  ^       \     dv\     n  d  (  dv  ^        du\  ,^f.. 

fd^^    ^^      m^-n  dh     n  d  /   I     du        dw       \      n  d  (dw  .  .  ^        1     du\  ,^^. 

These  equations  may  be  put  in  a  very  neat  form.     Write 

?i.(-'s^4?)'« » 

^^e^^-'-^)-^ « 

.    ^fd.vr     du\     ^  ,««, 

Multiply  both  sides  of  the    first    internal  equation  by  r*  sin  6, 

second rsin^, 

and  of  the  third r, 

and  they  become  respectively 

V   .  .    ^dZ       dCD       c2iS        .  .    ^  /d"tt     ^\ 
(»+»)^8m<»5j-»^+»^-^«»«(^-i) (2*), 

while  the  surface  conditions  are 

i'.x{<».»,8-2,(j-^)).^(g-Uig).»(^^-^+J^4) m. 

\dr      r     rBinO  d^J     '^    \r  dd      r  r  sm  ^  o^/ 

+  1^1(7/1  +  71)  S^27lfS----cote ^Sl) (29). 
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Usually  the  surface  is  that  of  a  sphere  and  so  fi  =  0=Bv  while  X  =  l.    In  this  case  we 
get 

F=(m  +  n)S-2n(s~] (30), 

<^  =  «(rt%i^) (31), 


H=n{rtjL  +  -^^) (32). 


The  equations  both  internal  and  at  the  surface  are  really  identical  with  those 
given  in  Lam^,  page  200,  etc.  He  however  gives  merely  the  results  and  we  have 
nowhere  seen  them  actually  worked  out  for  the  general  case.  The  form  above  is  slightly 
different  from   Lamp's,  because   he  uses  as  his    angles    of   reference  '^  and   <f>,   answering 

to  our  <f>  and  -^—0  respectively,  and  his  v  is  measured  in  the  opposite  direction  to  ours. 

§  5.  The  reason  that  has  led  to  the  use  of  a  different  notation  here  is  that  it 
seems  objectionable  to  introduce  in  Elastic  Solids  angles  different  from  those  generally 
employed  in  solid  geometry,  at  least  in  English  books. 

Also  since  the  development  of  these  equations  depends  largely  on  the  properties  of 
spherical  harmonics,  it  is  awkward  to  employ  a  notation  different  from  that  which  occurs 
in  the  standard  English  works  on  that  subject.  This  awkwardness  is  due  to  the  two  facts 
that  it  would  make  reference  to  the  ordinary  spherical  harmonic  properties  more  difficult, 
and  that  it  would  make  it  harder  to  recognise  these  properties  when  they  turned  up. 

§  6.  The  surface  conditions  may  be  employed  in  finding  the  elastic  forces  or  "  stresses " 
at  any  point  in  the  interior  of  the  solid.  For  we  can  draw  an  imaginary  surface  through 
the  point  considered  so  as  to  include  a  limited  quantity  of  the  elastic  material  whose  con- 
ditions of  equilibrium  can  be  separately  studied.  It  is  in  equilibrium  under  the  action 
of  the  system  R,  S,  4>,  of  the  reversed  effective  forces  if  motion  exist,  and  of  the  surface 
tractions.  These  surface  tractions  are  as  before  given  by  the  values  found  above  for 
F,  0,  H,  but  they  are  now  really  the  stresses  existing  at  this  boundary.  We  can  suppose 
the  boundary  moved  about  so  that  its  normal  lies  in  any  required  direction  and  so  can 
find  the  whole  series  of  stresses  at  the  point  considered.  Suppose  we  denote  these  stresses 
by  letters  indicating  their  direction.     Thus  let 

R^  =  Normal      traction  parallel  to  w  on  the  face  r*  sin  0  d<f>  d0, 

Rb  =  Tangential u  rsia0d<j>dr, 

i2^  =  Tangential u  rd0dr, 

0^  =  Normal       v  rQm0dif>dr, 

0^  =  Tangential v  r'sin0d<f>d0, 

©^  =  Tangential v  rd0dr, 

<I>^  =  Normal       w rd0dr, 

<I>^  =  Tangential w r^8in0d<f>d0, 

<I>a  =  Tangential.... w rBiu0d<f)dr, 
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Putting  X  =  l   in   the  surfiEkce  equations  (27),   (28),   (29)   we  get  the   tractions  on  the 
face  f^shi0dif>dd. 

They  are  F,    0,    H  parallel  to  w,  v,  w  in  the    one    notation, 

iJ^,  0^,  <I>^   in   the  other    ; 

du\ 


.-.  i2,  =  (m  +  n)S-2n(S-|^) (33), 

«.="('T^'S) W- 

'       \      dr       rsvadd^/ 


(36). 


Putting  /A=l,  we  get  the  tractions  on  the  tsuce  rAndd<f>dr, 


'^-"(r^^lm) M. 

e,-(«  +  «)8-S»(s-2-lg) (37), 

,  (\dw     w     ,^  ^      1      dv\  .^^. 


So  putting  1^  =  1,  we  get  the  tractions  on  the  face  rdOdr, 

^-(-^^^-i-^) » 

^         fldw     w     .^  ^      1      dv\  .^ 

©^  =  n  --T^ cot^  +  — :— 5TT    (*0), 

^        \r  dd      r  rsinfla^/  ^     ^ 

<I>^  =  (m  +  n)8-2nf8----cot^-— ?-^^) (41). 

'^     "^  ^  V       ^     ^  rsm0d<f>J  ^     ' 

From  these  values  we  get  at  once  the  well-known  relations 

0,  =  iJ,;         i?#  =  ^,;         e^  =  4», (42). 

Of  course  we  might  deduce  these  at  once  from  the  form  of  IT,  putting 

We  have  thus  deduced  all  the  circumstances  whether  of  equilibrium  or  of  motion 
from  the  expression  in  Cartesians  for  the  potential  energy.  This  expression  requires  only 
the  knowledge  of  the  expression  for  the  relative  displacements  as  given  by  the  equation 
to  the  "strain  ellipsoid,"  the  invariants  of  which,  viz. 

«+/+fl^  and  c/  +  C5r+/sf-ifa"  +  6"  +  c*), 
are  all  that  is  required. 
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SECTION   II. 
Equilibrium  of  Solid  Sphere  or  Spherical  Shell. 

§  7.     We  shall  now  apply  these  polar  equations  to  the  following  problem. 

A  solid  sphere,  or  a  shell  bounded  by  concentric  spherical  surfaces  when  undisturbed, 
is  acted  on  in  its  substance  by  a  system  of  forces  for  which  a  potential  exists,  the 
potential  being  expressed  by  a  series  of  solid  sphericcd  harmonics,  and  over  its  surface  or 
surfaces  forces  are  applied  which  are  expressed  as  a  series  of  surface  spherical  harmonics. 
It  is  required  to  find  the  displacement  at  every  point  of  its  substance. 

This  problem  has  been  solved  by  Sir  W.  Thomson  in  Cartesian  co-ordinates,  see 
Thomson  and  Tait,  Vol.  L  Part  u.,  beginning  at  §  737.  Lam^  also  has  given  a  solution 
in  polars  in  LiouviUe's  Journal  for  1854;  but  it  is  extremely  complex,  and  is  entirely 
dififerent  from  what  follows.  Professor  Pearson  in  the  Quarterly  Journal  for  1879  has 
solved  the  case  of  normal  surface  forces  on  a  solid  sphere  expressed  as  Legendre's  co- 
efficients.   Professor  Darwin   has  converted   Sir  W.  Thomson's   solution  into  polars  for  the 

case   —  =  0,   see   Phil.  Transactions,  1879.    The   following  method  is  entirely  different  from 

any  of  the  above,  it  solves  the  most  general  form  of  the  problem,  and  seems  less  diffi- 
cult than  Sir  W.  Thomson's  method,  especially  in  the  case  when  the  surface  forces  are 
purely  normal.  The  same  or  closely  analogous  methods  are  applied  hereafter  to  the  case 
of  equilibrium  or  vibration  of  a  cylinder,  and  to  the  vibrations  of  a  sphere. 

dV 
§  8.     If  F  denote  the  potential  of  the    non-elastic  or  bodily  forces,    then    i2=-i-;-, 

r  dO  *  r sin 0  d<f>' 

We  have,  see  (9)  and  (10)  Section  i., 

^_du     2u     Idv     ycot  ^  1       dw 

^^di^'^T'^r  dd"^  ~i^'^V^0  d4   ^^^ 

_. 2.  /^ •  ^*'*         1      d.vrsmO         1      d . wr sin  0\ 

''?\ ~dr "^  s^     d0    "^  w?^     d^    / ^^  *^- 

The  surface  conditions  are  (30),  (31),  (32)  Section  i.,  viz. 

(m  —  n)S  +  2n^  =  normal  traction  per  unit  area  (2). 


("^'l     Idu] 

""Vir^rml 

('r  1       du  I 

dr        r  sin  0  d<f>/ 


=  tangential  surface  traction  along  tangent  to  meridian  (3)^ 


=  tangential  surface  traction  along  perpendicular  to  meridian... (4), 

putting  r^^a  for  a  solid  sphere, 
and  =sa  and  a'  for  a  shell. 
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The  internal  equations  are  (24),  (26),  (26),  Section  I.  viz. 

(m  +  «)r'8md^-n-^  +  «^=-pr»8in^-^ .....(5), 

(m  +  n)8in^^-n^+n-gjp=-p8in^^    (6), 

.dS       diS       da                   ndF  ,-. 

(m  +  „)co8ec^g-«^+n^  =  -pco8ecd^ (7); 


where 


a—       ^      /^d .  ^n*  sin  g     d.iT^  /j^v 

^"•r"^di^V     Te         d^)  ^^^* 

^         1     (du     d.iyrsin^N  ,qv 

^=8lOU d»^>'   ^^' 


<iD  =  8in  ^ 


(^-S) w 


We  shall  first  consider  a  solid   sphere,   and   afterwards   find    the   additional  terms  to 
be  introduced  in  the  solution  for  the  case  of  a  shell. 

Diflferentiate  (5)  with  respect  to  r,  (6)  with  respect  to  6,  and  (7)  with  respect  to  <^; 

adding  we  get  (m  +  n)  v*S  =  -  PV'^^ (11)» 

where  as  usual  ^'^-d^^rdr^-^eW^'^Te^^^ed^^  ^^^^' 

According  to  the   data  of  the   problem    F=2(r'F,),    where    F,  is  a  surface  spherical 
harmonic  of  degree  i,  and  so  r*Fj  a  solid  harmonic  of  the  same  degree. 

At  pi*esent  we  shall  retain  only  one  term  r*F^  as  a  type  of  the  solution. 

The  solution  of  (11)  is  obviously 

I e-r^r,  +  r^F,    (13), 

where  F^  is  an  arbitrairy  surface  harmonic  of  degree  i,  retained  as  a  type. 

Substituting  this  value  of  S  in  (5),  (6)  and  (7)  we  get 

d®     m     m  +  n^,^,^^  d     .y  . 

55-d^  =  -^^'^^^^-^^' (^*)' 

d<f>  "i^^—ir  «^^^35--^^' ^1^)' 

(38      da_m-fn     1      d      ^y 

dr       dd'     n      aind  dit>'^*  ^^^^• 

Substituting  in  (14)  the  values  of  (!D  and  33  given  in  (10)  and  (9),  we  get 

d     .    ^fd.vr     du\        1     /cPw      d    d.wr%m0\     m  +  n   .   .    ^d     .^^ 
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In  this  substitute  from  (la), 

d.vfrsmff  •  « /I  /d •  Mr*         1     d.  vr  ain  6\       90-/1 

and  we  get 

+  smd^.,'B  =  "'^^  sine  f-.r^r,. 
dr  n  dr        * 

Substituting  for  S  from  (13)  and  reducing,  the  terms  in  v  cut  out.  Bringing  over 
the  term  in  S  to  the  second  side,  performing  the  differentiations  with  respect  to  r,  and 
dividing  both  sides  by  sin  ^,  we  get 

rfr*"'^+sin^dtf-^'''^d5^8in*d#«"^''^      V  n      7      ^'"^     m  +  n^' ^  ^^ '"^^^^• 

The  left-hand  side  =  0  is  the  general  equation  in  u ;  the  right-hand  side  gives  the 
typical  terms,  treating  the  i^^  surface  harmonics  as  typical.  We  shall  find  that  part  of 
the  solution   of  (17)   depending  on  r*"*^*  by  assuming 

u^ur*"'   (18); 

this  gives  to  determine  u^  the  equation 

-r— 5  3^  •  sin  ^  -T^*  +  ^^rz  ^TJT  +  (*  +  3)  (*  +  2)  w,=  - 1    -  -  2    T,  -  - — /  ^  K,  ...(19). 
sin  6  dd  dd     sm'  6  d(fr      ^        '^        ^    *        \n        /*       77i  +  n       *      ^ 

Since  the  equation  satisfied  by  a  Laplace's  function  X^  of  the  i^^  degree  is 
1      d     .    ^  dXf  ,      1     d^X.  .   .  /  •  .  1 X  V      £\ 

the  particular  solution  of  (19)  is 

2(2i  +  3)     '     2(2i  +  3}(m  +  n)' 
because  (»  +  3)  (t  +  2)  - 1  (»  +  1)  =  2  (2t  +  3). 

The  general  solution  is  Z,^,^,  an  arbitrary  surface  harmonic  of  degree  t  +  2 ; 

.  ii+2)pV,  U Iy.z  f20) 

••'**-      2(2i  +  3)(m  +  »)     2(2t  +  3j     '^'*'*«    ^^^> 

is  the  coefficient  of  r**^  in  the  complete  value  of  v. 

This  shows  that  the  part  of  the  solution  of  (17)  which  involves  surface  harmonics  of 
degree  t,  is 

I  '?*_2        1 

"         *^    [2(2t  +  3)(m  +  »)  +  2(2t'  +  3)^'J  +  '^    ^' ^^^^' 

where  Z^  is  an  arbitrary  surface  harmonic  of  degree  t,  which  however  must  be  zero  if  i  =  0. 
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§  9.    Again  in  (15)  substitute  their  values  for  ^  and  (R  from  (8)  and  (10),  and  for 
d.vrrsind     /^      1  d.wr*  1      d.vr  sin  0\ 


d(f> 


'     /^      1  d.mr  I      d.vr8in0\   .   .  ,^ 


i.e.  =  — f—  r^  sin'^F,  +  r**  sirrdY,  —  sm'd  -^ sin  ^  — j^ —  , 

m  +  n  ar  au 

retaining  typical  terms. 
We  thus  get 

r*  Bintf  d6\m  +  n  '  *  dr  dd      J 

1       cP.vr       .    ^(d^.vr       d?u\     m  +  n  .    ^^dY, 
— «  -    /I  -J  .1  —  sm  ^  -3-5-  -  J  -fa  = sin  ^r  -7  * , 

whence 

(p.wsin^  1       ^      .    ^d.t;rsing  1       d*.t;rsin^_  1        d      .  ^^d.ur^ 

'    dr^       ^V^nOdd'^^^     ^de       "^r^sin'd  ~df*  i^^^m^  d5 '  ®"^     "dT 

drd^     m  +  nsm^d^^  *^     sin^d^^  ^         n  dtf 

Substitute  for  u  the  value  given  in  (18)  and  (20)  so  as  to  obtain  that  part  of  v 
which  has  r^^  for  its  coeflBcient.  This  is  the  same  end  as  we  obtained  above  in  our 
choice  of  the  particular  part  of  8  which  we  put  in.  Reducing  now  the  second  side  of  the 
last  equation  by  performing  the  differentiations  and  putting  the  terms  together  we  get 

1  rd".wsind         1       d     .   ^d.t;rsind  ,        1      d'.wsindl         -p(i  +  l)     /.    ^dV.     .^       >,\ 

—  fi  +  3^  4-  2 
-"   ^.^^       (8m^g'-tco8gF.)-2(8in^^+(*+3)co8^Z^) (22). 

To  obtain  the  coeflScient  of  r***  in  v,  put  vBin0  =  r^\,  and  (22)  gives 

(t+l)(t+2)v,+  .   ^:775.8in^-^*+-7-rii:rn  =  — r- o^,  6   8i»^-:7^ -*<5os^FJ 
^        ^  ^        ^  *     smO  dd  dd     sin*  6/  d^*     m  +  n  2i  +  3  \         dtf  7 

^'(i  +  3)  +  2  X         /         ^7  N 

-^   g._^3       (sing^'--icosgFJ-2(singg^  +  (i^ 

dF 
To  find  the  particular  solution  of  (23),  substitute  for  v^  in  the  first  side  sind-W,  and  we 

find  as  the  result  of  the  operations  on  the  first  side 

(»+l)(»  +  2)8in<?^'  +  ^-j^^.8xnd^^.8ind-^'  +  ^-j^^.^'. 

Substitute  in  this    ,-,*=- jiXi  +  l)sin*^F,  + sin ^^.  sin  ^-i^'k  and  it  immediately  reduces 

to  2(i+l)(sind^'-»cos^F,V 
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Thus  the  paxt  of  the  particular  solution  of  (23)  that  depends  on  F,  is 

and  the  part  depending  on  F.  is  similarly  -  2(„tn)V  +  3)  ii ' 

In  exactly  the  same  way  we  find  that  the  part  of  the  particular  solution  depending  on 
Z^  IS  ^-—s  Sin  0 


The  general  solution  of  (23)  is  v^-X^^^y  an  arbitrary  surface  harmonic  of  degree  i  +  1, 
which  our  surface  conditions  will  show  to  be  zero  if  the  surface  forces  be  purely  normal 

The  complete  solution  of  (23)  is  thus 

*''~~2(m  +  n)(2i  +  3)  dd  ~  2(i  +  l)(ii  +  3f"'*'  d0  "^1  +  2  "d<;' "^^« ^^*^* 


But  -T-^  is  the  coefficient  of  r^*  in  the  complete  solution  for  v,  therefore  that  part  of  the 

solution  of  V  which  depends  on  those  surface  harmonics  of  the  t*  degree  occurring  in  (21), 
adding  the  term  in  X,  to  remind  us  of  the  existence  of  a  series  of  that  nature  given 
by  (24),  is 

"^ 2(2i  +  3)rf^[m+n  ^'^         TH        ^^    *    ^^      sin^"^' ^^^^• 

The  complete  solution  for  v  would  require  us  to  write  a  X  before  each  of  the  typical 
terms  in  (25),  because  these  in  themselves  are  not  surface  harmonics.  We  use  this  form 
of  solution  for  its  convenience  as  it  shows  at  once  what  terms  in  the  solution  depend  on 
the  same  surfieu^e  harmonics  V^,  Y^y  Z^.  This  is  especially  the  case  when  the  surface  har- 
monics are  purely  normal,  and  so  X,  =  0  as  we  shall  see  shortly. 

§  10.  We  might  determine  w  in  like  manner  from  (16),  but  it  is  obviously  simpler 
to  deduce  it  from  (1  a). 

Substituting  in  (1  a)  the  values  already  obtained  for  u  and  v  in  (21)  and  (25),  we  get 

^•~^==.'-sin'g  (- -/-  r.+  7.)  4-^1^ r^l-^  (»  +  2)F.+  (^*-2)  f] 
d^  \m  +  n    '       'J        2(2t  +  3)  (m  +  w^        '    '     \n        /    'J 

/•  .  ,^  •  ./I  iy^  ■  a'i  r«°^^  I    P     dF.  .  »(*'  +  ^)  +  ^dF]  .  sing  ,dZ,l       .   .^,dX, 

as  the  equation  giving  those  terms  in  w  which  depend  on   F,,  F,,  Z^,  X^. 
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On  redaction  this  at  once  becomes 
d.wrsui.6 


d^ 2(m  +  n)(2i4-3)f*  +  ^)^'-^ri^d^-^^w| 

-(i  +  3)  +  2     .  ,  ,y. 

+  7^«sin«tf  -?■■■,.,.     ,,  )t(i-|-l)F,+  ^  ;^.8in d^\ 

Employing    the  well-known    differential    equation  for  surface   harmonics    of  degree   i,  and 
dividing  out  by  r,  we  get 

d<f>      ~2(m  +  n)(2i+3)  d<f>'      2(i+l)(2i  +  3)  d4>'  ^  %    d4>'     ^®^°     d0  '"^    ^' 


m, 


.  -r'*^        1      d   J     />      T,      n^^'^^^'^^  ^\        r'-^    dZ,  ,  ,^., 

whence  ^==o/o-  .  on  -^—^n]—^  F,+         i  .  ,        TJ  +  .-^-^tt+w/ (27), 

2(2t  +  3)  8indd0  [w  +  n     *  i  +  l  *j      ism^d^        *  ^     '" 

where  t^,  is  given  by  ^rfc '^"""/T/?'   (27"). 

The  form  of  w,  is  given   at  once  by  that  of  X,.     Thus  for  the  Tesseral*  harmonic 
expression,   if  CT^^  cos  a(f>  +  C'T/'  sin  a-<f>  denote   the   part  of   X^  depending  on   cos  atp    and 

sin0-<^,  we  have 

1  d,T' 
—  w,  =  2 W-  (Gsin  o-^  —  C  cos  (r<l>), 


(T 


d0 


where  2  denotes  summation  with  respect  to  a, 

(26)  would  also  admit  of  a  solution  w=f(r,  ff)f  because  in  the  expression  for  8  given 
by  (1)  w  occurs  only  as  varying  with  (f>. 

§11.    To  determine  F„  Z^,  X,...  we  have  the  surface  conditions  (2),  (3),  (4). 

Let  us  first  consider  the  case  when  the  surface  forces  are  purely  normal,  as  this  is 
much  the  most  manageable  case  and  seems  most  useful.  It  also  will  best  bring  out  the 
parallelism  of  the  typical  solutions  (21),  (25)  and  (27). 

If  a  be  the  radius  of  the  sphere,  we  get  from  (2), 

^   ^,^^m(2^>3)H-n(^V^^l)^^.y^^(^--^^^^^^ 


m  +  n       '  2i+3  *  2i  +  3 

where  8^  represents  the  normal  tractions  depending  on  surface  harmonics  of  degree  i. 
From  (3)  in  like  manner,  leaving  out  the  common  factor  n, 

*  Ferrers'  Spherical  Harmonies,  p.  80. 

t  See  IbbetBon*B  Mathematical  Theory  of  Elasticity ,  Example  (18) »  p.  380,  noticing  misprint  7  ^or  (  ^j  • 
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So  obviously  from  (4), 

JL  ^{^a'i±l  F.-    "^^+5--"    F,a-  +  ^<i;:i>V"l  +  0-l)t^.a-  =  0...(30), 
Sin tf  d^  (m  +  n     2i  + 3     *     n(i  +  l)(2i  + 3)     *  i  j 

where  w,  has  the  value  given  by  (27"). 

Since  (29)  and  (30)  are  to  hold  for  all  values  of  6  and  ^,  i.e.  all  over  the  surface, 
they  are  satisfied  by  -X,-=0,  and  therefore  «;,  =  0,  and  by 

mi  .,     Q.     - 

m  +  n  2i  +  3       '     (i  +  l)(2*  +  3)       *  t  '  ^     ' 

For  this  satisfies  the  surface  conditions  (29)  and  (30);  also  (31)  and  (28)  enable  us  to 
determine  the  two  unknown  quantities  F,  and  Z^  in  terms  of  F,  and  S,  by  two  simple 
equations.  X^  thus  occurs,  as  will  be  shown  more  satisfactorily  presently,  only  when 
the  surface  forces  are  other  than  purely  normal.  In  the  case  of  purely  normal  surfiw^e 
forces  (3)  and  (4),  besides  indicating  that  X,  =  0,  give  only  one  equation.  Hereafter  when 
we  speak  of  these  giving  only  one  independent  equation  this  is  what  is  meant. 

Multiply  (31)  by  i  and   subtract  from   (28)  and  so  eliminating  Z^  we  get,  after  easy 
reduction, 

7,=  -7^i— rrriJ /o-^ixr(2^  +  3)^*  +  ^^-F,{m(2t  +  3)-n}1  (32), 

*     m(Zi*-l-4i  +  3)-n(2i+l)  L^  ^a*      m  +  M     '^     ^  '       'J  ^     ^' 

whence,  and  from  (31), 

^  .  p,a-^^{mt(i+2)-n}+pa'F,t{m(i-h2)^nn 
^'        L      2n(i-l)lm(2t'  +  4i  +  3)-n(2i  +  l)|      J ^'^'*''- 

§  12.     The  coeflScient  of  V^^   in    the   V^    harmonic    term    of   u  is   then   from   (21), 
substituting  for  F,  from  (32)  and  reducing, 

-pi{m(t-H)--yi} 
2n{m(2i*  +  4i  +  5)-w(2i+l)} ^''*^' 

The  coeflScient  of  r***  -^  in  v  is  from  (25),  substituting  for  F,  from  (32)  and  reducing, 

_.  m(t4-3)~n 

^  2w{m(2i*  +  4f +3)-n(2i4  1)} ^•^^^• 

The  same  expressions  occur  in   the   equation  for  w,   therefore   the  complete  solution, 
depending  on  F,  and  S,,  is 

,;  -  ^  r***  V^Zi  {m(t-H)~n}  +  ig,a-^(t  +  l)(mt-2n)1 
[  2n{m(2i*  +  4i+3)-7i(2i  +  l)}     '    J 

.  ^iv  r/>a'F,t  (m(t-h2)-n}  +5,^-*"  {mi(i+  2)  -n}] 
"•""^  'L      2n(i-l){m(2i»  +  4t+3)-n(2t  +  l)}  "  J  ^'^^^^^ 

=  _  r-^  ^  rP^«  {^  (^'  +  3)  -  n}  +  SflT"  \m  (i  +  3)  +  2n}] 
^  d^|_        2n{m(2i'  +  4i  +  3)-n(2i+l)}        J 

.-,  rf_  raVF.t  {m  (i  +  2)  -  n|  +  ^.a"*^  {mi  (i  +  2)  -  n}] 

d^L      2n(««l){m(2i«  +  4i  +  3)-n(2i+l)}      J ^"^'^^ 
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w  =  — 


*'d     [p  r,  {m  (t  +  3)  -  n}  +  8,0'  {m  (i  +  'S)  +  JnU 
0d4  L        2n  {to  (21*  +  4t  +  3)  -  n  (2i  + 1)}        J 


sin  6d^ 

.     r^'d     raVF,t{m(i  +  2)~7i}+g,a-'^{mz(t-h2)~nn 
"^sin^d^^L      2n(i-l){m(2i»  +  4i  +  3)-n(2i  +  l)}      J  ^     ^' 

^     ftpF,  ^(^ -hi)  (2t  + 3)  5,a-^1 

Lm(2i»H-4i  +  3)-n(2i+l)J ^'^^^• 

§  13.     One   very  curious  relation  between  the  displacements  due  to  8^  and   V^  when 

—   is  negligible  is  obvious  from  these  equations.     Neglecting  —  the  coefficients  of  pV^  and 

of  8^a^*  in  u,  V,  w  are   everywhere  identical      Thus  a  surface   pressure  —  S,  has  exactly 
the  same   effect   in    producing    displacements    as    bodily    forces   whose   potential,  per  unit 

volume,  is  SJ-j  acting  throughout  the  mass  of  the  sphere. 

This  is  noticed  by  Professor  Darwin  in  a  particular  case  which  he  treats  in  his  paper 
**0n  the  Bodily  Tides  of  Viscous  and  Semi-elastic  Spheroids,"  Phil.  Transactions,  1879, 
Part  I. 

He  considers  there  a  gravitating  nearly  spherical  body  whose  surface  is  r  =  a  +  o-^, 
and  considers  the  effect  of  the  surface  pressure  gpa-^,  and  of  the  gravitation  potential  due 

to  the  protuberance  which  is  ^^^  (-)  o-^. 

Calling  a'  the   displacement  in  any  direction  due  to  the  surface  pressure  gpa^,  a"  the 

3 

displacement  in  the  same  direction  due  to  the  bodily  forces  he  finds  a"  =  —  -; — -a\ 

This  agrees  with  the  relation  stated  above,  because  in  this  case 

-8,  :  Fa'  ::  1  :  ^,  . 

I   find   that  the   equations   (10)   in  the  same  paper,  noticing  that  p^u,  w  =  v,  v  =  w, 

n 
etc.,  and   putting    T^  =  /S^a"*,   and  —  =  0,  give  identically  the  same  values  as  (36),  (37),  (38). 

§  14.     Suppose  now  that  the  surface  forces  are  no  longer  purely  normal. 

The  condition  (28)  remains  unchanged;  but  on  the  right  hand  of  (297  *^"^ball   have 

terms  -  %  T^,  where  T,  is  a  surface  harmonic  of  degree  i,  and  on  the  right-hand  side  of  (30) 
n 

-SDj,  where    fT,  is  a  surface  harmonic  of  degree  i.    Also  on  the  left-hand  sides  of  (29) 
n 

and  (30)  we  should  write  a  2. 

Call  (29)  and  (30)  when  so  modified  (29  a)  and  (30  a). 

Multiply  both  sides  of  (29  a)  by  sin  d,  then  differentiate  with  respect  to  0,  and  add 
it  to  (30  a)  differentiated  with  respect  to  <(>,    Then,  noticing  that 


d         .       ^dV,    .        1        (PV,  w^lX     •      DTT 
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and  similarly  for  T,  and  Z„  we  get 

=  l2r  1     j^.8i„^y.+    1    ^'1 (31a). 

Again  differentiate  both  sides  of  (29  a)   with  respect  to  ^,  and  subtract   (30  a)  first 
multiplied  by  sin  ^  and  then  differentiated  with  respect  to  6.     We  thus  get 


2 


Differentiate  both   sides  of  this  with   respect  to  ^;    then   noticing  that  -jr  =  —  tk  > 

this  becomes 

^,.     ,.    ,.,  (   I     d^X,      d     .    „dX}     l^\d^T,     d     .    .dCT/l 

Le.  ^«'-'^-(^'-l)^'=„lb^[|-^f-f|']  (^)- 

T^  and  tT)  are  known,  and  thus  the  right-hand  sides  of  (40)  and  of  (31  a)  can  be 
expanded  in  a  known  series  of  suri'aoe  spherical  harmonics  of  the  various  degrees. 

Thus  X^  is  given  by  (40),  while  Y^  and  Z,  are  given  by  (28)  and  (81  a).  It  follows 
from  the  parallelism  between  (31  a)  and  (31)  that  the  terms  in  Y^  and  Z^  which  depend 
on  S^  are  the  same  as  before,  and  so  are  given  by  (32)  and  (33).  Also  X^  is  inde- 
pendent of  8t,  (40)  shows  clearly  that  X,  =  0  if  Z7,  =  0=r„  i.e.  if  the  surface  forces 
be  purely  normal ;  also  that  X,  =  0  unless  U^  and  T,  are  fiinctions  of  ^,  so  for  a  series 
of  forces  expressed  as  Legendre's  coeflBcients  X^  =  0. 

§  15.  Let  us  now  find  the  additional  terms  to  be  introduced  when  we  have  no 
longer  a  solid  sphere  but  the  material  contained  between  two  concentric  spherical  sur£BU^s 
of  radii  a,  a.  The  forces  are  supposed  similar  in  kind  to  those  of  the  last  case.  Let  us 
number  the  equations  so  as  to  show  their  connection  with  the  preceding.  Thus  (13')  means 
that  this  is  the  additional  term  or  terms  to  be  added  to  the  right-hand  side  of  the 
equation  (13)  of  a  solid  sphere. 

Taking  the  i*^  harmonic  as  typical,  suppose  the  body  forces  have  a  potential   'S,V{r'*~^; 

then  S'  = 2_^-*-iV/  +  r-'-'F/ (13'), 

where  F/,  F/  are  surface  harmonics  of  degree  i. 
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^^  d6-d^'     ^'•^'°^d-r(^      ^'> (^*)- 

Substitute 

a^  m  +  n  *  *  dr  dO 

and  get 

dr*            sin  0  dd           d6     sin'  ^  d<fr     ^        'm  +  n        *  *       \n  ^  j 

Assume  u^ulr'* (18'),  and  get 

(.■-2)«-i)»/H.jl^^.*.«'^<+j^,^'.«-i)„;-r,'+r/{5«H-i)  +  2)...(i9'). 

The  solution  obviously  is 

„•_   -P   (*'-l)^.'      y.w^(t  +  l)  +  2n 

"'~m  +  n  2(2.-- 1)"-''      2n(t-l)     "^  ^  «" ^^^>' 

where  Z'^  is  an  arbitrary  surface  harmonic   of  degree    t  — 2.    Thus  the  additional  part 
of  u,  not  included  in  (21),  which  involves  a  surface  harmonic  of  the  i'^  degree  is 

""m  +  n    2(2i-l)        '^   ^'     2n(2i-l)    +*^     ^'     ^^^  >' 

where  Zl  is  an  arbitrary  sur&ce  harmonic  of  degree  i. 

Treating  in  precisely  the  same  way  as  we  treated   (15)  the  equation,  which  is  here 
the  equivalent  of  (15),  viz. 

we  get 

d^.wsind        1      d      .    ^d.vrsinO        1      cP.vr sing 

+  r-'-*{2(i-2)cosg^'^-2sing^=»|  (220- 

Assume  v  sin  d  =  r"*v/,  and  we  get 

^        '    *      smd  d0  dd      sm*  g  d^"      (m  +  n)  (2i  - 1)  (  dd       ^        '  *  J 

__mji-|)p2n|^.^ 

and  we  find,  precisely  in  the  same  way  as  we  did  in   the  case  of  (23),  that  the  solution 
is  (X't_i  being  an  arbitrary  surface  harmonic  of  degree  t  — 1) 

P  .    ^dF/  ,  m(i-2)-2n  .    ^dY/     sin  d  d^^,      „,        ,-,.,. 

<  =  (nr^-n)lT2r-l)^^°^-d/-^    2^^^^^^^^ 
Vol.  XIV.  Part  III.  35 
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Therefore  the  additional  part  of  v,  not  included  in  (25),  which  contains  the  surface 
harmonics  of  degree  i  which  appear  in  u,  adding  the  typical  term  X/,  is 

d5L^i  +  /i2(2i-l)^    2/u(2i-l)      'J      i  +  \d0^   sintf    ^      '' 

where  XI  is  an  arbitrary  surface  harmonic  of  degree  i.  Similarly,  to  find  the  additional 
part  of  w  proceed  exactly  as  before,  i.e.  substitute  in 

d.WTBxxLO       •  .  a/,^       .  ./jrf.wr*      .    ^d.vrAtiO 

j-r =  IT  sm"  00  —  sm'^  -J sin  0 3^ — 

dip  wr  cLu 

the  values  of  S,  u,  v  as  given  by  (13'),  (21')  and  (25'),  and  employ  the  surface  harmonic 
differential  equation.  We  thus  get  a  differential  equation  similar  to  (26)  whose  solution 
presents  no  diflSculty.     This  solution  is 

""-sine  d<l>[m  +  n  2(2i-l)^    2ni{ii-l)   "^  ^'     i  +  l'^'J        '        

,  dw!        dX; 

^^^"^  ^i^- de- 

It  must  be  understood  that  the  values  of  v  and  w  given  by  (25')  and  (27 )  do  not 
profess  to  be  solid  harmonics  of  the  i***  or  any  degree,  or  putting  r=»a  constant  to  be  as 
they  stand  surface  harmonics.  The  terms  merely  represent  part  of  a  series,  a  S  being 
understood.  This  form  is  adopted  as  showing  conveniently  the  parts  of  the  solution  for 
u,  V  and  w  depending  on  certain  surface  harmonics  of  the  i*^  degree,  i.e.  on  F/,  F/,  Zl,  J/. 

If  we  deal  with  purely  normal  forces  or  with  Legendre's  coeflScients,  X/  =  0  =  w/. 

In  the  complete  solution  of  a  spherical  shell  the  value  of  S  is  given  by  (13)  and 
(130,  that  of  u  by  (21)  and  (21'),  that  of  v  by  (25)  and  (25'),  and  that  of  w  by  (27) 
and  (270. 

Thus  a  type  of  the  complete  solution  for  a  spherical  shell  is 

|2(2i  +  3)(m  +  n)"^2»(2i4-3)    'j"^ 

--^^^T-'^'  +  ^l^^  (36a); 

(TO  +  n2(2i  — 1)        2n(2i  — 1)        J  '  ^       " 

„ r»^'     ±\    p      y     m(t+3)4  2n     )      r*'^  dZ,        r* 

2(2i  +  3)d^lm  +  »    '"^     n(i+ir       j       »    d^  "^  sin  ^    ' 

r-'        d|p  m(i-2)-2n      )       r-' dZ/     r-'-X/ 

^2(2t-l)d^|m  +  »'^'+  m  '^' J      »  +  l  d^  ^    sin^   •••^**^^^' 

-1*^^       \      d  \    p     ^     ffl(i  +  3)  +  2n^|  .    y"'    dZ.  .  ^ 
^~2(2t  +  3)8m^d^lm+n  "^'"^      n(t+l)      "^  V  i  sin  5  d^  "^    "'' 

r-'  1      d    (    p      .^     m(t-2)-2n      )      r^'^     dZ[ 

■^2(2»-l)8m^d^lm  +  7»'^''^  m  ')  ~  i  +  l  sin^d^"^        w,..  (-^a;. 

The  expression  for  u  gives  all  the  terms  which,  when  r  is  constant,  are  surface  spherical 
harmonics  of  degree  t,  and  in  v  and  w  are  exhibited   those  terms  which  depend  on   the 
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above  surface  harmonics  of  degree  %  in  u,  with  the  addition  of  the  typical  term  X^.    For 
the  complete  general  solution  we  must  write  a  2  before  each  of  the  above  expressions. 

§  16.  In  the  most  general  case  when  the  surface  forces  are  not  purely  normal  there 
are  six  series  of  quantities  F,,  Z„  X,,  F/,  Z/,  X/  to  be  determined,  and  there  are  six  series 
of  equations  to  determine  them,  three  at  each  surface.  If  the  forces  be  purely  normal 
exactly  the  same  method  as  for  a  solid  sphere  shows  that  X^  =  0  =  X^,  In  this  case,  as  in 
a  solid   sphere,  the   two  surface  conditions   (3)   and  (4),  besides  showing  that  X,  =  0  =  X/, 

are  of  the  foim  ■yji(XL.)  =  0  and  —  -y.  tt  X(L.)  =  0,   where  L.  stands  for  all  the  terms  of 
dO^      ^  8m0d<t>    ^  «^       '  * 

the  i^^  degree  in  surface   harmonics.     These   relations  hold  all  over  the  spherical  surface, 

and  thus  the  solution   is  Z^  =  0.     Thus  (3)  and  (4)  furnish  at  each  surface  only  one  com- 

plete  equation  for  the  surface  harmonics  of  any  one  given  degree. 

The  surface  condition  (2)  gives  one  similar  equation  at  es^h  surface.  Thus  we  can 
regard  F<,  Z„  F/,  Z/  as  four  independent  variables  given  by  four  simple  equations,  and  so 
we  can  find  them  all  in  terms  of  F,,  F/,  fif„  S/;  8,'  being  the  normal  traction  on  the 
interior  boundary. 

§  17.  Let  us  then  consider  more  fully  the  case  when  the  surface  pressures  are  purely 
normal.  The  additional  terms  for  u,  v,  w  in  (21'),  (25')  and  (27'),  putting  X/=0  =  w/, 
supply  towards  the  boundary  condition  (2)  the  terms 

^^  [{m(2t-  1)  -n(t«  +  i-l)l  -^^  +  {m(t'  +  3»-  l)  +  nj  F/]  -2n(t  +  2)r--Z/...(41). 
Towards  the  expression  (3)  they  supply 

and  so  obviously  towards  (4), 

_i_  A  r_  J:::!  [J^  iV^.  ^^.^^-^  Y'\  +  ^(*  +  ^)  nV-^Z^  f43) 

sin^d^L     2t-llm  +  n*'^'+  i  ^'|+    »  +  l    ""^     ^' \ ^*^l' 

writiug  r  =  a  at  the  external  boundary,  and  r  =  a'  at  the  internal 

It  will  be  as  well  here  to  write  out  these  surface  conditions  iu  full.  They  look  cumbrous 
but  in  any  special  case  are  much  simplified.  The  surface  equations  are,  from  (28)  and  (41), 
(29)  and  (42),  (30)  and  (43), 


1^  r_A_  F,  {m  (2i  +  3)  +  n  (t*  + 1  -  1)}  +  F,  {m  (t»  -  »•  -  3)  +  n}l  +  2n  (t  - 1)  o'-'Z, 
+  1^  [^  VI  {m(2i-l)-n(i'+t-l)l  +  Y;  {m(t»+3.'-l)+n}J -2n(i+2)a-*-^'-5,...(44), 

_  «rL  r_L_  v:  ni  +  Y:  ^(*--l)-»1+2n(i±|la-'-Z/==0...(45), 
2»  - 1  Lm  +  n     '  t  J  I  + 1  '  ^     " 
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iri  [^n  ^'  ^"*  ^^*  +  3)  +«(»'  +  »- 1)}  +  y.  {m {^^ -i-S)  +  n}]  +  2n  (t -  l)a"-ir, 

+  |^i  [^^'  {m  (2i-l)-n(i'+t-l)l+  r;'{m(i«+3»-I)+n}J  -  2»  (t  +  2)  a'-'-»Z/  =  S/...(46), 

,^  r    ^-  F.n  (»  +  !)  +  r.^^Vtf --"]  +  2«1^^)  a-2: 
2i  +  3  Lm  +  w    *    ^        '        *        »  +  l        J  1 

_^'    r_f_K»r/'"(^--^)-"l+2n(^:t|)a-Z>0 (47). 

2i  - 1  Lm  +  w     *  *  %  J  1  +  1  *  ^     ' 

These   equations,    supposing  i  >  1*,   determine    F„    F/,    Z„    Z/    without    ambiguity  of 
any  kind. 

§  18.     The  following  method    gives    the    values    of   u,  v  and  w  very  shortly.     It  is 

suggested  by   the  form    of    (25)   and   (27).     Supposing  we    have    got  (1  a),   (13)   and  the 

solution   (21),  and   have  worked  out  the   first   side  only  of  (22),  we  then   get   as   before 
for  the  general  solution  of  (22)^  selecting  the  term  in  X<  as  a  type, 

sm  0 

From  (1  a),  since  this  solution  is  independent  of  u  or  S,  we  have 

dw _^    d,vsin  0  _      ^ dX^ 
'(Q)"  d0  "^  W' 

,      ,         dw.        dXi 
.-.  w  =  Wtr\  where  -y^*  =  — 37^  . 
*  d(f>  d0 

We  then  want  particular  solutions  for  v  and  w  answering  to 
t^ri,,  u        r    2n(2i+3)^" 


m  +  n"^''     "         ^     2(2i  +  3)(m  +  w)' 


:(2i  +  3)(m-t-w) 
8=0,  u-^r^-'Z,. 

For  the  first  assume 

Then  from  (1  a) 

•^^^^^^sin^rf^-''^^  d^-^S^-^  d^}-^   ^'-^rdr-^    2l2i>3)n^- 

*  A  special  oaae  ooouxs  when  i=l  whether  for  solid  I  For  explanation,  see  paragraph  r  of  §  737  of  Thomson  and 
sphere  or  shell.  In  the  snrface  conditions  Z,  occurs  mul-  Tait's  Nat.  Phil,  The  same  remarks  apply  to  the  case  of  a 
tiplied  by  i-l,  and  so  its  valne  would  become  infinite.  |  cylinder. 
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J(i  +  3)  +  2 


i.e.  -i(i  +  i)/.(r)7.=  F/«t::^^^j^ 

f  (»+3)  +  2 


For  the  secood  assume 
and  precisely  as  before  we  get  from  (1  a) 


A(r)-;^r> 


,1+1 


For  the  third  assume 


m  +  n       2(m  +  7i)  (2i  +  3) ' 


>. ,  V     1     dZi 
«'=>«Ws-Od^' 

and  from  (1  a)  we  get  Ji(^)=-^'*- 

But  ''=/.('-)w+-^.Ww+>«^'->W  +  sO> 

which,  on  substituting  for  the  functions  of  r,  we  see  is  identical  with  (25).  Similarly  (27) 
is  given  by  the  above  values  for  w.  The  same  method  applies  equally  shortly  in  the 
case  of  a  shell 

The  forms  assumed  for  v  and  w  in  this  method  would  scarcely  suggest  themselves 
unless  we  had  already  found  them  by  some  direct  method,  so  that  the  process  is  from 
one  point  of  view  unsatisfactory  though  practically  serviceable. 

§  19.  The  case  i-0  seems  slightly  different  from  that  of  the  general  solution,  but 
is  really  included  in  it 

It  differs  mainly  in  the  number  of  arbitrary  constants,  but,  as  we  shall  see  presently, 
there  are  enough  to  satisfy  the  surface  conditions. 

To  save  space  let  us  consider  first  a  shell  the  radii  of  whose  surfaces  are  a  and  a\ 
From  this  we  can  pass  at  once  to  a  solid  sphere. 

From  (13)  we  have  S  =  constant  =  F^ (48). 
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The  surface  forces  are   purely   normal,    call    them  F   and  F\      Supposing  no  bodily 
forces  to  act,  we  get  from  (21)  and  (21'),  leaving  out  V^  and'F^', 

u=ir7,  +  ^^; (49). 

Z^  is  zero,   for  as  it  is  a  constant  there  are  no  corresponding  terms  in  v  or  w,  and 

Z  Y ' 

in   (1)   it  is  impossible  that   S  should   vanish   while  w  =  — .     Also  F'  is  zero,   for  S  =  — ^ 

r  r 

is  inconsistent  with  (5). 

1   d  ur^ 
[Of  course  the  above   value   of   u  follows  directly  from   S  =  -^  —j—  =  Y^ ;    but   it  is 

desirable  to  show  that  it  is  contained  in  the  general  solution.] 
Noticing  that  now  (m  —  n)  S  +  2m  ->    =  (m  +  n)  S  ^  4n  -  , 

it  will  be  seen  from  (30),  Sect,  i.,  that  the  surface  conditions  are 

u 
{m  +  n)i  —  in-  =  F,  when  r  =  a,  (50), 

=  F',  when  r  =  a' (51). 

a'F-a'^F' 


We  get  thence  F,  = , 

y,_a*a''{F-F) 
•~  4n(a'-a'')  ' 


*u      f  1       [a'F-a'*F'        a'a"  (F- F')!  ,_, 

therefore  «  =  -, -„    — ^ r  + j — = (52), 

a*  —  a*\_    3m -n  4nr*        J  ^     ' 


g^       a^F-a'^F'       ^^3^ 


(m-g(a'-o-) 


For  a  solid  sphere  put  o'  =  0;  F'  goes  out  as  it  should,  and 


Fr 
M  =  K^^^  (54), 

«  =-^ (55). 

m-g 


Suppose   next  that  the   shell  is  very  thin,  having  a'  =  a  (1  —  e),  where  e'  is  negligible* 
Then, 

«=(-£^+^)i^-i^<'-^^(i-')s? w. 

'-^-j-^)—. <">■ 


«-j 


Thus  unless  F  —  F'  be  very  small,  u  is  very  large. 
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Wr  W 

If  F:=F\  u—   — -— ,  S  =  -^— • .     This  is  exactly  the  same  expression  as  for  a  solid 

sphere,  as  is  obvious,  since  in  the  solid  sphere  (m  +  w)  S  —  ^n  -  is  constant  throughout. 

[April  20,  1888.     If  the  tangential  surface  forces  instead  of  themselves  being  surface  harmonics 

be  derived  from  a  potential  expressed  in  harmonics,  so  that  Ti=—r-;    and  U^  =  -r—^-T^t   where    0« 

(iu  SU1&  (Up 

represents   the  t^   harmonic   terms,   then  by    (40)   we    have  ^{  =  0;    also    the    2    can    be    dropped 

on  both  sides  of    (31a),  the   right-hand  side   reducing  to   -t(t+ l)0{/7i.     In   this  important  case 

the  solution  is  thus  obtainable  explicitly.  The  additional  terms  to  be  added  to  (36),  (37)  and  (38) 

being  respectively 

u  =  if,»  (»  +  1)  Oi  [(»  - 1)  {mi  -  2n)  r^^'a"*  -{/»(»•-  i  -  3)  +  n\  r«->a-'*«], 

^  =  ^'^'W  '"  =  sin-«rf^^ 

where  for  shortness 

l/i/,=  2n  (»  -  1)  {m  (2i«  +  4i  +  3)  -  w  (2i  +  1)}, 

iV,  =  i  (i  -  1)  {w  (i  +  3)  +  2n]  r**'a-*  -  (t  +  1)  {m  (»•  - 1  -  3)  +  n\  7^''a''*\ 

With  similar  surface  forces  the  case  of  a  shell  can  also  be  solved  explicitly.] 


SECTION  III. 

TENDENCY  TO   RUPTURE. 

§  20.  One  of  the  most  interesting  questions  in  the  problems  we  are  to  be  engaged 
in  is  the  tendency  of  the  body  to  rupture  which  we  shall  now  consider.  It  is  fairly 
obvious  that  the  tendency  to  rupture  at  a  point  inside  a  solid  will  depend  only  on  the 
state  of  stress  or  of  strain  in  the  material  surrounding  that  point,  and  not  at  all  on  the 
nature  of  the  external  forces  which  produce  the  strain,  nor  on  the  form  of  the  external 
surface  of  the  solid. 

Various  measures  of  the  tendency  to  rupture  have  been  advanced.  Lam^  considers 
that  a  body  will  rupture  when  the  greatest  stress  rises  to  a  certain  value,  obtained 
experimentally  for  each  substance.  On  this  hypothesis  the  tendency  to  rupture  would  be 
measured  by  the  greatest  stress.  By  others,  e.g.  Professor  Darwin,  the  difference  between 
the  greatest  and  least  principal  stresses,  called  the  "maadmum  stress-difference**  has  been 
taken  as  giving  the  tendency  to  rupture.  On  this  hypothesis  the  solid  would  rupture 
when  the  maximum  stress-difference  at  any  point  reached  a  critical  value  determined 
experimentally  for  each  substance.  By  others,  e.g.  Saint- Venant,  the  greatest  strain,  pro- 
vided it  be  positive,  has  been  taken  as  the  measure.  On  this  hypothesis  if  the  strain 
exceed  a  certain  value,  obtained  experimentally,  the  solid  will  rupture.  In  all  three 
methods   the  actual   critical   value  will  be   modified  according  to  the  different  ends  aimed 
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at.  If  the  stress  is  to  act  only  for  a  short  time  a  higher  limit  may  be  taken,  but  if 
the  stress  is  to  be  long  continued  it  must  never  reach  a  point  at  which  it  may  begin 
to  cause  deterioration  of  the  substance  of  the  solid. 

In  the  first  and  third  methods  the  limit  might  be  obtained  by  experiments  with 
the  traction  of  a  bar  of  uniform  cross  section.  In  the  second  method  the  limit  would  be 
best  obtained  by  experiments  on  shearing  force. 

In  some  cases,  for  instance  in  the  simple  case  of  longitudinal  traction  of  a  bar  where 
there  is  only  one  stress,  the  different  methods  coalesce. 

I  consider  the  last  two  views  much  more  probable  than  the  first,  but  do  not  venture 
to  assign  the  palm  to  either.  In  fEtct  I  am  doubtful  if  certain  cases  do  not  throw  doubt 
on  the  universal  application  of  any  such  measure. 

§  21.  It  may  seem  premature  to  consider  the  question  at  all  while  holding  these 
views,  but  so  long  as  the  physical  basis  is  clearly  stated  no  possible  harm  can  ensue 
from  the  mathematical  developments.  The  results  we  obtain  may  possibly  even  be  of  use 
in  showing  how  to  discriminate  experimentally  between  the  different  theories.  Further  any 
one  of  these  different  methods  requires  the  greatest  principal  stress  to  be  known,  or  is 
most  easily  applied  when  a  knowledge  of  this  stress  is  obtained,  so  our  results  will  be 
at  once  applicable  to  any  of  the  methods. 

To  show  this  for  the  third  method,  suppose  e,  /,  g  the  three  principal  strains,  P,  Q,  R 
the  three  principal  stresses,  and  S  =  e-{-f+g. 

Then  if  P  be  the  algebraically  greatest  stress,  e  is  the  algebraically  greatest  strain, 
and  the  relation  between  them  is 

P:={m-n)S  +  2ne, 

'= — V-^ (!)• 

If  then  we  know  8  and  P  we  at  once  know  e. 

For  our  future  applications  we  require  a  knowledge  of  the  stress-quadric.  For  the 
properties  of  this  quadric  see  Thomson  and  Tait's  Natural  Philosophy,  Vol.  i.  Part  ii. 
§§  662—665. 

The  greatest  and  least  principal  stresses  act  along  the  least  and  greatest  principal  axes 
of  this  quadric,  the  properties  of  which  are  of  course  independent  of  the  system  of  axes 
employed.  In  the  cases  we  are  to  consider  one  of  the  principal  stresses  <l>  is  perpendicular 
to  the  meridian  plane,  the  other  principal  stresses  B^  and  0^  lie  in  the  meridian  plane.  If 
the  equation  of  the  stress  quadric  referred  to  our  usual  system  of  axes  be 

Ra^  +  ey^  +  2Rexy  +  ^js'^l (2), 

then  referred  to  the  principal  stress  axes  it  is 

iJjir"  +  ©y  +  ^^=l (3); 
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and  by  ordinary  geometry 


.(4). 


D     -B  +  e  +  S 
^.  = 2 

®x  = ^2 

where  iS  =  ^/(iJ-e)'  +  4jB,'' (5). 

We    shaU    suppose    this    square    root    always    taken    positively,   so    that    22,    is    the 
algebraically  greater  principal  stress  in  the  meridian  plane. 

It  is  easily  seen  from  (33),  (36)  and  (37)  of  Section  I.  that 


'-^\'%-\^\'i*\ih 


If  a  be  the  angle  which  the  axis  of  R^  makes  with  the  radius  vector  drawn  outwards, 

cosa_     2  sin  a 

The  greatest  stress  algebraically  is  thus  either  B^  or  ^,  and  the  maximum  stress- 
difference  is  8,  iZj  — ^,  or  ^  — 8j,  according  as  ^  is  the  mean,  the  algebraically  least, 
or  the  algebraically  greatest  principal  stress. 

We  have  ^  =  (m- n)  S  +  2n  (^  +  ^  cotd) (7), 

i2j  +  e,  =  iJ  +  e  =  (3m-n)S-* (8), 

and  iJj-e,  =  S (9); 

whence  we  get  2  (^- i2,)  =  2w  js  [- +  - cottf) -sl  -8 

2  (^-  e,)  =  2n  ja  (%%ottf)  -  sl  +  S 

We  can  divide  our  results  into  three  cases. 


.(10). 


Case  (i).     3f-  +  -cot^j-S  positive,  and  at  the  same  time  1 3  f-  +  -  cotd  j  —  Sy  num- 

/  8V 
erically  greater  than   [a~)  •     ^^  ^^^s  case  ^  —  R^  is  positive,   thus   <l>  is  the   algebraically 

greatest  stress  and  the  maximum  stress-difference  is 

^-e.  =  „{3(H  +  Hootd)-s}  +  | (11). 

Case  (ii).     3f-  +  "Cot^j  —  S    negative,    and    at    the    same    time    |3f-  +  -cot^j  — S[ 
numerically  greater  than  (q~)*     ^^  ^^^^  <^^^  ^  ^^  algebraically  the  least  principal  stress, 


Vol.  XIV.  Part  III.  36 
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and  tbe  maximum  stress-difference  is 

iJ.-*  =  |-n|3(^  +  %ot^)-s} (12). 

Case  (iii).  J3  (-  + -  cot^j  —  SJ-  numerically  less  than  (q-)-  ^^  this  case  <P  is  the 
mean  principal  stress  and  the  maximam  stress-difference  is  8. 

In  what  we  have  called  the  third,  or  Saint-Venant's,  method  the  tendency  to  rupture 
is  in  Case  (i)  measured  by  ^ —,  if  positive,  i.e.  by 


^  +  ^cot^ (13); 

r     r  \    y 


R  +  ^  +  S     .         .J. 
in  Cases  (ii)  and  (iii)  by  ^  »  if  positive,  i.e.  by 


4n 


+^{«-(?+>»)l (")■ 


It  will  be  found  that  in  general  there  is  a  surface  or  series  of  surfaces  over  which 
<l>  =  72,  or  =0j.  These  surfaces  are  of  importance  on  any  of  the  three  theories,  as  they 
indicate  tbe  limits  within  which  the  several  cases  mentioned  above  apply.  The  surfaces 
themselves  may  be  regarded  as  loci  where  Case  (iii)  applies. 

§  22.  As  an  easy  illustration  of  the  hypotheses  as  to  the  rupture  of  a  solid  we 
may   consider   the   solutions   (52)   and    (54)  of  Section  n.     In   the  case  of  (54),  giving  the 

displacement  for   a  solid  homogeneous  sphere,   -j-   obviously  =-,  and  so  i2  =  0  =  ^;  thus 

no   stress-difference  exists,  and  according  to  the  second   hypothesis   no  amount  of  uniform 
normal  traction  or  pressure  would  have  the  least  tendency  to  cause  rupture  anywhere. 

The  greatest  strain  is  in  either  case  -    or    -y-   indifferently,  and  is  positive  or  negative 

according  as   i^  is   a  traction   or  a  pressure.     Thus  on  the  third  hypothesis  no  amount  of 
uniform   normal   pressure   tends   to  produce   rupture,    but   uniform   normal  traction   on   the 

other  hand  will  eventually  produce  rupture  if  -  exceed  a  certain  experimental  limit. 

Thus  both  theories  agree  in  stating  that  no  amount  of  uniform  normal  pressure  will 
rupture  a  solid  sphere;  but  they  differ  completely  as  to  the  effects  of  uniform  normal 
traction.  There  is  no  very  obvious  experimental  method  of  testing  the  results  of  a  uniform 
traction,  but  it  certainly  seems  probable  that  rupture  would  follow  from  a  very  severe 
traction. 

Greater    interest    attaches   to   the   result   (52),   Sect  ii.,  which  is  for   the    case    of   a 

shell,  and  is 

1       ra'J^-g^J^^        a»a^(J^-J^')1 
^     a'-a^L    3m-ri     ^  "*"         4wr»        J' 
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Here  e  =  ^  =  (m  -  w)  S  +  2n  -  , 

and  iZ  =  (m  —  n)  S  +  2n  ^  ; 

therefore  12  is  algebraically   greater   or    less    than   8  according  as  F  —  F'   is  negative   or 
positive. 

The  greatest  value  of  iZ-*©,  i.e.   the   maximum  stress-difference,  occurs  when  r  =  a', 
or  at  the  inner  surface  of  the  shell,  and  is 

i«"?^ p')- 

taken  always  positive. 

As  being  of   greater    pi-actical    interest    we    shall    suppose  F^—p,  F'^—p',  so   that 
p  and  p'   represent  uniform  pressures,   e.g.  of  a  gas,  on  the  outside  and  inside  boundaries. 

Then  the  greatest  strain  is  ^  or  -  according  as  p  is  greater  or  less  than  p\ 
If  p  >p'  the  greatest  value  of  -r-  occurs  when  r  =  a\  and  is 

4n(3m-w)(a«-a'')  ^    ^' 

On  the  third   hypothesis  no  tendency   to  rupture  will   exist  unless  this  be  positive, 
i.e.  unless 


£Z^>       2«       /^_a^ 


Thus  no  rupture  can  ensue  however  great  p  may  be  unless  the  ratio  of  p  :  p'  exceed 
a  certain  value  depending  on  the  ratio  of  the  limiting  radii  of  the  shell 

If  p<p'  the  greatest  strain  is  -,  and  its  greatest  value  occurs  when  r  =  a',  and  is 

S(m.+n)  a'  (p^p)  -inp'  (a_^-0  n  ox 

in(Sm-n)'(fl*-a'*)  "^     ''■ 

This  will  be  positive  only  provided 

f<'-j(^)(i-"^ w 

Thus  however  great  p'  may  be  there  will  be  no  tendency  to  rupture  unless  the  ratio 
p  :  p'  he  less  than  a  certain  proper  fraction  depending  on  the  ratio  of  the  limiting 
radii  of  the  shell. 

Thus  what  we  have  called  the  second  and  third  hypotheses  agree  in  stating  that 
the  tendency  to  rupture,  if  existent,  is  always  greatest  at  the  inner  surface  of  the  shell. 
The  hypothesis  of  maximum  stress-difference  states  that  in  all  cases  rupture  will  ensue 
if  the  difference   between   the   forces    on    the    outside    and   inside  sur&ces  be  sufficiently 
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increased,   while  the  hypothesis  of  maximum  strain  requires  certain  relations  between  the 
ratios  of  these  surface  forces. 

This  seems  to  afford  means  of  experimentally  deciding  between  the  two  theories. 


SECTION  IV. 

GBAYITATINO  NEARLY  SPHERICAL  MASS. 

§  23.  The  results  of  previous  sections  admit  of  an  easy  application  to  the  case  of 
a  nearly  spherical  solid  gravitating  mass  the  equation  to  whose  surface  is 

r  =  a  +  2a/r, (1), 

where  <r^  represents  any  spherical  harmonic  terms  of  the  i^^  degree,  and  a^  is  a  type 
of  constants  which  are  small  compared  to  a.  The  earth  regarded  as  isotropic  exemplifies 
the  kind  of  body  meant 

Owing  to  the  mutual  attraction  of  the  material,  bodily  forces  exist  given  by  a  potential 

where  g  represents  the  mean  value  of  "gravity"  over  the  surface. 

Since  — ',   etc.    are  small  the  direction  cosines  of  the  normal,  referred   to  the   funda- 
a 

mental  directions  at  each  point  of  the  surface,  may  be  taken  as 

^      -                ^  a,  dc.                ^  a.    1    da.  ,_. 

X  =  l.    M— 2^^',    .  =  -2-^^ (2). 

In  what  follows  the  surface  is  supposed  free  of  force,  so  the  surface  conditions  will 
be  got  from  (27),  (28)  and  (29)  of  Sect.  I.  by  using  the  values  (2)  and  putting 

We  may  without  increasing  the  difficulty  of  the  problem  suppose  the  bodily  forces 
of  a  more  general  kind  than  those  following  from  the  potential  given  above.  Suppose 
them  to  be  given  by  the  potential 

-y^  +  taj^/; 

then  as  a  type  of  the  strains  depending  on  spherical  harmonics  of  the  t***  degree  we 
have  (21),  (25)  and  (27)  of  Sect.  IL,  writing  a^V/r^  for  F,.  It  will  also  be  convenient 
to  write  aJTfl-^  and  a^^(r^  in  those  expressions  for  F,  and  Z^  respectively,  so  that  F^, 
r,  and  Z^  in  what  follows  represent  constants  merely.  Also  the  Z,  and  w^  of  (26)  and 
(27)  Sect.  n.  are  not  required. 
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§  24.    AnsweriDg  to  the  part  —{g—  of  the  potential,  we  find  from  (5)  Sect  ii.,  for  the 

(X 


particular  solution 


B^i^£^ 


Answering  to  which,  as  will  be  seen  from  (1)  Sect.  IL,  we  get 

10a  (m  +  n) 
We  have  also  from  the  part  of  the  general  solution  considered  in  (48)  and  (49)  Sect,  ii., 

Thus  the  complete  solution  is 

■  _       9pf* 
10a  (m 


«---^-*'^--^«.'.[fw^{'=l^''.-"^"^.}-'--^.] « 


Bind  d<f>  ^ 


(4). 


where 


^'  =  °^l2(2rh8)ij;fe^'+      nii  +  1)       ^'^T^'J <'>' 

*-*a-^tF.^.S^a^{^r.H.F.] (6). 

§  25.     Neglecting  terms  of  order  f -*j  ,  it  will  be  seen  from  the  above  expressions  for  the 

strains  and  for  the  direction  cosines  of  the  normals  to  the  surface,  that  the  first  surface 
condition  (27)  Sect  i.  reduces  to 

(m -n) S  +  2n T-  =  0,  where  r-a  +  2a/7,. 


dr 
From  (3)  and  (6)  we  thence  obtain,  consulting  the  left-hand  side  of  (28)  Sect  ii., 

Equating  to  zero  the  constant  part  we  get 

y             Sgpa(5m  +  n)  ...v 

"^'^     10(m  +  ti)(8m-n) ^  ^' 

and  equating  separately   to  zero  the    coefficients    of   the    harmonics    of    different    degrees, 
taking  the  t^^  as  a  type,  we  find 

(m  +  n)  (2t  +  3)        ^^^'^  2?T3  ^  ^*     2n(i-l)a    A      5(^  +  ^)       ^  -  W- 
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In  the  second  surface  condition,   (28)  Sect  i.,  all  the  terms  are  of  the  order  — '  at 

least,  thus  we  may  write  r=^a  over  the  free  surface. 

Substituting  for  Y^  from  (7),  and  making  the  terms  depending  on  the  differential 
with  respect  to  ^  of  each  surface  harmonic  separately  vanish  we  get,  with  the  aid  of 
the  left-hand  side  of  (31)  Sect,  ii,  equations  of  which  a  type  is 

+  n2i  +  3^''^'^(i  +  l)(2i  +  3)''^*  %        ""    ^'     5(m  +  n)"^ ^^^* 

Treating  the  third  surface  condition,  (29)  Sect.  I.,  similarly  we  find  that  the  coefficient 

of  -T— 4-Tr  18  simply  the  left-hand  side  of  (9).    Thus  by  making  the  expressions  of  which 
sin  u  dip 

this    is    a   type    vanish    we    satisfy    the    third    surface    condition    as  well   as   the  second, 

and   this  is  the  only  way  we  can  satisfy  both   conditions. 

Putting  for  shortness 

5(m  +  n){m(2t"  +  4i  +  3)-»(2t  +  l)}=2), (10), 

we  find  from  (8)  and  (9), 

F,  =  £^^^[5{m{2t>3)--n}F,--(2i  +  3)(5m-n(2t-l)}<7a-'] (11), 

-  l5mV(i  +  2) -mn  (2i»-*'-10i-l)-n»(2i+ 3)}  (7a-'*»]...  (12). 

For  the  case  we  are  more  specially  interested  in  when  F^  =  .  *^  a"',  these  expressions 
become 


^' ^^^^y5;^^{5m(2i  +  3)-n(4t»+10t  +  9)}. 


_     -tgpa 


Substituting  these  values  in  (3),  (4),  (5)  and  (6)  we  obtain  for  the  strains  in    the 
nearly  spherical  body  (1)  acted  on  only  by  its  gravitational  forces 


10a(m+n)  \  3m  — n    j 


o^ 


■^SP^2n(2d  +  l)D,  t*^*'*''  {lOmV  (»•- 1)  -mn  (41*  +  4t»+  84t»+29t  +  10)  +n'(8t'+  W  +  lSt-S)) 
-  T*-'a'*H  {10m»t  {i  +  2)  -  mn  (4t'  +  4t'  -  2i  + 1)  -  n'  (4d  -  3)}] (13), 


^    ^  dd 

to  =  2  -.  'a  -JT 
Sin  u  (Up 


•(14). 
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where 


^'"  2n(2i  +  l)l)  f"^'"""  ^^^*  ^*  "  -^^  ^"^^  +  3)  -  mn  (4i»  +  12t»  -  6f  + 17)  -  ri*  (8i*  -  17)} 

-r*-*a-^^{10m"i(i-|-2)-mn(4i»  +  4i"--2i  +  l)-n"(4i-.3)}] (15), 


S-.        fl'P (    .     3a'(5m  +  7i)) 

10a(w  +  w)(  3m-n    J 


"^^^(tf+VSD  [6w(**'  +  12iV8i  +  8)-n(8i*  +  20*»  +  l(H'"+10i-8)] (16). 

In  every  case  2  denotes  summation  with  respect  to  i,  and  a^  represents  all  the 
surface  harmonics  of  the  i^  degree  that  occur  in  the  equation  to  the  free  surface. 

The  fact  that  the  magnitude  of  the  strain  depends  only  on  the  degree  of  the  surface 
harmonic  and  not  on  its  special  form  seems  worthy  of  notice. 

§  26.  This  problem  has  been  treated  by  an  entirely  different  method  by  Professor 
Darwin*,  mainly  for  the  special  case  -* » 0.  He  has  applied  his  results  to  the  deter- 
mination of  the  tendency  to  rupture,  on  the  stress-difference  theory,  in  the  earth  regarded 
as  an  isotropic  body.  Except  in  this  case  and  on  this  theory,  with  an  exception  presently 
to  be  noticed,  the  tendency  to  rupture  will  depend  only  to  a  trifling  extent  on  the 
divergence  of  the  earth  from  a  truly  spherical  form.  It  will  usually  depend  mainly  on 
the  strain 

9P^         f  , -gySm-fn)) 
"^^  10a(m  +  w)  V  3m-n    J ^^'^' 

which  is  very  large  compared  to  the  other  terms. 

Neglecting  for  a  moment  the  other  terms  in  the  strain,  we  should  get  for  Qur  principal 

stresses 

p^gp(5m  +  n)(r^-a*) 
10(m  +  n)a 

e  -  ^^  g/>  {(^^  ~  ^^)  ^"-  (^^  -^  ^)  ^'} 
10  (m  +  n)  a 

Thus  the  maximum  stress-difference  is 

i2_e=^-^?2^ (18), 

5(m  +  n)a  ^     " 

and  the  greatest  strain 


dr^lO(m  +  n)aV^^~^  3m-nj  ^^^^• 


Both   these  expressions  have   their  greatest  values  at  the  surface.     These  values   are 
respectively 

T7^  (18a). 

5  (m  +  w)  \       n 

and 

2gp[m-n)a 

5(m  +  n)(3m-w)  ^^*^' 

•  Philosophical  Traruactiom,  1882,  pp.  187—280. 
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§  27.     In  the  special  case   —  =  0  it  is    thus   correct    to    neglect    the    stress-difference 

arising  from  these  terms,  but  in  an  ordinary  elastic  solid  this  stress-difference  would  have 
in  the  circumstances  of  the  earth  an  enormous  value.  For  instance,  if  following  most 
foreign  elasticians  we  suppose  m  =  2n,  these  greatest  values  of  the  maximum  stress-difference 
and  greatest  strain  would  be  the  same  as  in  wires  of  the  earth's  mean  structure  exposed 
to  tractions  equal  to  the  weights  at  the  earth's  surface  of  lengths  of  their  material 
exceeding  500  and  250  miles  respectively.  In  fact  on  neither  theory  could  an  earth  of 
ordinary  elastic  solid  structure  exist  for  an  instant.     On    the    stress-difference    theory  the 

earth  regarded  as  isotropic  could  remain  a  solid  only  if  —   were  extremely  small. 

From   (17)  we  see  that    -   is   everywhere   negative,  and  from   (19)   -r-   is  positive  only 

at  distances  from  the  centre  exceeding  r^,  where 

f    owi  +  n   H  ,Q^^ 

'•>='»i3i3^3^)r (2^^- 

So   on   the   maximum   strain   theory  it   is   only  at  distances  from  the  centre  exceeding 

Tj  that  there  is  any  tendency  to  rupture.     As   —   increases  from  0  to  1,  r,   increases   from 

•74a  to  a,  while  for  the  mean  value  m  =  2n  we  have  rj  =  "8()a. 

So  on  this  theory  there  would  be  in  the  earth,  regarded  as  isotropic,  no  tendency 
to  rupture  except  at  a  distance  from  the  centre  exceeding  a  certain  fraction  of  the 
radius  depending  on  the  material.  For  the  mean  case  m  =  2n  there  would  be  no  tendency 
to  rupture  at  greater  depths  than  600  miles  from  the  surface.  For  the  limiting  case  m  =  n 
there   would,  but  for  the  deviation  from  a  truly  spherical  form,  be  no  tendency  to  rupture 

anywhere,  and.  the   smaller   — ^^^   the  smaller  the  region  exposed  to  rupture  and  the  less 

m 

the  tendency  to  rupture.  Since  -^ —  measures  the  ratio  of  lateral  contraction  to  longi- 
tudinal expansion  for  longitudinal  traction,  it  can  scarcely  vanish  much  less  be  negative; 
but  it  is  at  least  conceivable  that  there  are  materials  for  which  it  is  small  It  is  thus 
on  the  maximum  strain  theory  by  po  means  impossible  that  a  gravitating  isotropic  sphere 
of  the  same  size  and  density  of  the  earth  might  remain  solid  throughout.  It  would 
however  if  composed  of  such  a  material  as  iron  be  incapable  of  remaining  as  a  connected 
solid  within  distances  not  exceeding  a  few  hundred  miles  from  the  surface. 

§  28.  From  the  previous  remarks  it  follows  that  there  is  no  use  in  considering  the 
tendency  to  rupture    due   to  the  terms  represented   by  those  in  <r<   except  on  the  stress- 

difference  theory  for  the  case   —   very  small  and  on  the  maximum  strain  theory  for  the  case 

very  small.     In   thus  further  considering    the   matter  it  will    be    as  well    to    limit 

ourselves  to  the  most  important  special  case  when  a^^P^. 
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Supposing  then   i  =  2   and   neglecting  terms  in  n  compared  to  terms  in  m,  disregarding 
fur  reasons  already  stated  terms  independent  of  P,,  we  get  from  (13) — (16), 

6r^-16aV\ 


.(21). 


d^ 


Whence  we  find  r  -jl  +  -  ^  «  ^^^,^  (a«  -  r^  sin  20, 

dr     r  dd      95na*  ^  ^  ' 


From  (6)  of  Sect.  in.  it  easily  follows  that 

(r^)  =(8a"-9r7  +  32r'(a*-r')sin*5 (22). 

Thus  for  a  given  value  of  r,  £f  is  a  maximum  in  the  equator  and  a  minimum  in 
the  polar  axis.  Further,  as  depending  on  the  sum  of  two  squares,  S  can  vanish  only  at 
the  two  points  in  the  polar  axis  at  the  distance  from  the  centre 

r.  =  o(|)* (23). 

Again  from  (21)  we  find,  noticing  that  8  vanishes, 

3^^+^cot^)-S  =  g|^{8a»-9r'  +  6r'sin*5} (24). 

This  expression  is  finite  and  continuous,  being  of  the  same  sign  as  a,  inside  and 
of  the  reverse  sign  outside  the  spheroid 

8a"-9r*  +  6r^sin'^  =  0 (25). 

The  polar,  or  minor,  semi-axis  of  this  spheroid  is  r^  and  the  equatorial  is  a(f)'.  The 
spheroid  cuts  the  sphere,  r  =  a,  in  points  whose  polar  distance  is 

^,  =  sin-»(J)*. 

Since  r^  is  nearly  equal  to  a  and  0^  is  small,  3(-  +  -cot5j-  S  is  positive  throughout 
the  whole  of  the  sphere  excepting  a  small  superficial  portion  round  the  poles. 
We  have  next  to  find  the  locus 


Hhl-^^y^hiS)-"' 


which  determines  the  surfaces  over  which   4>  is  equal  either  to  R^  or  to   Q^.    From   (22) 
and  (24)  the  locus  is  easily  found  to  be 

4r»sin»^{16a*-19r^  +  9r^sin»^}«0 (26). 
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It  thus  consista  of  the  polar  axis,  and  the  spheroid 

16a'-19r^  +  9r*8in*^  =  0 (27). 

This  spheroid  cuts  the  sphere    at    points    whose    polar    distance  is  8in'^(^)%  and  its 
polar  and  equatorial  semi-axes  are  respectively  -r-  ^  and  -jr-^ .    Again 


Hh>*'H'-{i)'' 


having  the  same  sign  as  the  left-hand  side  of  (26),  is  positive  within  and  negative  with- 
out the  spheroid  (27). 

We  have  now  sufficient  data  to  apply  the  criteria  of  Section  ill.    The  spheroid  (25) 

within  which   3(-  +  -cot5j  — S  has  the  same  sign  as  a,  completely  incloses  the  spheroid 

(27)  limiting  the  region  within  which  |3f-  +  -cot5j  — S^— f^j    is   positive.     Thus  inside 

the  spheroid  (27)  Case  (i)  of  Sect.  iii.  applies  when  a,  is  positive  and  Case  (ii)  applies  when, 
as  in  the  case  of  the  earth,  a,  is  negative.     Thus  inside   the  spheroid  (27)  the  maximum 

stress-difference    is    ^  ±  ^  j^  f-  +  -  cot  ^j  —  S  >• ,    the    upper    sign    being    taken    when   a,   is 

positive,  the  lower  when  it  is   negative.     Since  8  is  always  taken   to   be   positive,   we   see 
from  (22)  and  (24)  that  in  either  case  the  maximum  stress-difference  is 

^g  [+  {(8a'  -  9f^y  +  321^  (a*  -  r*)  sin'5}*  +  8a"  -  9r"  +  6r^  sin«^] (28), 

taken  positively. 

Outside  the  spheroid  (27),  whether  a,  be  positive  or  negative.  Case  (iii)  of  Sect.  iii. 
applies,  S  being  the  maximum  stress-difference. 

8  is  also  a  correct  measure,  as  well  as  (28),  of  the  maximum  stress-difference  along 
the  whole  polar  axis.  The  circumpolar  regions  in  which  Case  (iii)  of  Sect  lu.  applies  are 
very  limited,  and  are  further  the  precise  localities  where  the  stress-difference  is  least. 

The  maximum  stress-difference  has  its  absolutely  greatest  value  at  the  centre,  where 
by  (22)  taking  a,  positively 

S^^gpa, (29). 

In  passing  outwards  we  see  from  (28)  that  it  is  greatest  in  the  equator  and  there 
continually  decreases  as  the  distance  from  the  centre  increases  till  it  reaches  the  value 
ii9P^i  ***  *^®  surface  r  =  (z. 

Noticing  that  a,  is  equivalent  to  Professor  Darwin's  —  |ae,  it  will  be  seen  that  our 
maximum  value  for  8  agrees  with  that  given  in  his  paper. 

In  it  he  assumed  8  to  be  the  maximum  stress- difference  everywhere,  but  he  has 
since  added  a  correction  which  agrees  with  the  above  conclusions. 
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§  29.     It  remains  to  consider  the  case  fn  =  n,  supposing  still  a;  —  P^. 

From  (13),  (14),  (15)  and  (16),  leaving  out  the  terms  independent  of  P,,  we  get 

-        „  2r»  +  aV    \ 
dP,  br*-{-Za\ 

""-^''"•W-iiow" 

w  =  0 

g^_3gpa,P/ 
14na* 

Using  these  values  in  (6)  of  Sect,  in.,  we  find 

(^9£^y  =  (3a«  +  13r*)''-8r'(3a«  +  llr')sin»^ (31), 

y^*W;  +  ;Cot5)-sl  =  3o»+13r'-12r'8in'^ (32). 

The  last  expression   is  obviously  positive  everywhere  throughout  the  nearly  spherical 
mass.    Thus  3  ( -  +  -  cot^J  —  S  is  everywhere  of  the  same  sign  as  a^. 

From  (31)  and  (32)  we  find 

This  expression   vanishes  along  the  polar  axis  and  everywhere  else  is  negative.     Thus 
Case  (iii)  of  Sect  ill.  applies  everywhere,  the  maximum  strain  being 


i*\{'--r->')- 


By  means  of  this  expression  we  find  from  (31)  and  (30)  that  the  greatest  strain  is 
^^,  [±  {(3a«  +  137^)'  -  Sr*  (3a«  +  llr^  sin'^}*  -  a'  -  llr*  +  14r»  sin'^]. 

The  positive  sign  is  to  be  taken   when  a,  is  positive,  the  negative  sign  when   a,  is 
negative,  for  in  the  formula  8  is  supposed  to  be  always  taken  so  as  to  be  positive. 

When  a,  is  positive  this  stndn  is  greatest  in  the  equator,  where  its  value  is  simply 


Zgpa^ 


140na« 


which  increases  bom  ^;^  '  at  the  centre  to    £^  *  at  the  surface. 
140n  20w 

When,  as  in  the  case  of  the  earth,  a,  is  negative,  the  strain  is  greatest  along  the  polar 

axis,  where  it  increases  continually  from      I^  '  at  the  centre  to  "".^^  *  at  the  surface. 
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§  30.  When  m^n.  Young's  modulus  is  2n,  thus  the  greatest  strain  in  the  case  when 
a,  is  negative  would  be  the  same  as  in  a  wire  of  this  material  exposed  to  a  traction 
equal  to   the   weight,  at  the  surface  of    the  nearly   spherical  body,  of  a  length   —  |a,  of 

itself     In  the  case  —  =  0,  we  see  from  (29)  that  the  greatest  value  of  the  stress-diiSerence 

would  be  the  same  as  in  a  wire  of  the  material  under  a  traction  equal  to  the  weight 
of  a  length  ^,  of  itself  taken  positively. 

In  a  spheroid  whose  polar  and  eqiiatorial  axes  equalled  those  of  the  earth  ~a,  would 
be  about  8*8  miles.  In  such  a  spheroid,  supposed  isotropic  of  either  of  the  above  kinds 
and  of  a  uniform  density  equal  to  the  earth's  mean  density,  the  tendency  to  rupture, 
though  very  small  relatively  to  the  tendency  if  the  material  were  of  an  average  isotropic 
kind,  would  thus  be  absolutely  large, 

§  31.     Professor  Darwin  also  considered  the  case  very  small,   and    arrived   at 

the  conclusion  that  "infinite  compressibility  largely  relieves  the  stress-difference  due 
to  ellipticity  of  figure."*  He  also  concluded  that  ''except  for  the  case  of  the  second 
harmonic  inequality,  compressibility  makes  very  little  difference."f  In  the  light  of  the 
results  (18  a)  and  (19  a)  the  practical  importance  of  these  conclusions  may  be  questioned. 
It  should  also  be  noticed  that  in  a  material  of  this  sort  longitudinal  expansion  under 
traction  would  be  accompanied  by  a  nearly  equal  lateral  expansion. 

Professor  Darwin  has  pointed  out  that  the  maximum  stress-difference  arising  from  tlie 
simultaneo\is  application  of  two  sets  of  forces  is  not  necessarily  the  sum  of  the  maximum 
stress-differeDces  arising  from  their  separate  action.  In  like  manner  the  greatest  strains 
are  not  in  general  obtainable  by  superimposition.  Thus  any  conclusions  as  to  the  strength 
of  the  earth,  regarded  as  isotropic,  which  are  based  on  its  slighi;  deviations  from  a  truly 
spherical  form  are  a  priori  inconclusive,  if  the  effects  of  rotation  and  especially  of  the 
attraction  of  the  mean  sphere  are  neglected. 

It  should  also  be  noticed  that  in  so  far  as  the  surface  strata  are  neither  isotropic 
nor  of  the  earth's  mean  density,  the  actual  problem  certainly  differs  from  that  treated 
here.  Further  if  the  earth  be  solid  there  seems  no  very  conclusive  reason  for  supposing 
that  SBotropoly  occurs  only  in  the  surfiEtce  strata. 

SEcrrioN  V. 

SOLID  ROTATING   SPHERE. 

§  32.    One  of  the  most  interesting  applications  of  the  general  solution  is  to  the  case 

of  a  solid  sphere  which  rotates  with  uniform  angular  velocity  <o  about  an  axis  (polar). 

We   may  regard   the  sphere  as  being  at  rest  under  the  action  of  a  "  centrifugar*  force 

a)V 
of  potential  ^=-9-  sin'tf;  i.e. 

F=Ja>V-"5'^« (^>' 

where  P,  is  Legendre's  second  coefficient 

•  1. 0.  p.  217.  1 1. 0.  p.  218. 
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Before  applying  the  general  solution,  consider  first  the  solution  for 

F=i«V (2). 

From  the  general  equations,  Section  li.,  we  see  that 

^  =  -3^^  +  ^(*"'^''«^°*> (3), 

""r*     dr    *      "     dr    ~  3w  +  n' 

Thus  «^  =  _l^+^  +  i,; 

where  i>  is  a  constant  which  for  a  solid  sphere  is  obviously  zero,  and  so 

1     a)W      Cr 

From  {m  —  n)  8  +  2n  -r-  =  0  at  the  surface  r  =  a,  we  get 


dr 


p  __     w^pa^  (5m  +  n) 
5  (m  +  n)  (3m  —  n)  * 


__  1     co'pr'          ft)'paV(5m  +  n) 
•'•    **■"     15  m  +  n"^15(m  +  n)(3m-n) ^'*^^' 

From  the  general  solution  (36)  and  (37),  Section  ii.,  we  get  for 


3      ^ 


u  = 


-  ^Vj^t  (3m  -  n)      2a> VaVP,  (4m  ~  ») 


3»  (19m  -  5w)  3n  (19m  -  5n)     ' 

^    ,   dP,  (r*  (5m  ~  n)  -  2aV  (4m  -  n)| 
^      ®^  d^  I  6n(19m-6n)  j* 

At  present  leaving  out  the  common  factor  <o*p,  we  get  for  the  complete  solution 

p  (r*(3m-n)-2aV(4m-n)|       1       i^              aV  (5m  +  n) 
"""    •{  3n(19m-5n)  j      r5  m  +  n"^  15  (m  +  n)(3m  -  n) ^^^' 

^  dP,  (r*  (5m  -  n)  -  2aV  (4m  -  n)) 

"  dtf   t  6n(19m-5n)  J ^^^' 


t;  = 


g  ^  2r^P. r»  a'(5m  +  n) 

3(19m-5n)     3  (m  +  n)     5  (m  + 7i)(3m- w)  ^  ^' 

Noticing   that  P,  = ^ =  1  —  ^  si^^'^*  ^®  ^'^  replace  (7)  by  a  more  convenient 

formula,  viz. 

g  ^  |(a'  -  r') (5m  +  n)(19m -  5n) ~  2r'(5m' -  22mn  +  5n*)       r»9in'(9  | 
~  t  5(m  +  n)(3m-n)(19m-5n)  "^19m-5/i) ^   ^^' 
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§  33.    The  most  interesting  application  of  the  solution  is  to  the  determination  of  the 
tendency  to  rupture.    Using  the  previous  notation,  we  have  first  to  find 


S 


„  ,  '^r  2r»         ,  2P,r*{3m-n) 

Irom  above  ^l^^' 15  (m  +  n) +  3n(19m-5n)' 


-  ,       cos2^'ja*(4m  — n)  — -o(5m— n)|- 
r55^  w(19m-6n) 


cPP 
Noticing  that  -^^^  =  -  3  cos  2^, 

and  substituting  2P^  =  }cos2tf  +  J,  we  get  at  once 

d-     -  ,       -(4m-n)((z'-r*)cos2^  +  r" ,rjr-, — ; — ; 

r      lav         ^  '^  '  10(m  +  n) 

^Ir      rM"  n(19m-5n)  ^  ^' 

Also  it  is  at  once  obvious  that 

r     1  d^     sin  2g (4m-n)  (a' -Q  ^ 

^^■*"rd5"  n(19m-5n)  ^  "^ ' 

/gy  ^  (g*  -  O'  (4>yi  -  n)'        ,  (a*  -  y^)  cos  2g  (4m  -  t?)  (5y7i'  -  22mn  +  5w') 
•'"  U/  (19m-6n)"  10 (m  +  n) (19m -  5n)'* 

,     (5m'-22mn  +  5nV 

■^^  100(77i  +  ii)*{19m-5«)* ^     ^' 

A  convenient  form  of  (11)  is 

|2(19m-5n)f  =  j(a  -r^  (4m-n) -r^ 10(m  +  n)        | 

■f  4r-  (a'  ■  O  sin'g  ^^  -  ^>iy  -  ^^7  ^  ^^'-) (11  a). 

^  '  10  (m  +  w)  ^       ' 

Again  £f  can  vanish  only  when  both  (9)  and  (10)  vanish  simultaneously.  Unless  in 
the  special  case  5m"  —  22mn  +  5n*  =  0,  when  &  vanishes  all  over  the  surface  of  the  sphere, 
this  happens  only  when  sin  2^  =  0, 

J    •  5m  —  22mw+5n'     ..  \  /  •     „i\       «/i     /\ 

and  r' -.r^. -^ (4m-n)(a"-rOcos25  =  0. 

10(m  +  n)  ^  '^  ' 

The   first  gives   ^  =  (0,  ir)   or  ^;  i.e.  S  vanishes  along  the   polar  axis,  or  in   the  equator. 

Putting  ^  =  0  in  the  second  equation  we  get 

r^  1 

^"!       5m'-22mn75??    ^^^^* 

■*'l0(m  +  w){4m-M) 

This  gives  r^  less  or  greater  than  a,  according  as  5m' —  22mn  +  Sn'  is  positive  or  negative. 
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Putting  d  =  -  in  the  second  equation  we  get 


-  _  6m"— 22mrn-6n* 


(13). 


10(m  +  n)(47?i-n) 
This  gives  r  greater  or  less  than  a,  according  as  5m'  — 22mn  +  5»'  is  positive  or  negative. 

In  both  these  cases  we  have  assumed  that   10(m  +  n)(4m  — n)  — (5m'  — 22mn  +  5n*)    is 
positive,  which  it  certainly  is  if  —  >  '09. 

If  then   5m'  — 22mn  +  5n'   be  positive,  S  vanishes  inside  the  sphere  at  two   points  in 
the  polar  axis  at  a  distance  from  the  centre  given  by 

#"         5m'-22mn+5n'' ^^^^• 

10(m  +  n)(4m-n) 

While   if  5m' •  22mn  +  5;i'  be  negative,   8  vanishes    inside   the   sphere    in    a  ring   in   the 
equator,  whose  radius  is  given  by 

'cf^^      5m'-22mn  +  5n'' ^^^^* 

10(m  +  n)(4m  — n) 

For  5m'  —  22mn  +  hvl^  =  0,8  vanishes  all  over  the  surface  of  the  sphere. 
§  34.     We  have  next  to  find  3  (-  +  -  cot  o)  -  S. 

From  (5)  and  (6),  noticing  that  cot  5 -T^*  =  3(sin'^-1),  we  obtain 

u     V     .^_     mr'sin'g     ,  (c^'-Q  [         5m  +  n  4m-n      ) 

r  "*"  r  ^^  ^  "  n(19m-  5n)  ■^"     3        15  (m  +  n)(3m-  ny  n  (19m-  5n)j 


(14). 


,      (6m'-22mn+5n') 
10n(3m-n)(19m-5n) 
Thence  and  from  (7  a)  we  get 

JS  p  +  !L  cot  e)  -  sl  n(19m  -  5n)  =  r'sin'5(3m  -  n)  +  (a'  - r") (4m -  n) 

^  (5m'  -  22mn  -f  5n')  . 

""^         10(m  +  ;i)         ^^^^■ 

Thus,  supposing  of  course  3m  — n  positive,  if  5m'  — 22mn  +  5n'  be  negative  S(- +  - cot Oj  —  i 

is  positive  throughout  the  whole  sphere.     If  however  5m'— 22mn  +  5n'  be   positive  there 
is  a  spheroidal  surface 

8  •  i/i/o          \  ,  /  9     .s\/A           \       .(Sm*- 22m7H-5n')     ,,  .,„. 

r'sm'tf(3m-w)  +  (a'-r0(4m-n)-r*' ^p.     ^     ^  =  0 (16), 

over  which  3  ^-  +  -  cot  ^)  -  8  =  0. 
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It  is  easily  seen   that  3f-  +  -cot5)  — £  is   positive  inside  this  surface  and   negative 
outside. 

The  polar  axis  of  the  spheroid  is  given  from  (16)  by 

'•o'""^^    5m'-22mn  +  5n^   ^**  <^2>' 

10  (m  +  n)  {4fm  —  n) 

and  so  the  ends  of  the  polar  axis  of  this  spheroid  are  the  curious  points  where  S  =  0. 
These  lie  inside  the  sphere  only  if  5m'  —  22mn  +  6n"  be  positive,  and  at  them  i2,  =  ®^  =  <I>, 
and  the  stress  quadric  is  a  sphere. 

The  equatorial  semi-axis  is  given  by 

r'  1 

^"^         5m'~22mn+5n*       Sm-n ^     ^' 

10(m-|-n)(4m  — n)     4m  — n 

This  gives  r  >  a  if  5m'  —  22mw  +  5n'  be  negative  while  m  >  ^ .     Also  r  >  a  if  5m"—  22mw  +  o/i* 

o 

be  positive  while  25m' +  42m7i  —  15n'  is  positive,  and  if  we  assume  m>n  this  is  certainly  the 
case.    We  shall  see  afterwai-ds  that  6m'— 22mw-|- 5w'  is  positive  if  —  >4159. 

Thus  in  all  practical  cases  the  equatorial  semi-axis  of  the  above  spheroid  is  >a. 
The  spheroid  entirely  encloses  the  sphere  provided  5m*  — 22mn  +  6n'  be  negative;  while  if 
5m'  -  22m7i  +  5n*  be  positive  the  spheroid  cuts  the  surface  of  the  sphere  at  a  polar 
distance  given  by 


ff  =  sin-*    /5m'-22mn+5^ 

V  10(m  +  n)(3m-w) ^     ^' 

vn.       1 

This  value  is  certainly  real  supposing   —  >  q  • 

§  35.     We  have  next  to  find  the  surface  W-  +  -  cot  ^)  -  ^j-  -  (§-)  ==  0. 
From  (11  a)  and  (15)  the  surface  becomes  after  reduction 

r»8m'g[(3m-n)«r'8in»<?  +  4(a'-r')(4m-n)|^"^*^^^"~^"'} 

^  ^         5(m  +  n)       J  ^    ^ 

So  the  surface  consists  of  the  polar  axis  r'sin'5  =  0,  and  the  spheroid 

^  '^^  '^  5(m  +  w) 

-r'(3m.n)^'-J^'rV"^-0 (20). 

^         5(m  +  w)  ^     ' 
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The  polar  semi-axis  is  given  by 


.1 


.(21). 


a*      ..      1    3m  -  n  5m^  -  22mn  +  5n* 

4  '  4m  —  n  5m^  +  ItJmw  -  on* 

For  m>g,  r,  is  >,  =,  or  <a,  according  as  5/7i'— 22mn  + 5/i"  is  negative,  zero,  or  positive. 

It  is  easy  to  show  directly  that  the  equatorial  semi-axis  is  for  any  value  of  m  :  n,  which 
is  >J,  greater  than  a.  This  is  very  easily  seen  however  from  the  fact  that  the  spheroid 
cuts  the  surface  of  the  sphere  at  a  polar  distance 


0  .  8in-» ,  f^^E^^IK  f 22)  • 

'  V  5(m  +  7?)(3w-n) ^^^^' 


thus  6^  is  imaginary  if  5m*  -  22mn  -h  6n'  be  negative.      In  this  case  the  polar  semi-axis  is 
>a,  thus  the  spheroid^  as  it  never  cuts  the  sphere,  lies  entirely  outside  it. 

If  5m*  -  22mn -h  5n*  be  positive  6^  is  real,  because  5(m  +  70(3^-^)  is  certainly 
>  5m' -  22mn -I- 5n"  for  any  value  of  m  ;  /i>4159,  thus  the  spheroid  cuts  the  sphere.  Also 
in  this  case  the  polar  semi-axis  is  <a,  .*.  the  equatorial  must  be  >a. 

If  5m" -22mn  4-571'  be  negative,  JS  f-  +  - cot  ^j  -  SJ-  -  (^)    cannot  pass  through  the 

value  zero  except  along  the  polar  axis  inside  the  sphere,  and  so  being  finite  and  continuous 
must  have  the  same  sign  throughout.     This  sign,  being  the  same  as  that  of  the  left  side 

of  (20),  is  obviously  positive  for  any  value  of  —  >  « . 

If  fitrf  —  22mn  +  5n'  de  positive,  the  surface  J3  (-  -h  -  cot  ^j  -  St  —  (— j  =  0,  besides  the 

polar  axis,  consists  of  a  spheroid  part  of  which  lies  inside  the  sphere.     Inside  this  spheroid 
the  sign  is  the  same  as  that  of  the  left  side  of  (20)  and  so  is  positive. 

Lastly  for   5m' —  22m« -|- 5n' =  0,  the   surface    JS  (- -f -cot^j  —  S[  —  ( o™)  =0  consists  of 

the  polar  axis,  and  of  a  spheroid  whose  least  (polar)  semi-axis  is  a.    Thus  the  whole  surface 
so  far  as  concerns  us  is  the  polar  axis  alone. 

The  problem  resolves  itself  into  three  parts,  according  as  5m*— 22 win +  5n'  is  (i)  negative, 
(ii)  positive,    (iii)  zero.     The   equation   5m*  —  22mn  -h  5n*  =  0   is  a  reciprocal  equation  whose 

1  •  .      7^1 

roots  we  shall   denote   by  a  and   -,  where  a  =  4*1 596   approximately.     In   case   (i)  —  must 

\  m  1 

lie  between  a  and  - ,  in  case   (ii)  —  must  be  greater  than  a  or  else  less  than  ~ ,   while  in 
case   (iii)  —   equals   either  a  or  - .      In   what  follows   we  shall    suppose    m  >  w,   which    is 

certainly  true  of  all  ordinary  materials.     Thus   we   shall   have  in  case  (i),  —  >  1    and  <  a ; 

,..v    m  J  .  ...V   m 

in  case  (u),  —  >  a ;   and  in  case  (m),  -  =  a. 

Vol.  XIV.  Part  III.  38 
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§36.     Case  (i)  ~<a  and  >1. 

Throughout  the  whole  sphere   3  [-+ -cot^j-S  is  positive;  and   the  same  is  true  of 
J3  ^!?^.  ?cot5)  -  Sl  -(o-)*  excluding  the  polar  axis  aloug  which  this  last  expression  is 

zero.  Along  the  whole  polar  axis  <I>  =  iZ,  so  that  either  may  be  looked  on  as  the  greatest 
stress,  and  the  maximum  stress-diflFerence  is  correctly  given,  writing  in  w'p  again,  by 

„         2a)V      f .  ,      .V  .,  V       ,  6m' -  22mn  +  Sn*)  .^^. 

^=i9^:r5;ii<^-*^><*^-">-^     lo(m-Hn)    1 <23), 

and  the  greatest  strain  by 

-  +  -cot 0-ap  1^— g-  |g^^ ^ ^j^g^ _ ^^  +  ^^jg^ _ g^^l     r  i(^^3^^ _ „)(i9^ _ 5„)J 

(24) 

Throughout  the  rest  of  the  sphere,  the  maximum  stress-difference  is 

and  the  greatest  strain  -  +  -  cot  0. 

TV 

These  may  be  got  at  once  from  (11a),  (14)  and  (15)  writing  in  the  factor  a>*p. 

It  is  easily  seen  abo  that  3  (-  +  -cot5j  —  8,  5,  and  -+-cot^  are    all    algebraically 

greatest  when  r  =  0,  and  diminish  continuously  as  r  increases.  Thus  on  either  of  the  two 
last  theories  the  tendency  to  rupture  is  greatest  at  the  centre.  On  the  one  theory  it  is 
measured  by 

«-^==s^ <^n 

and  on  the  other  by 

u  .V       ^^  <o*pa*  f     4m  — n  6m  +  n  | 

.  +  -cot(f-     g     |n(19m-5n)'*"6(m  +  n)(3m-n)J  ^^^^• 

§37.    Case  (ii)  ->«. 

3f-  +  -cot5j-S  is  positive   inside   and   negative  outside  the  spheroid    (16); 

]3  f-  +  -cottfj-S[  ""(9")    i®  positive  inside  and   negative  outside  the  spheroid  (20), 

excluding  the  polar  axis  along  which  it  vanishes.  The  first  of  these  spheroids  is  that 
whose  polar  semi-axis  is  r^,  and  which  cuts  the  surface  of  the  sphere  at  a  polar  distance 
0^;  the  second  has  for  its  polar  semi-axis  r,,  and  cuts  the  surface  of  the  sphere  at  a 
polar  distance  0^.    From  (18)  and  (22) 

8in"5,  =  isin*tf, (27), 
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also  from  (12)  and  (21) 

, /I        1\      5m'-22mn-f  5n'  r  3m -n 1__| 

.*.  ^|<fl,,  and  for  —  >a  obviously  r^>r^. 

So  far  then  as  concerns  the  sphere,  the  region  throughout  which  3  ( -  +  -  cot  ^)  —  S  in 
positive  is  greater  than  and  inchides  the  whole  region  throughout  which 

is  positive. 

Thus  inside   the   spheroid  generated   by   (20)   Case  (i)   of  Sect.   ill.   applies,   <I>  is   the 

algebraically  greatest  stress,  *-®j  the  maximum  stress-difference,  and  -  +  -cot^  the  greatest 

strain.  The  extremities  of  the  polar  axis  of  the  spheroid  (16)  are  the  points  where  i2  =  B  s  <I>; 
along  the  polar  axis  between  these  points  <I>  =  i2j,  and  beyond  them  *=s®j.  Between  the 
surface  of  the  spheroid  (20)  and  that  of  the  sphere  Case  (iii)  of  Sect  ill.  applies,  S  being 

the  maximum  stress-diflference  and  t-  + ojS  — f- -f  -  cot  tfjl  the  greatest  strain. 

Since  the  least  value  of  r,  is    -j=   and  the  greatest   value  of  0^  is  sin"*  ^z ,   these 

values  occurring  for  —  =  0,  the   region  throughout  which  Case  (iii)  of  Sect  ill.   applies  is 

limited  to  a  comparatively  small  superficial  portion  round  the  poles;  In  this  region  a*  — ?-■ 
is  very  small,  and  it  is  easily  seen  that  the  maximum  stress-difference  and  the  greatest 
strain  are  both  very  small  compared  to  their  values  near  the  centre.     At   a  given  distance 

from   the  centre   the  maximum   stress-difference   and  strain  occur  when   O  —  a*  i*e.  in  the 

equator;  they  both  diminish  as  r  increases.  Their  absolutely  greatest  values  occur  at  the 
centre  being  as  in  the  former  ease  given  by  (25)  and  (26). 

§38.     Case  (iii),  5m*— 22mn+ 5;i"  =  0,  or   —  =  4*1596 AH   the  expressions   become 

very  simple; 

^^2(a'-0(4>>.-n)  

19//1  —  o/i  ^     ^\ 


and  so  vanishes  over  the  surface  of  the  sphere,  at  every  point  of  which  the  stress  quadric 
is  thus  a  surface  of  revolution.  Along  the  whole  polar  axis  ^  =  R^,  the  extremities  being 
the  points  i2==B  —  ^.  Throughout  the  whole  of  the  sphere  correct  measures  are  for  the 
maximum  stress-difference 

O  _ e  ^2(a'-0(4TO-n)+r'8iD'g(3m-n) 

•  19m— 5n  ^*    ^' 

38—2 
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for  the  greatest  stiain 

r'*'r  nClOw-^n)"^      3      |6(m+n)(3i»-n)  "^n(19m-5n)J ^     ^' 


These  have  their  absolutely  greatest  values  given   as  in  the  previous  cases  by  (25)   and 
(26),  writing  in  t»*p. 

The  above  value  of  -  gives  ^5^^  = -3793....     Thomson  and  Tait,  Nai.  PhU.  Part  n. 
n  ®  2m 

§684,  mention   that  for  brass  Eirchhoff  found  ^^^  =  '387.     Thus  Case  (iii)  may  represent 
very  closely  the  phenomena  attending  the  rotation  of  a  solid  sphere  of  brass. 

§  39.  The  value  (25)  for  the  greatest  value  of  the  maximum  stress-difference  may 
be  put  in  the  form 

8^2a>'pa* L— (32); 

thus  it  obviously  decreases  as  —  increases  from  ^  to  ao .    This  decrease  is  extremely  small 
however,  the  values  being 

=  2        =-424«Va*f ^^^^' 

=  00        =  •421a>VaV 

Thus   for  any  ordinary  substance,  ^<o^pc^  is  a  very  close  approximation  to  the  maximum 
value  of  the  stress-difference.     If  we  suppose  the  sphere  to  have  the  same  radius,  mean 

density,   and   angular  velocity  as  the  earth,  we  know  that  co'a  =  ^^  very  approximately, 

g  being  the  acceleration   due  to  gravity  at  the  earth's  surface.    This  sphere  would  thus 

have  a  maximum  stress-difference  given  by  flf  =  ~^ . 

This  would  represent  the  pressure,  per  unit  area,  on  the  base  of  a  structure  on  the 
earth's  surface  and  of  the  earth's  mean  density  whose  height  was  ^^,  or  about  5*9  miles. 

The  value  (26)  for  the  greatest  strain  is  capable  of  greater  though  still  very  limited 
variation  with  the  ratio  m  :  n.     For  m  =  2n  it  is  very  approximately  — .     If  ^  =  |n 

denote  Young's  modulus,  this  is  very  nearly  — et— . 

Taking  the  earth  again  as  an  illustration,  this  would  represent  the  strain  at  the  end  of 
a  wire  of  the  same  mean  density  as  the  earth  and  of  a  length  slightly  exceeding  4  miles; 
supposing  the  point  of  suspension  the  required  height  above  the  ground. 

On  either  theory  the  effect  of  the  rotation  of  the  earth  in  producing  rupture  is  very 
considerable,  which  seriously  affects  any  conclusions  drawn  from  the  results  of  Sect.  IV.  alone. 
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SECTION  VI. 

ROTATING  SPHERICAL  SHELL. 

§  40.  As  an  illustration  of  the  general  formuIsB  for  shells  let  us  consider,  what  is 
in  itself  an  interesting  problem,  a  spherical  shell  rotating  with  uniform  angular  velocity  oi 
about  a  "polar"  axis,  having  special  reference  to  the  case  when  the  shell  is  thin. 

The  potential  is  F=|©V-^P, (1). 

As  in  the  case  of  the  solid  sphere  consider  the  parts  of  the  solution  separately. 

First  ^=i®*^ (2)- 

As  in  the  solid  sphere,  this  gives 

«-;^»T+<' <»)• 

»-A^»4+-^-^ <'')^ 

where  C  and  E  are  constants,  determined  from  the  surface  conditions  (m  —  n)  S  +  2n  ;7-  =  0 

cLr 

where  r  —  a  or  r^a\ 

mu                                             n       ®V    a* -a'*    6m +  n  _. 

^*^^*  ^^T^Hh^  ^ir^  6(3m-n)    (^>' 

E^^ip^y^^Jj^   (6). 

Next  V^^^P^ (7). 

Employing  the  general  solution  (86a),  (37  a)  Sect,  ii.,  writing  F,=  il.P,,  Z,  =  J?.Pj, 
F'^sil'.P,,  Z',«B'.P,;   we   have  from  the  general  surface  conditions,  (44) — (47),  Sect.  IL 

.a^A^^  +  2nB  +  A'a-^^-^na*ff=^^'^-^ (8). 

_„'.4^:^  +  2n5  +  4V-?^-8na-5'=---^^^^5^ (9). 


,  .  8m  — n  .     o      >•/  -e3m-n  .  8n  .,„,       -p    a>V3n  ,,^. 

-«^-2l-+«^-^«    -6-  +  T«  ^=^  +  n-3-y  <1^^' 

_„'.4?!!Li:!^  +  „B_4'a-^^  +  ^a-5'— ^^'1? (11). 

21  63  m  +  »37  ^' 
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Eliminate  B  from  (8)  and  (10),  and  from  (9)  and  (11);  thus 

Eliminate  ff  from  (8)  and  (10),  and  from  (9)  and  (11);  thus 

o  m  +  w  o 

-a'^-im  +  SnJJ  +  a'^J.     — r^ =  — f-ara^ — ^ —    (15). 

Eliminate  B  from  (12)  and  (13),  and  B  from  (14)  and  15);  thus 

^(a^-a'0'^~^  +  ^V-O4m=^o,V-a'0^ (16). 

^/«       m          .,a*  — a'*  9m  +  5»       p©"    ,,       -.m+2n  ,,^. 

il(a»-«'«)m  +  ^-^^^-^=^^  (««-«'«)  ^-  (17). 

We  thus  find 

A  =  -J'-"'^  -i  {I68m(m  +  2») (ooO'Co*-  O'  +  (7n»  -  »)  (9m  +  5n)  (a'-  a'*) (o'-  o")} . . .(18), 

^'  =  Z^{20'(4m-n)(oaO'(a»-a'^(a'-o'0} (19). 

where  for  shortness 

D  =  604TO»(oa')*(a»-a'^*-(19TO-6»)(9m  +  6n)(a'-o")(o'-a'') (20). 

Multiplying  (14)  by  a",  (16)  by  a*  and  subtracting  we  get 

P_     (9m  +  5n)     (o'-o"')il' 

30»       (oa')»(o»-a'«)' 

....  from  (19).  5  =  ,««  ^^  2(4m-n)(a'-a'')(a'-a-)  ^^^^ 

SimUarly  from  (12),  (13)  and  (19)  we  find 

^^     ^^.  m  6  (4m  -  n)  (og')'  (o'  -  a")  (a'  -  a^') ^g^). 

The  expressions  for  A\  jB,  -B'  are  comparatively  short ;  and  in  a  given   case,  when  m  :  n 
is  given  and  also  a  :  a,  they  would  be  quite  simple. 
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From  the  general  solution,  (36  a)  Sect  u.,  the  coefficient  of  r'P,  in  u  is 

121  (m  +  n)        7n        j' 

As  here  all  we  have  to  do  is  to  write  the  values   (18) — (22)   for   F„  F/,  Z^,  Z{  in  the 
general  solution  (36  a),  (37  a)  Sect.  ii. 

§  41.  The  expressions  for  u,  v,  and  S  are  of  course  long,  and  a  determination  of 
the  stresses  and  tendency  to  rupture  would  be  a  tedious  process,  so  we  shall  confine 
ourselves  to  the  case  when  the  shell  is  thin,  say 

a'  =  a(l-€) (24). 

The  method  we  shall  follow  is  thi&  First  determine  the  parts  of  A,  B,  A',  B'  that 
do  not  contain  e  in  their  expression.  The  physical  side  of  this  step  is  that  we  assume 
the  shell  so  thin  that  the  displacements  at  any  point  are  the  same  as  at  the  point  on 
the  surface  which  lies  on  the  same  radius  vector.  We  thus  trace  merely  differences 
at  different  points  of  the  surface  both  for  the  displacements  and  stresses,  and  so  do 
not  attempt  to  find  how  the  stress  rises  inside  the  surface  of  the  envelope.  We  next 
shall  find  the  additional  terms  introduced  in  the  values  of  A,  B,  A\  R  when  we  keep 
terms  in  e  neglecting  those  in  6*,  and  thence  find  the  variations  in  the  displacements 
and  stresses  along  the  same  radius  vector. 

§  42.  So  first  neglecting  terms  in  e,  and  dropping  Q>*p  for  the  present,  we  get  from 
(18)  and  (20)  after  arithmetical  reduction, 

. 1         19m  ^n 

""     m  +  n  6(3m  — 7i) ^    ^' 

Similarly  A'^^^  ^^  3^^ (26), 

45  m  +  n         n(3m-n)         ^^'^' 

n'-i.      °^      m(4m-n) 

"36  m  +  n  n(3m-n)  ^^°^' 

^"3m  +  »  (3m-n) ''^^^> 

S^J^Srn  +  n 

m'\'n      45n  ^    ^ 

The  coefficient  of  r'P,  in  m  is,  by  (23), 

1       57m'-30mn-7n* 
m  +  n       105n(3w-n)      ^    -'' 
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Substituting  the  values  (25) — (30)  in  the  general  expressions  for  B,  u,  v,  (13  and  13'), 
(36  a),  (37  a)  Sect,  n.,  and  in  (3)  and  (4),  we  get 


8  =  P,1 


8a* 


15  (m  +  n)  (3m  -  n)         J  3  (m  +  n)  (3m  -  n) 

^  P, f  ,  67m*  -  30mn  -*In*        ,  (9m  +  5n)  (4m  -  n) 

'*"'5(m  +  n)n(3m-n)t  21  9 


4a'  (3m-f  2n)(4m~n)     4a'  m(4m-n)) 


r 


V  = 


dP. 


—       > 


+  ^}--L^  +  Sa'r^  +  ^-  '-^ (33), 

45  (m  +  w)  (  3m  -  n       r"         n     )  ^    ^ 

,95m*  +  48mn  — 7n"     aV,^        r  \/^          \     *^'  yi(4m  —  n)     4a'  m(4m  — n) 
r» j^ _(9m  +  5n)(4m-7i)-^   -^-^ ^--^  -^-^— -^ 


d^  15w(m  +  n)(3m  — n) 


(34). 


§  43.     From  the  assumption  we   have    made   as   to  neglecting  terms  in   e  we  might 

1  /7 
assert   at   once   that  r-y-  +  -  ^^  =  0,   for  it  is   so   at   the   surface,    this   being  in   fact   the 
ar      r  au 

second  surface  condition. 

But  as  the  expression   will    be    useful    afterwards  when  we   retain   e,   and  is  a  very 
strict  test  of  the  accuracy  of  the  results  (33)  and  (34),  we  shall  find  its  value  at  present. 

Noticing  that  ->  *  =  -  f  sin  20, 

we  have,  after  addition  and  reduction, 

^rldu  sin2^(4m-n)       [2.,^^    ^^  .     2,.^    ^..     *  a»  «  x^32  a'     "1 


Ir     r  dd        10n(m- 

.(35). 


Now  put  r  =  a,  and  the  expression  inside  the  square  bracket  in  (35)  vanishes.  The 
principal  axes  at  any  point  are  thus  of  course  the  radius  vector  and  the  perpendiculars 
to  it  in  the  meridian  and  perpendicular  to  the  meridian.  Calling  the  three  principal 
stresses  R,  B,  ^,  in  this  case 


R 


-«-^»(4"-?S) w- 
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From  (33)  and  (34)  putting . for  P,,  and  reducing,  we  get 

15n(m  +  »)(3m-n)|r-^-Jg|  = 

3  cos  2d  r^  (152/tt'  -I-  18mn  -  14n*)  -  (4m  -  n)  j|'  (9m  +  5«)  -  —^  (9m  +  2»i)  +  y  ^  mil 

+  ^  (57m*  -  30m«  -  7«*)  +  (4m  -  n)  fe'  (3m  +  2n)  -  ^^  ^  ml 

-2n(3m-n)|r«  +  ^  ^  ^j— f  (37). 

Putting  r  =  o  we  easily  find  that  the  right-hand  side  of  (37)  becomes  identically 
zero,  and  therefore 

e-R=S=0  (38). 

Again  from  (32)  and  (33),  remembering  that 

R  =  (m-n)B  +  2n^\ 
we  find,  after  reduction, 
15  (m  +  n)  (3m  —  n)R 

=  4P,  \j  (12m*  +  25mn  -  7n')  -  (4m  -  n)  J  ~  (9m  +  5w)  - 1  ^'  (9m  +  n)  +  y  ~  mil 

+  J(3m-w)(5m  +  7i){5a*-3r»-2aV-*}    (39). 

Putting  r=^a  we  find  that  the  right-hand  side  of  (39)  becomes  identically  zero, 
and  thus  £  «  0. 

This  is  in  fact  the  first  surface  condition,  and  might  have  been  assumed  without 
proof,  but  (39)  will  be  found  useful  when  we  cease  to  neglect  the  thickness  of  the 
shell. 

From  (38)  it  follows  that  ©  =  0;  and  so  the  only  stress  which  does  not  vanish  is 
4>,  which  we  proceed  to  calculate. 

§  44.     From  (33)  and  (34)  we  obtain,  on  reduction, 
Ion (m  +  n)  (3m -  n)  ^^  +  -  cot  ^^  =  3m  cos*^  j  -  y  (19m  +  39n)  -  -^  (4m  -  »)  +  y  p (4^^ -  n)\ 

-^(57m'  +  12mn-21/i')-fl2a'm(mf  n)  +  |  ^(7m'  +  2mn-n*)- ^  pm(4m-n),..(40). 

Put  now  r  =  a,  and  write  1  —  sin*^  for  cos*5 ;  then,  denoting  Young's  modulus  by  E, 
and  reintroducing  the  factor  Q>*p,  we  find  after  an  easy  reduction 


u      V 


^+lcote=^sin^0 (41). 
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From  (32),  putting  r=^a,  and  reintroducing  »•/>,  we  easily  find 

«-^„'"'» (*^. 

therefore  from  (41)  and  (42),  remembering  that 

*  =  (m  -  n)  S  +  2/1  ^-  +  -  cot  ^V 

we  obtain  <I>  =  cbV»' sin"  tf (43). 

Since  <I>  is  the  only  stress  which  does  not  vanish,  the  maximum  stress-difference  is 
simply  the  right-hand  side  of  (43). 

The  maximum  stress-difference  thus  vanishes  at  the  poles,  and  has  in  the  equator 
its  maximum  value 

©X (*4). 

Comparing  this  with  the  results  (32)  and  (33)  of  Sect,  v.,  we  see  that  according  to 
the  stress-difference  theory  the  tendency  to  rupture  in  a  thin  shell  bears  to  that  in  a 
solid  sphere,  of  the  same  radius  and  rotating  with  the  same  velocity,  a  ratio  which  in 
any  ordinary  isotropic  substance  is  very  approximately  40/17. 

Since   4>,   the   only   existent   stress,   is   by    (43)    necessarily  positive,  it  follows  that  the 

corresponding  strain,   viz.    -  4-  -  cot  By  is  everywhere  the   greatest  strain.     Thus  the  greatest 

strain  is  given  by  (41),  and  so  has  its  maximum  value 

«V«V^ (45) 

in  the  equator. 

Comparing  (45)  with  (26)  Sect,  v.,  we  see  that  according  to  the  greatest  strain 
theory  the  tendency  to  rupture  in  a  thin  shell  bears  to  that  in  a  solid  sphere,  of  the 
same  radius  and  rotating  with  the  same  velocity,  a  ratio  which  in  all  ordinary  isotropic 
materials  lies  between  3  :  1  and  5:1. 

It  should  be  noticed  that  the  longitudinal  tractions  in  a  standard  bar  which  the 
two  theories  would  indicate  as  producing  the  same  tendency  to  rupture  as  rotation  in 
a  thin  shell  are  absolutely  identical. 

§  45.  We  shall  now  consider  what  change  is  introduced  when  we  retain  terms  in  €, 
neglecting  terms  in  e'.  We  have  first  to  find  the  change  introduced  in  the  values  of 
Ay  A\  etc.  Returning  to  (18)  and  (20),  and  retaining  those  powers  of  c  which  are 
required,  we  get 

\  =  168w^(w+^2n)_(l  -3g)4g»(l-6)  +  (7m-yi)(9m-h5n)  3  (1  -  g)  6V7(l-36) 
(^  +  ^>-     4x50477i'(l  -3€)(l-e)e»-(19m-5n)(9w-l-5n)3(l-€)€".7(l-3^  ' 

We  see  that  €*  cuts  out  above  and  below,  and  so  also  does  1  —  46,  neglecting  terms 
in  e'.     The  value  of  A  is  thus  unchanged  if  we  retain  only  terms  in  e 

From  (19), 

A'  (,,,  ,  ^)  -      20  (4m  -  n)  (m  +  n)  (2e  -  e')  (1  -  36)  76  (1  -  ^e) 
same  denominator  as  for  -4 
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Dividing  out  by  €*,  we  have 

(l-|)(l-3.)(l-3.) 


new  value  of  A'  =  old  value  x  - 


l-4e 


therefore  A'  =  ,r^ „      —  (1  —  5  e). 

So  from  (21),  new  value  of  fi  =  old  value  x ^      a » 

therefore  B  =  -^^-  (^»^  -  ")  0"^  +  5n)  ^j  _  ^^ 

(l-66)(l-|)(l-2e) 
So  from  (22),  new  value  oi  B  =  old  value  x 

therefore  ^  =  oi  —7 To {  (1  -  J  «)• 

35  m  +  w  n(3w  — n)  ^       *  ^ 

1  —  2e 

From  (5)  new  value  of  0  =  old  value  x  -_-         , 

1  —  € 


p.> 


(l-3e)(l-|) 
From  (6)*,  new  value  of  E  =  old  value  x  ■ 


1-e 


therefore  iF=  -^  ^."t!?: (1  - f c). 

Thus  we  get,  reintroducing  the  factor  a'p, 


o  (m 


4^  (3m-f  2n)(l-f6)  _  4a^    m(l-^6)]1 
■^  r*         9n(3m-n)  r*   7n(3m-7i)jJ 

4o  (m  +  7i)  [_  3m  —  w  ^         '     2r*       w      ^        *    J  \     / 1  > 

(m4n)(3m^n)-gg  r 1* (4m - n)  |^ (9m  +  5n) (1  -  e) 

+  |^'^(l-f^)  +  |^'^(l-W}] (47). 


lon 


*  The  values  given  for  E  in  (6)  and  (30)  are  each  4  times  too  great. 

t  The  value  given  the  ooefficient  of  the  last  term  in  (33)  is  4  times  too  great. 

39—2 
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It  will  be  found  useful  to  notice  that  in  (46)  and  (47)  we  invariably  find  (1  —  e) 
associated  with  aV,  (1  —  ^e)  with  aV"*,  and  (1  —  fe)  with  a^r"*,  while  €  does  not  appear 
in  the  terms  in  7*'. 

§  46.  Let  us  now  find  the  maximum  stress-difference  and  greatest  strain  at  points 
at  a  distance  from  the  centre  r  =  a  (1  —  ^),  where  we  neglect  .r*. 

First  let  us  find  the  value  of  S.  We  can  do  this  at  once  from  the  expressions  (35) 
and  (37),  by  noticing  from  what  terms  in  (46)  and  (47)  the  terras  of  these  expressions  are 
derived,  and  modifying  the  coefficients  by  the  introduction  of  €  after  the  scheme  indi- 
cated above.     Doing  this  and  writing  r  =  a  (1  —  a:),  we  get,  from  (35), 

I        >      1  du>  lOn  (m  -f-  n)  {Sm  —  n) 
1     d7*       r  dd\   (lol^pa*  sin  2d  (4w  —  n) 

=  -^^^-7  "^-^"-^  (1  -  2a;)  -  §  (9m  +  on)  (1  -  e)  -  J  {Sm  -  n)  (1  -  |e)  (1  +  3x)  +  ^|^  (1  -  |e)  (1  +  5^). 

When  terms  in  €*,  a;*,  and  ex  are  neglected  this  vanishes  identically;  and  thus,  even 
when  terms  in  e  and  x  are  retained,  the  three  principal  axes  of  stress  at  any  point  coincide 
with  the  radius  vector,  the  perpendicular  to  it  in  the  meridian,  and  the  perpendicular  to 
the  meridian. 

Similarly,  from  (37),  we  find,  after  reduction, 

(  rf »       1 

Remembering  that 

we  accordingly  have 

H  -  i?  =  ^  f^^'  ^^Z"  ^^   ^  ((3^  -  n)  {7m  -  n)  -  8m  (4m  ~  n)  sin'g} (49). 

2(m-\-  n)  (3m  -  n)  ^^  ^  ^  ^  ^  ^  '  ^ 

By  noticing  from  what  terms  in  (46)  and  (47)  the  several  terms  of  (39)  are  derived, 
and  introducing  the  modified  coefficients  in  €,  we  in  like  manner  find 

n  —  ^x 
15  (m  +  n)  (3m  -  n)  R/ay^pa'  =  4P,    — i^—  (12m«  +  25m7i  -  7n') 

-  i^m  -  n)  ji^  (9m  +  5n)  -  §  (1  -  f  e)  (1  +  3a:)  (9m  +  w)  +  ^  (1  -  ^e)  (1  +  5x)  mV\ 
H-  i  (3m  -  n)  {om  -h  n)  {5  (1  -  e)  -  3  (1  -  2x)  -  2  (1  -  f  e)  (1  +  3a:)}. 

When  terms  in  €*,  a^,  and  ea;  are  neglected  this  vanishes  identically.  Thus  R  vanishes 
throughout  the  entire  thickness  of  the  shell,  and  so  (49)  is  simply  an  equation  giving  0. 
The  only  other  stress  which  does  not  vanish  is  <I>,  which  we  proceed  to  calculate. 
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§  47.     Returning   to   the   expression    (40),  and   introducing  the   modifications   necessary 
iu  consequence  of  the  retention  of  €  and  the  coefficient  ©•/>,  we  get 

Ion  (m  +  n)  (3m  -  w)  [-  +  -  cot  dj/oV  = 

3  cos'^    -  7^m y -p-  (1  -  f e)  m  (4m  -  n)  +  y  -^  (1  -  f€)  m  (4r/i  -  7i) 

—  r*  r-j h  12a  (1  —  €)  m  (m  +  n) 

14 

+  |p(l-|€)(7m'  +  27nn-n')-|^'(l-|6)m(4j/i-7i) (50). 

Write  now  r  =  a  (1  —  a;)  and,  neglecting  «*,  the  right-band  side  becomes 
3a»cos'^  F- (1  -  2a;)  "^(^^»^+  39")  _  2(1  -  §«)  (1  +  ar)  m  (4wi  -  n)  +  4^  (1  -  J*)  (1  +  5x)m{*m  -  n)l 

-  a'  (1  -  2a;)  ^^"''  "*"  ^^^"  ~  ^^"*  +  12a'  (1  -  e)  ot  (m  +  «)  +  jo'  (1  -  f€)  (1  +  3a;)  (7to'  +  2m»  -  «') 

—  fa'  (1  — 16)  (1  +  Sa;)  m  (4Tn  —  n). 
Reducing,  we  easily  find 

%%ot^  =  ^>'|(l-2a;)sin'^4(2.-e)^-^«} (51). 

Similarly  from  (32)  modified  we  obtain 
5  (m  +  n)  (3m  —  n)  h/<o*pa*  = 

-  cos'd  [(1  -  2x)  (21m  +  n)  -  4  (1  -  ^e)  (1  +  3a?)  (4m  -  n)] 

+  2  (1  -  2a:)  (m  + w)  +  f  (1  -  e)  (5m  +  w)  -|  (1  -fe)  (1  +  3a?)  (4m  -  n); 

reducing,  we  find 

8=  ^P^ -[(m  +  w)sin«^  +  (2a?-€)(7m-n)  +  2(€(4m-n)-a;(9m-7i)}sin'^l...(52). 

(m+n)  (3?/i  -  n)*-^  ^  ''  j     v     / 

Thus 
4)/a,«pa'  = 

[sin'^+  (2a:_  e)  /(4^-^^( -^f  "^„)  {e(m-„)(4m-  n)-.(llm'-  8mn+n0)]...(53). 

Of  the   three   principal   stresses   we    thus   know  4>  from   (53)   and  8  from   (49),  while 
R  is  zero. 


From  (53)  and  (49)  we  have 


<I)  -  e  =  f^^pa^  sin*  e 


^x(om  —  n)-'€  (4fm  —  n)) 
Sm  —  n  I 


Digitized  by 


Google 


304  Mr  C.   CHREE,   ON  THE  EQUATIONS  OF  AN  ISOTROPIC  ELASTIC 

If  0^  be  the  angle  given  by 

.    a  /(3m  —  n)  (7m  —  n)  ,^^^ 

''""^^^J-smii-^nr ^"^' 

then  at  polar  distances  not  exceeding  0^  the  maximum  stress-diflference  is  given  by  (54) 
when  X  is  less  than  e/2,  and  by  (53)  when  x  is  greater  than  6/2 ;  at  polar  distances 
exceeding  0^  the  reverse  relation  holds. 

The  absolutely  greatest  value  of  the   maximum  stress-diflference  occurs  on  the  inner 
surface  in  the  equator,  and  has  the  value 


a.-0  =  a,Va»(l+^) (56). 


Since  R  and  ©,  two  principal  stresses,  vanish  the  corresponding  principal  strains  are 
each  equal  to  —  8  (m  —  w)/2ti,  where  S  is  given  by  (52). 

These  two  strains  are  clearly  negative  except  in  the  immediate  neighbourhood  of  the 
polar  axis  where  sin*^  is  of  the  order  e.  Since  in  this  extremely  limited  region  all 
the  strains  are  of  the  order  €,  we  may  for  all  practical  purposes,  in  treating  of  the 
tendency  to  rupture  on  the  greatest  strain  theory,  confine  our  attenti<m  to  the  third 
principal  strain,  given  by  (51). 

This  increases  with  0,  and  has  its  absolutely  greatest  value  on  the  inner  surface  in 
the  equator,  where  the  measure  of  the  tendency  to  rupture  is  given  by 


-  +  -cot^=-^(l-e^ (")• 


Thus   on   either  theory   the   tendency  to   rupture  in  a  thin  rotating  spherical   shell  is, 
for  all  isotropic  substances,  greatest  in  the  equatorial  regions  of  the  inner  surface. 

Since  €   is   supposed   small   the    remarks    made   at  the   end  of  §  44   apply   with   very 
little  modification. 


SECTION  VII. 

Sphere  or  spherical  shell  with  given  surface  displacements. 

§  48.  Let  us  briefly  consider  the  application  of  iha.  ^eil^sl  solution  (36  a),  (37  a), 
(38  a),  Section  IL,  to  the  case  of  given  surface  displacements,  say  v.-=^.V„  v  =  SF,,  w=^'ZW^ 
at  the  surface  r  =  a;  u  —  %Ul,  t;=2F/,  w  =  2Tr/  at  the  surface  r  =  a;  where  0"^,  F^,  TT^, 
U/,  F/,  TT/  are  surface  harmonics  of  degree  i.  As  in  the  case  of  given  surface  forces  this 
form  of  solution  is  especially  suitable  for  purely  normal  eflFects,  so  we  shall  consider 
this  case  specially;  afterwards  we  shall  briefly  consider  the  change  to  be  made  when  v 
and  w  are  not  zero  at  the  surface.  Using  the  solutions  mentioned  above,  our  surface 
conditions  shew  us  that  J,  =  t^,  =  X/  =  w/  =  0.  Thus  the  equations  t;  =  0,  w  =  0,  when  r  =  a, 
give  us  one  complete  equation  between  F„  Z^,  F/,  Z/. 
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For  t;  =  0  gives  an  equation  iR'f^^*  ^)=0, 

and         w-Q  the  equation  -: — ^  ^ 'f{^>  4>)  ==  0, 

all  over  the  surface;  therefore  the  complete  equation  isf^d,  ^)  =  0. 
Thus  the  surface  conditions  are 

^-2  ^(i  +  l)  +  2 

-2Jk7?)""^'+"'"^-"2(2^'-i)  --'y:-^--^^:-^. ax 

-(»  +  3)  +  2  ^         ^(i_2)-2 

-  2^rr^°"'^'+°'^'^'-%(2J-i)  -'■'y:^--^:-u: (n 

^(i  +  3)  +  2  ^\t-2)-2 

-i;-^i)(j^J4-3;"'^'^'^V^'^^ir(2rrTr"'''^'-m^-=^- w- 

Multiply   (2)   by  i  +  l    and  add  it  to  (1),  also  multiply  (4)  by  t+1  and  add  it  to  (3); 
then  we  get 

_^a-r.  +  ?i±2a'-'Z.-"ii^+iy;^,?i±l>a-T/  =  jr, (5). 

2n         *         1  *  ni  (2i  — 1)  *  ^ 

_m^,,.        2^  m(t  +  l)4.^  (2i  +  l)  

2n  '         I  nt(2t  — 1)  '         '  '^ 

whence,  eliminating  Z^, 


2n^"      "^^'  m(2t-l)  (oa')""'       '  "^  '         ^'' 


Again,  multiply  (2)  by  i  and  subtract  it  firom  (1),  also  multiply  (4)  by  i  and  subtract 
it  from  (3),  then  we  get 

^KiTiy(27+3)"   ^'    2ii"  ^'  +  tTT"    ^'     ^' ^**^' 

n(i  +  l)(2i  +  3)''     ^'     2«"    ^'  +  t+r*'      '^'^^' <••'• 

whence,  eliminating  Z,', 

n(»  +  l)(2»  +  3)^"        "     ^^'     2ft^"      "^^'-*^'"        '^'^     aO). 

(7)  and  (10)  give  T,  and  F/,   whence  we  may  obtain  Z,  from   (6)  or  (5),  and  Z/  from  (8) 
or  (9). 
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ff  for  nhnrtnomi 

m 


D* 


tllOII 


2„  («•-«") 


Ufl''*-uy'* 

/>!> 

U:a'-**'-Ufl-'*' 

U,a"*-U:a"^* 

/)r;- 

U;a'-'^'  -  U/f*^' 

2n 


(a* -a'*) 


TO(i  +  l)  +  n(2i+l),_,.^. 


ni  (2i  -  1) 


{af-*^  -  a"*') 


2«(«-'^> 

m(i+l)  +  n  (2t  +  1)  ,^,.j,^, 


ni  (2i  - 1) 

fflt  +  n(2r+l) 
n(i+l)(2t  +  3) 

2»  ^  ' 


(a'-"*'  -  a-"+'j 


(a"«  -  o'"^) 


•(11). 


.(12). 


§  49.     If  tho  sphere  wore  solid   F/  — Z/=0,  and  a'=:0;  therefore  from   (1)   and  (2), 
wliioh  aw  now  tho  only  conditions, 

^'-^'^        m.  +  tt(2i+l) ^^^^• 

Sulvstitutiii)!  thi>s«>  valtios  in  tho  general  equations  we  get 

*"*•'"        iHi  +  fuSi  +  l) ^     •' 

"-2i«.>i';i.>l)![(D'''>^»  +  ^)^-"'-©^^^^^  ''''' 

^"3;»H«>Hv2i  +  ni   d$\KaJ        U'    »' ; ' 

•"'"a^iHi  +  iv-t  +  i^i  sitt*'  i'^  vv*»'     V«'  •' ^    ' 

§  ^iV  Tho  iiK'thvxi  to  be  ^loptovl  when  the  suriSMre  displacements  an?  oc-t  purely 
i^>vft\\Al  i;ji  exactly  the  seiaiie  as  ia  the  C5*s*?  of  surface  fortes  which  are  not  purely  connaL  sc» 
we  slw^;l  men>lY  ^t*4KV  at  the  ease  of  a  «oI:J  spheie  under  suifiice  displao^ments 

i.-Sr,;      r.SF:      r^SIT, 
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307 


-(?$rHl5/«*^'^'  +  '»"^'=^' <^^>' 


Is 


1     d, 
sand  d<f>' 


-(t-l-3)  +  2 


-i{»'+i)(^U3^"*"^''*"T^' 


^(»  +  8)  +  2 


•^^S'SF., 


-|-2a*w,  =  SF; 


wheie 


dX, 


.(20). 

(21). 
.(22). 


Multiply  both  sides  of  (20)  by  sin  0,  then  diflTerentiate  with  respect  to  0,  and  dif- 
ferentiate both  sides  of  (21)  with  respect  to  ^.  Adding  these  two  results  we  eliminate 
X|  and  Wt  by  means  of  (22)  and  get,  using  the  surface  harmonic  equation, 

Multiply  both  sides  of  (21)  by  sind  and  differentiate  with  respect  to  0,  then  differ- 
entiate (20)  with  respect  to  if>  and  subtract  from  (21)  so  modified.  This  eliminates  Y^ 
and  Z^,  Finally  using  (22)  and  the  sur£Eu;e  harmonic  differential  equation,  and  then  differ- 
entiating with  respect  to  if>,  we  get 

s.-(i+i).'x,-4-,s(^.=.»f'-^) m 

[September  18,  1888.  If  over  the  surface  r»a  of  a  solid  sphere  the  displacements  be 
derivable    from    a    potential    expressible    in    spherical    harmonics — Le.     if     u='S-  -j-  (S/laf~^), 

v  =  S—  Tg  (S/Ia*'^\    and  w=%'. — ^  jg  \S/la*~\  when  r^a^  representing  by  *S;  the  typical 


surface     harmonic  —  then     throughout     the     sphere     u  =  %Si  {r/ay'\     v  =  2 
1       dS, 


1   dS, 

i  dJS 


and 


«;  =  2- 


ar- « 


•  ^—^ — /»  ^^  I     I    •      --*    the   displacements  over  the  sur&oes  r^a  and  r-a'  of  a  spherical 
*  sm  ^  a^  \aj  '^  ^ 

shell    be    similarly    derivable    from    potentials    involving    typical    surface    harmonics    S^    and    S^ 

respectively,  then  X^^  XI j  w^y  wl  etc.  vanish,  and  an  explicit  solution  in  terms  of  S^  and  SI  is  in 

like  manner  easily  obtainable.      Since  in  these  cases    8  =  0    the   solutions  are  applicable  to  the 

case  of   bodies  bounded  by  spherical   sur&ces  which  are   immersed  in  or  contain    incompressible 

fluid] 


Vol.  XIV.  Part  III. 
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SECTION  VIII. 

Vibrations  of  a  sphere  or  spherical  shell. 

§  51.    Supposing  no  internal  non-elastic  forces  to  act,  the  equations  of  motion  are,  see 
(24),  (25)  and  (26)  Section  I., 

(m  +  n)r'sm^^-.n^+n^  =  pr'8in^^ (1). 

(m  +  n)sixx0 -^g-n-^+n-^=pr  Bm0^ (2), 

(m  +  «)cosec«^-«-^+n^^=pr^ (3); 

where  u,  v,  w,  S,  ^,  J8,  CD   have  the  same  signification  as  before,  viz. 

•. _  1.  fd.ur*        1    d.t;rsing     1^  d  .  wr  sin  0\  ..>. 

?l"5;^'*"S^      dB      "^S^^?       d4>      J ^  ^' 

&c. 
Diflferentiate  (1)  with  respect   to  r, 

(2) e, 

and   (3)  i^; 


adding  we  get 


(m+n)v*S  =  f>^ (5), 


where  v*  ^^^  ^^  usual  meaning. 

In  (6)  we  may  at  once  assume  S  x  cos  A:^  and  then  determine  it  as  a  function  of  r,  0 
and  ^.     This  gives 

(fS  .  2  d3  .       1        d         .jdS     _1       d"S     J>S_ 

dr*"^  r  dr     i^mi0  dd'^"^^  d0^  r"  ^m^  0  ~d(tf^  m^  n"^ ^^^• 

Regarding  5  as  a  function  of  0  and  ^,  we  may  suppose  it  expanded  in  a  series  of  sur- 
face spherical  harmonics  of  diflFerent  degrees.  Then  to  determine  the  function  of  r  forming 
the  coefficient  of  F^,  the  surface  spherical  harmonic  of  degree  %  in  this  expansion,  we  have 

fAM^^-'m-" <"■ 

where  for  shortness  a*  =  — ^ — (%\ 

Put  also  )8"  =  ^   (9). 

We  may  write  (7)  in  the  form 
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Equation  (10)  is  the  well-known  Beasers  equation  having  two  solutions  Ji^^(kotr)  and 
Yi^^(kotr)  in  the  usual  notation.  Only  the  former  occurs  if  the  sphere  be  solid,  because 
Yi+^(kar)  is  infinite  when  r=0.  But  for  a  spherical  shell  both  occur.  Of  course  the 
Y  here  has  no  connection  whatever  with  the  Y  used  above  in  the  expression  for  a 
spherical   harmonic. 

For  the  present  confining  ourselves  to  a  solid  sphere  we  have 

8^  COS  ktY,r'^Ji+^(Jcar) (11). 

§  52.  The  method  to  be  followed  in  determining  u,  v,  and  w  is  exactly  the  same  as 
in  the  case  of  equilibrium.  Thus  in  (1)  substitute  the  values  of  38  and  (ET,  confining  our- 
selves to  a  single  surface  spherical  harmoiiic,  we  thus  have 

(12). 

Substitute  in  (12)  from  (4). 

we  thus  get 


%ju      ,   ^wtju        X     ub^u      d     .    ^d.vr        1      d      .  ./ifci.wr'        1     d.vrsin^      ^J 

n  df         n  dr 


d0'^^^^d0^^^0  d^' 


The  terms  in  v  cut  out  leaving  a  differential  equation  containing  u  and  5.  Divide 
out  by  sin  0  and,  confining  ourselves  at  present  to  the  spherical  harmonics  of  the  t^^  de- 
gree, substitute  the  value  (11)  for  8.     Assuming 

t«x  CT.cosA:^ (13), 

where  U^  represents  spherical   surface  harmonics  of  degree  %  we  get  to  determine  u  as  a 
function  of  r  the  equation 

?  ^•«^-*^^«  +  A»^«  =  ^  [|^.,»/.,,(i,,)_!^V|..rV..,(ft«r)]  F,co8R..(14). 
We  may  write  (14)  in  the  more  convenient  form 

=  -  [5^|:'^*+*(*«-)-(2  +  2)j-,+i(ferr)]  F,co8*t (15). 

The  general  solution  of  (15)  ia  obviously 

U7*  ^  BJi+i  (kffr) (16), 

40—2 
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where  B  is  independent  of  r  and  is»  in  accordance  with  (13),  of  the  form  Z^  coBktf  where 
Z^  is  an  undetermined  surfieu^  harmonic  of  degree  i.  Thus  for  the  general  solution  of 
(15)  we  have 

u^ZiCosktr'^Ji+^{kfir) (17). 

The  particular  solution  is  clearly  of  the  form  u=Y^  coaktf(r),  where  /(r)  is  a  function 
of  r.    Now  from  the  BesseFs  equation  it  is  easy  to  show  that 

i.e.  by  (8)  and  (9) 

"^[^l^-^-*(^''>-2«^'-*H <i«>- 

tn  +  n  n 
Thus  the  particular  solution  of  (15)  is  obviously 

Thus  the  complete  value  of  u,  so  far  as  depends  on  cosik^  and  surface  spherical 
harmonics  of  degree  i,  is 

t4-cos*e[j^F,|~J,+j(Aar)-r-*J./,+^  (!»)• 

§  53.  In  the  case  of  t;  let  us  follow  the  same  plan  as  in  the  case  of  equilibrium, 
and  find  the  portion  of  the  solution  for  v  which  depends  on  Y^  and  Z^  and  on  the  general 
solution.     The  method  is  the  same  exactly. 

In  (2)  substitute  their  values  for  fSL  and  C  and  for  ,, in  terms  of  w,  v,  and  5, 

(Up 

also  put  in  its  value  for  S.     We  thus  get 

1      d^.vr  ^       1       d     .i/,r^xrr     /7     X     d,ui^       1     rf.trsin^"! 

dr^  drdd     n  df         n  dO         *^*^      ^ 

Here  v  is  assumed  oc  cosA;^,  so  put  ;j^  *  -*  i^%  ^^^  the  above  becomes 

1        d^.vr  BinO  .1        d     .   ^d.wsin^  .  tp.wsin^  .  ,j^      .    ^ 
r*  sin"^        a<^'  r"  s\n0  d0  d0  dr  ^ 


,    .   ^  d^u  1        d     .  ,>,d.ttr* 
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Substitute  for  u  from  (19),  and  this  gives 
1      fcP.wsin^.       1        d      .   ad.VTBinO  1       d^.vrsinO     ,,^       .    J 

+  Aae^^^.rM+i{k0r)-^(^^0^^  +  2cos0Z,^^.M+i(kM (20). 

To  simplify  this  we  must  employ  Bessel's  equation,  and  carry  out  the  differentiations 
when  required.     We  thus  find 

|:|^*^in(fc«r)-r»|,J,+j(A;ar)J  =  r  |A:^a» - *(^>| /,+j (*ar) (21). 

dY 
Thus,   noticing  that  — £— a=o",  we    reduce    the    coeflScient    of   sin^ -j^  +  2  cos^F  in 
®  m  +  n  dd  * 

the  first  line  of  the  second  side  of  (20)  to 

W  *^^^*^m(*«-) (22). 

So  again  the  coefficient  of  sind  ~-j*  in  the  second  line  is  reducible  to 

^r^|;J„.(*,r)-r■^^„(^»■){2  +  •:«^} w 

Thus  equation  (20)  becomes 

1      rd'.wsinfl  .       1        rf      .   ^rf.wsin^  ,        1       cP.vrsin^  .  y,^,        .   ^"1 
cosA^  L       ^^  r*sin^  d^  dd  r  sin'tf        d^"  J 

2cos^F<»(»  +  l)  J.     .,    .  ,    .   ^dYi(2r'*  d   ^     ...     /"^-^-l^^"*^  r     /t«^\l 

-2cos^p'|;.rV,+^(A:/9r)  +  sin^^M-2^"**A+*(*^^^^ (2*). 

From  the  form  of  the  first  side  of  (24),  for  the  general  solution  assume  trsin^x  Z^ 
a  sur£eu»  spherical  harmonic  of  degree  t;  whence,  to  determine  vr  as  a  function  of  ?*, 
we  have 

or  w*  oc  Ji+i  (i/Sr). 
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'^  So,  writing  in  the  coefficients  cosA:^  and  X^  we  get 


\ 


^ 
\ 


/ 


t;  =  coflA:f^^r-»J<+j(A:/8r) (25), 

as  a  typical  term  of  this  part  of  the  solution  for  v. 

We  have  next  to  find  the  particular  solution  of  (24).  The  analogy  of  the  solution 
obtained  for  the  case  of  equilibrium  suggests  the  trial  of  sin^-^^'  as  the  function  of  0 
and  <l>  which  will  give  the  part  of  the  particular  solution  depending  on  Y^,  Thus  sub- 
stituting  cos*^/(r)  sinO  -^*  in  the  left-hand  side  of  (24)  for  vr  sintf,  we  get 

dd      dr       r  sm^  dQ  dd  dO      r^  8m'6^  d^fr  dd        '^^  ^  ^^  ^6 

After  using  ^^'  = -i(i  +  i)  F,- ^  :^.sin<?^p. 

®  sm"^  rt^"  ^        '  sm5  d^  dO 

this  gives  for  the  first  side  of  (24)  the  expression 

'"»S'{^-^(w-i^Vw}--i^"/W««.«r, w. 

jy 

If  COS  ktf{r)  sin  5  ^  is  really  the  particular  solution  of  (24),  then  the  expression  (26) 
must   be   identical  with  that  part  of  the  second  side  of  (24)  which  contains  Y^.     Equating 

jy 

the    coefficients   of  cos  6Y^  and  of  sin  6  -rh    in   (26)   and  (24)  we  get  two  equations  which 
ought  to  be  identities.     The  former  requires 

/(^)  =  -^^m(*«-) (27); 

and  thus  in  accordance  with  the  second  we  must  have 

[^  +  *^^"  -  *  ~ V^  -]  (-  ^  JiH  (*«^))  =  coefficient  of  sin  0  ^J^  in  (24). 
Substituting  for  ^t/<+j(A:ar)   from   the  Bessel's  equation  we  reduce   this  expression  to 

Noticing  that    — ^ —  =  — ,  it  is  obvious  that  this  is  actually  identical   with   the   co- 

jy 

efficient   of  sin  0      *  in   (24).    Thus  our  hypothesis  was  correct,  and   the   particular  solu- 
tion of  (24)  depending  on  Yi  is 

cosA:^  _.  _     ,.     .  dF<  ,^^^ 

^'^"^fcV  ^*'^'+*(*^)W ^28). 
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dZ 
The  same  analogy  also   suggests   cos  kt  sin  0  -jw  x  (^)   ^  ^^  ^^^^^^  of  particular  solu- 
tion of  (24)  giving  the  terms  depending  on  Z^.     Writing  in   Z^  for    F^  and  ;^(r)  for  /(r) 
in  (26),  we  see  from   (24)  that  if  this   hypothesis  be  correct  ;^(r)   must  satisfy  both   the 
equations 

-'*^t?^xW  =  -^|;.r*/<.»W (29). 

and  ^j^(r)  +  A;»/9'x(r)-*^^^x(*-)  =  -2r-»J,+,(ii9r) (30). 

dZ 
These  come  from  equating  the  coefficients  of  cos^Z,  and  of  sinff-j^*  respectively. 

Now  (29)  gives 

X(^)=tliTI)  f*  |:*^'+»  (A:^r)+^  J,+,(i^r)} (31). 

and  using  the  Bessel's  equation  it  will  foe  found  that  this  satisfies  (30)  as  it  ought. 

Th«8  x«  =  -(^|;rij,+»(*/9r) (32), 

and  the  particular  solution  of  (24)  depending  on  Z^  is 

-.W)f'-^'*-'-<w «■ 

Thus  the  complete  value  of  v  so  far  as  depends  on    Y^,  Z^  and  the  additional  typical  term 


X,,  is 
t;=  cos 


^{-]??  W'-'*'^*-^»(*«^)  +  7(?Ti)  §'-*|:-*'^'-*<*^'')  +  s-Ei'-"*'^-»<w}  ...(34). 

§  54.  Just  as  in  the  case  of  equilibrium*  we  need  not  form  the  differential  equa- 
tion in  w  given  from  (3);  for  we  know  now  u,  v,  and  S,  and  so  get  w  from  the 
expression  (4)  for  &  The  plan  followed  before  applies  here  in  its  minutest  detail,  as 
it  was  independent  of  the  functions  of  r  occurring  in  u  and  v,  and  depended  only  on 
the  differential  equation  satisfied  by  Y^,  Z^,  and  X^,    Thus 

"-S^  4[-W''*''**' <'"'■'  .W)  S-'^'''*'<H  +'»«i'".'-Wm(W  -(85), 
•o.-  %-^ W, 

(34)  and  (35)  give  that  part  of  the  solution  of  v  and  w  which  depends  on  the  typical 
term  for  u  in  (19)  containing  surface  harmonics  of  degree  t,  and  also  the  typical 
independent  term  X^. 

§  55.  The  foregoing  proof  is  rather  long,  but  the  result,  now  that  its  form  is  known, 
can  be  deduced  quite  shortly  as  follows.  Proceed  as  before  till  equation  (19)  is  obtained; 
then,  to  find  the  corresponding  terms  for  v  and  w^  assume 


W=BC0S 


"{/W§  +  x«§} («). 


See  §  10,  Beetion  11. 
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and  ^=,?g^^{/(r)F<  +  xW^} (38). 


First  to  determine  /(r)  use  (4),  substituting  firom  (37)  and  (38)  for  v  and  w.  This 
gives  cos*«/(r)|^j^  _ . sm 5 -gg- +  ^j^  _|,^8.__. 

Substitute  for  S  firom  (11)  and  for  tt  from  (19);  we  then  get 

- 1  (»>  l)/(r)  F,- F,  [rlJ,H  (*«•)- p^  |;  {^*  «^«+i  (*«•)-'•*  |: -^iH  (M}]  ..-(39). 

But  the  coefficient   of    F^  on  the  second  side  of  (39)  is  equal  to  the  coefficient  of 
sin  6  -TK  +  2  cos  BY\    in  (20)   multiplied   by  r*;    thus    from    the    form    we    got    for    this 
coefficient  in  (22),  it  follows  at  once  that 

/W--j^^«+i(*«r) (40), 

]  and  the  corresponding  term  in  t;  is  — -zj^  "W^"*«^<+i(^)« 

/  The   term  in  Z^  may  be  got  in  the   same  way  with   even    less  difficulty.     Then  to 

'  obtain  the  typical  term  X^   we    require   only    the    first    side    of   (24),  which   it   is  com- 

paratively simple  to  obtain. 

§  56.  We  have  now  to  determine  X„  F^  Z^^  &c.  from  the  surface  conditions. 
Suppose  the  surface  forces  depending  on  cosAr^  are  %B^^o%ld  normally,  SST^cos^f  tangen- 
tially  in  the  meridian,  and  2i7,cos^  perpendicular  to  the  meridian;  where  S,,  T,  and  JJ^ 
are  spherical  surface  harmonics  of  degree  i.  Then  so  far  as  depends  on  cosA;^  the  surface 
conditions  require 

(w-n)S  +  2nj^=:2iSf,cosJfci (41), 


XTiOmU (42), 


d  - 
' r  .      1       du 

dr      rsin^  d^ 


^=2^7icosJk« (43). 


We  shall  find,  as  in  the  case  of  equilibrium,  that  if  the  surface  forces  be  purely 
normal  X^  and  w^  are  zero  so  far  as  depends  on  the  surface  forces,  and  so  exist  only 
as  "free"  vibrationa  In  this  case  we  can  drop  the  2  in  (41),  (42)  and  (43);  and  in 
every  case  we  can  drop  it  in  (41).  Thus  from  (41),  (11),  and  (19),  we  have,  putting 
r^a  after  differentiation, 
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+  2nZ.  |:  {r-»  J<+j  (Ar/8r) J  =8^ (44). 


Further,  we  see  that 

d^  fl 
dr 


Using  the  notation  -r-  ■j-Ji.i-i(]ea.r)=Ji+^{1c(xr)  eta,  we  thus  reduce  (44)  to 

a-*F,[j,.j(Aaa)  |m  +  „-M^+^}  +  ^7V*(fo«a)] 

+  /8n*a^Z.|2/',+i(Ay8a)  -  J- Ji+ j  (A/3a)|  =  S, (45). 

So  from  (42)  it  is  easy  to  find 

So  from  (43) 

+  S»A3»-»|A.,Ci/9.)-|:^!i^)-i20-, (47), 

,  dw.        dX. 

As  in  the  case  of  equUibrium  we  can  from  (46)  and  (47)  get  two  more  convenient 
equations. 

Multiply  both  sides  of  (46)  by  sin^  and  differentiate  with  respect  to  0,  differentiate 
both  sides  of  (47)  with  respect  to  ^,  then  add  together  (46)  and  (47)  thus  modified; 
we  obviously  eliminate  X^  and  w^,  and  noticing 


[d    .  .  d  ^  1    d»ir,      .....  .  .7, 


we  get 


In  the  special  case  T,  =  0=  CT^,  we  may  drop  the  2  on  the  first  side  of  (46  a). 
Vol.  XIV.  Part  III.  41 
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Next  multiply  both  sides  of  (47)  by  sin^,  then  diflTerentiate  with  respect  to  0,  and 
subtract  (47)  so  modified  from  (46)  modified  by  differentiating  both  sides  with  respect 
to  <j>.     We  thus  eliminate   F,,  ^,  etc.,  and  get 

all  over  the  surface. 

Differentiate  both   sides   of  this   last   expression  with  respect  to  ^;   then,  noticing  that 

7  J  XT 

-j-r-*  =  — -j^*,  we  find  that  the  first  factor  on  the  left-hand  side  becomes 
dtp         du 


i.e.  is  equal  to 
Thus 


sind  d<l>'  '^dO'^^'^^  dO  ' 
-i(i  +  l)8intfZ,. 


From  (45),  (46  a),  and  (47  a)  we  can  determine  all  the  quantities  of  which  F,,  Z„  X^ 
are  representatives. 

The  coeflScient  of  X^  in  (47  a)  equated  to  zero,  gives  the  frequency  of  those  free 
vibrations  in  which  there  is  no  radial  motion. 

§  57.  Let  us  now  consider  more  particularly  that  part  of  the  solution  depending 
on  purely  normal  forces. 

Since  in  this  case  we  can  separate  the  spherical  harmonics  of  different  degrees  in 
the  surface  equations,  we  may  treat  them  separately.  Thus  we  have  (45)  and  (46  a), 
dropping  the   S   and   putting   T^  =  0=U^,   as  two    simple   equations   to   determine  the   two 

unknowns  -tt',    ^*. 
We  thus  get 

-°'''  =  .W)  [2^'.«(i)3a)+{W.'-««+l)  +  l|  ^^^i^] (48), 

^•^.-%'[^^^-^-H <♦"' 

where  D  is  the  value  of  the  determinant 

(50). 


J,+j  (kaa) 
ka 


*  If  instead  of  being  thenuelves  snrfooe  harmonioB, 

JO"  1        /IC" 


monio  of  the  i^  degree,   the  right-hand  side  becomes 
t(t  +  l)5'\  and  the  2  may  be  dropped  from  both  sides. 
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The  values  of  Y^  and  -2^  shew  that  for  a  given  frequency  of  vibration  the  ratios 
F,  :  Si,  and  ^  :  S^  are,  for  the  same  spherej  independent  of  the  form  of  the  spherical 
harmonic  of  the  degree  %.     Thus  we  have  the  following  important  law. 

The  ratio  of  the  amplitude  of  the  forced  vibrations  to  the  amplitude  of  the  con- 
straining normal  surface  force  of  a  given  period  depends  only  on  the  degree  of  the 
surface  harmonic  determining  the  law  of  distribution  of  the  force,  and  not  at  all  on  the 
form  of  the  surface  harmonic. 

Again  the  periods  of  the  free  vibrations,  answering  to  S,  =  0,  are  given  by  2)  =  0, 
and  so  are  independent  of  the  form  of  the  surface  harmonic,  depending  only  on  a  and  i. 
Thus  for  a  given  sphere  all  free  vibrations  whose  expression  for  u  contains  surface 
spherical  harmonics  of  the  same  degree  are  of  the  same  frequency,  the  frequency  for 
degree  i  being  given  by  (50)  =  0.  Thus  we  could  obtain  the  law  of  frequency  from  a 
consideration  of  the  simplest  form  of  surface  harmonic  of  given  degree,  say  a  Legendre's 
function. 

We  have  thus  a  large  variety  of  possible  forms  of  vibration  of  the  same  frequency, 
and  so  the  frequency  alone  is  not  suflScient  to  distinguish  the  vibration. 

From  the  form  of  (50)  it  is  obvious  that  the  equation  D  =  0  may  be  regarded  as 
an  equation  in  ka,  i.e.  k  and  a  occur  always  as  a  product.  Thus  for  a  given  material 
and  for  a  given  form  of  vibration,  the  frequency  varies  inversely  as  the  radius  of  the 
sphere.    This  remark  applies  to  all  the  possible  forms  of  free  vibration,  cf  (47  a). 

§  58.  The  case  t  =  0  is  very  easily  treated,  and  is  found  in  most  books  on  elastic 
solida  Let  us  here  however  follow  the  Bessel's  Function  method.  Proceeding  as  in  the 
general  case  we  get  equation  (10)  with  i  =  0;  whence,  in  place  of  (11), 

S=^ cos ktA^r^J^(kar),  where  A'  is  a  constant, 

A 

=  -r—  sin  (kar)  cos  kt (51), 

if  A  =  A'^^. 

5  is  independent  of  0  or  ^,  and  so 


du  .  2u_  1  d.ur* 
r  "  r* 


thus 


d.ur^     A 


.(52); 


- —  =  7-  r  sin  (kar)  cos  kt, 
dr        ka 


and  so 


,       A  ,^    Fsm  {kar) 

'^r  =  71-^:^  cos  ktr    — j cos 

{kaf  L     *^^ 


{kar)\^ 


No  constant  is  required  as  this  gives  u  =  0  when  r  =  0, 

A  ,^1   (sin  {kar)  .,      ' 


(53). 

41—2 
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The  8ur&ce  condition  is  (m  —  n)  S  +  2n  -r-  =  normal  traction,  or,  as  is  more  convenient, 
(m  +  n)  S  —  4n -  =  normal  traction.    If  then   this  traction   be   Foo^kt  on   the   surface  r=^a. 


For  free  vibrations  F=0,  and  so 

tan  (kaa) 


.(55). 


kaa  i_m  +  n^^^. 

4n 

Possibly  a  simpler  method  than   the    preceding   is  to  substitute   -r-  -{ at  once  for 

S  in  (1).     Then  assuming  i^ accost  we  easily  put  the  resulting  equation  into  the  form 

§>(^n)  +  li^iuri)  +  \k^cf-^jiuri)  =  0 (56). 

whence  wr*  =  A"J^  (kar)  cos  kt, 

where  A"  is  a  constant. 

§  59.  The  general  solution  is  equally  applicable  to  the  vibrations  of  a  spherical 
shell  There  is  required  only  the  introduction  of  the  second  solution  of  the  Bessel's 
equation.  Since  i  +  i  is  neither  an  integer  nor  zero,  the  second  solution  is  simply 
J-H+i)  (kar). 

Thus  in  place  of  (11),  in  the  general  case  we  should  have 

8  =  cosA<r-*[F/<+4(A;ar)+F;j.«+j)(ftar)] (11'), 

where    F/  is   a  surface   harmonic   of  degree  i,  and   (11^)  is   used  to  signify  that  the  equa- 
tion takes  the  place  of  (11). 

It  is  much  easier  to  introduce  the  additional  terms  in  u,  v  and  w  than  it  was 
when  dealing  with  the  equilibrium  of  a  shell,  for  in  that  case  the  coefficients  of  T^  and 
F/,  of  Z^  and  Z/,  were  affected  differently  by  the  necessary  differentiations  with  respect 
to  r.  This  difficulty  does  not  exist  here.  Thus  for  instance  the  coefficients  of  Y^  and 
F/  satisfy  the  same  differential  equation,  and  are  operated  on  by  exactly  the  same 
differentiations  with  respect  to  r.  Further  the  resulting  expressions  are  simplified  only 
by  a  use  of  this  same  differential  equation,  and  as  t+i  occurs  only  as  a  square  its 
sign  has  no  influence.  Thus  all  that  is  necessary  is  to  introduce  in  (19),  (34)  and  (35) 
wherever  Y^  and  Ji+^(kar)  occur  a  new  term  in  F/  and  J-{i+i){kar),  and  similarly  in 
addition  to  the  terms  in  Z^,  X^,  w^  and  Ji+^(kl3r),  new  terms  in  Z/,  Z/,  w/  and 
J^^i+^){kl3r),  where  the  dashed  letters  are  similar  in  signification  to  the  undashed.  Thus 
the  complete  solution  for  a  shell  is 

u  =  cos *M  p-5  ^i  I2  ^"*  *^i+i (*«0  -  ^"*^  Ji+hikory^ 


"^ArV 


k^^^\l'''^^'^i^^)(^^'')''''^^J'ii^^^^^^ 
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t»  =  cos  A*  ^  U  J^  I  F/,+,(A;ar)  +  F/J_«+j) (kar)\ 

(34'), 

(35'), 

,  dw,        dX.       J  dw'        dXf 

and  S  =  co8A:<r-*{F/<+j(A;ar)+F;j-(,+j)(Aar)} (11'). 

Supposing  surface  forces  to  exist  over  the  bounding  surfaces  r  =  a,  r  =  a',  we  get  as 
usual  3  series  of  equations  at  each  surface,  and  thence,  exactly  as  in  the  case  of  equi- 
librium of  a  shell,  determine  the  6  series  of  unknowns. 

If  the  surface  forces  on  the  shell  be  purely  normal  the  equations  get  much  simplified. 

J  1/7 

There  occur  two  expressions  -izf(^>  ^)  ^°^  ""^"^  /M*^^^'  ^^  vanishing  all  over  the  surface, 

whence  there  results  the  one  equation  f{0,  <^)  =  0. 

We  thus  get  for  a  shell  4  simple  equations  to  determine  Y^,  F/,  Z^,  Z[  in  terms 
of  the  normal  forces  iS^cosA;^  and  8{  cos  kt.  The  coefficients  of  these  quantities  are  as 
before  constants,  so  there  is  no  theoretical  difficulty  in  the  process. 

§  60.  We  may  by  this  means  find  for  example  the  periods  of  the  free  "transversal" 
vibrations.     We  get  exactly  as  we  got  (47  a),  putting   t7,=  r^  =  0  over  both  the  surfaces 

whence  the  periods  are  given  by 

-|/-.„..,(W-|  ^|f5)}  j^.„,(,^,v|%^'}=o («■.). 

If  the  shell  be  not  very  thin  probably  it  is  best  to  transform  (47'  a)  by  means  of 
the  relations  between  consecutive  Bessel's  functions  into 

[{%  - 1)  /i-i  Qcfia)  -  (t  +  2)  Ji^^  {kl3a)}  {{i  - 1)  J,  (,. j)  (k/3a')  -  (i  +  2)  J,  <<+  d  {k/Sa')} 

-  {(i- 1)  Ji.^ {kfia!) -  (i  +  2)  Ji^i{kpa')]  [(i -  l)/.(,.j)  (A:/8a)  -(i+2)  J.(,+|)  (A^a)}=0...(47b). 
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For  the  special  case  i  =  1  this  easily  leads  to 

tan  {kp  (a -  a))     3  (kfiYaa  +  9 


.(57). 


kfS  {a  -  a)  (i/S) Va ''  -  3  (k^Y  (a*  -  3aa'  +  a *)  +  9 

If  the  shell  be  very  thin  the  use  of  the  relations* 

Ji+i  {k^a')  =  J,+j  (A/9a)  -  (a  -  a)  kfi  J\^^  (k/Sa) 

f   (»+2yi     1- <^^> 

k/3a'J'i+^  {k^a')  =  A;i8aJ''<+ j  (Ar^Sa)  +  (a  -  a')  a  1  A;»/8»  -  ^    ^|  ^  f  J<+ ^  (yfc/Sa) 

A? 
in  (47'  a)  gives  at  once  the  frequency  5—  from  the  equation 

A'y9V=(i-l)(i  +  2)    (59)t. 

§  61.     The  radial  vibrations  of   a    spherical  shell   may  be    treated  similarly  to  those 
of  a  solid  sphere. 

Possibly  it  is  best  to  use  the  equation  in  u  got  by  our  second  method  for  the  solid 
sphere,  viz.  (56). 

The  two  solutions  are  J\{hxr),  and  J-^(kar). 

The  value  of  J-|  (kar)  is    -  V  ;;^fc^  [koir     "*"  ^^°  ^*^^M  ' 
.'.  the  complete  solution  of  (56)  may  be  written  in  the  form 

cosAr^ir.   fsin(A»r)  ,,     J.   j.  (cob  (kar)  ^    .     ..     .)"1  ,^^^ 

«=  ofc^  r  L^  in^-^^<*«")j+^in^+«^°(*«^)}J (60), 

where  A  and  B  are  constants. 

^,                               5.     1   d.wr"          ,^  il  sin  (Acer)  +  jB cos  (ter)  ,^^^ 

^^^  ^  =  ?  -5^=="^'** iter ^  <61),- 

The  surface  conditions  are  (m +  n)S —  4n-  =  normal  force,  on  the  surfaces  r  =  a,  r^a. 

Supposing  then    ^cosA;^    and    ^cosA:^    to  be  the   values  of   this  expression  at   the  two 
surfaces,  we  get  to  determine  A  and  B  in  terms  of  F  and  F'  the  equations 

(m  +  n)S  — 4n- =^cos A;f  when  r^a (62), 

(m  + w)  S  — 4n- =-P'cosA?<  when  r^a'  (63). 

So   A   and  B  can  be  expressed  at  once   from   (60),   (61),   (62)  and  (63)  in  terms   of 
F  and  F\ 

•  See  The  Messenger  of  Mathematics,  Vol.  xt.,  1886,  1        t  See  Professor  Lamb's  paper  in  The  Proceedings  of  the 
p.  22,  noticing  specially  equation  (9).  |  London  Mathematical  Society,  Vol.  xiv.  p.  60. 
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Probably  it  is  more  interesting  to   find    the  period  of   the  free   vibrations.      Putting 
then  F=0=-F\  we  get 

.  r,  .  sin  (kaa)        4n     (sin  (kaa)  ,,     J  "I 

.   dT/     .    xCos(A?aa)        4n     (cos (km)  .    .    .7     01      ^  /^.v 

and  a  similar  equation  writing  a'  for  a. 
Thence,  eliminating  A  :  B,  we  get 
r,      .     V  sin  (A:aa)       4;i     fsin(A:aa)  .,     n)1  f/      .     xCOs(A;W)       4jn     (cos(A?aa')      .   „     ^\1 

=  similar  expression  changing  a  into  a'  and  a'  into  a. 
Whence,  after  reduction,  we  get 

tan  (kaa -  a) 4m  [(m  H-  n) k^ofaa'  +  4n} ,^  . 

toT^^  ""  (m  +  n/(A*aVa'f -4n(m+n)  A*a*(a'  +  a'*j  +  16n*(l  +  k^oi'aa') ^     ^' 

This  equation   is  obviously  satisfied   by   k  =  0,  a  vibration   of  infinite   period. 

§  62.     If  the  shell  be   very  thin,  (65)  gives  us  a  simple  result  directly.     In  all  cases 
a  is   very  small,   thus  when    a-  a'    ia  very  small   we  have,   unless  k  be  extremely  large, 

,    .  ^ TT-  =1.     Using    this    relation    in   the    left-hand   side    of  (65),  and  on  the  right 

fCOL  \(Jb  "^  (L  ) 

neglecting  terms  in  a  —  a\   we    find  that  the  constant   terms  cut  out,  and  are   left  with 
the  equation 

(A;aa)*(m  +  n)«-4n(3m-n)(Aaa)*  =  0 (66). 

Thus  kaa  =  0,  as  was  seen   by  inspection   in   the  general  case,  answering  to  a  vibra- 
tion of  infinite  period,  or  else 

^j^y^iniSm-n) 

Since  a*  =  — —  ,  this  may  also  be  written  in  the  form 

^_4n(3m-n) 

pa  (m  +  »i) 

As  usual  the  frequency  varies  inversely  as  the  radius. 

To  get    some    idea    of   the    actual    frequency   of   this   kind   of   vibration,  suppose   we 
consider  a  shell  of  brass.     For  this  as  already  stated  Thomson  and  Tait  quote  the   result 

-5 —  =  '387,  which  gives  —  =  '226.     Kohhrausch's  Physical  Measurements  give  p  =  85,   and 
—  (Sm  -  n),  i.e.  Young  s  Modulus,  =9x10*  C.  G.  s. 

*  See  footnote  to  Professor  Lamb's  paper  I  e,  p.  50. 
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These    results  give   approximately   ka  =  18600,    supposing  a  expressed  in   centimetres. 

k                          2960 
Thus  the  number  of  vibrations  per  second,   being   5-,   is  roughly   ;    or  a  thin  shell 

of  one  centimetre  radius  would  perform  nearly  3000  radial  vibrations  per  second.  The 
middle  note  of  a  piano  would  be  given  by  a  thin  shell  of  about  11  centimetres  radius. 

[November  16,  1888.     If  the   surface  forces  on  a   solid   sphere   be  derivable  from  a  potential 

cos  kfi-  SiT*/a*-\    as    in    the    foot-note    Sect,    vii.,    the    right-hand    side    of    (46  a)    reduoes    to 

S(i-fl)>S,.  Thus  the  2  may  be  dropped,  and  F,,  ^^  are  given  explicitly  by  (45)  and  (46  a) 
in  terms  of  Sty  while  X<  vanishes  by  (47  a).  In  a  shell  the  corresponding  case  may  be 
similarly  treated.] 

SECTION  IX. 
Fundamental  equations  in  cylindrical  co-ordinates, 

§  63.  In  finding  the  equations  of  equilibrium  or  of  vibration  in  cylindrical  co-ordinates 
we  have  only  to  follow  the  method  adopted  for  polars,  Le.  transfer  the  Csirtesian  expres- 
sion for  the  potential  to  cylindrical  co-ordinates. 

Let  the  cylindrical  co-ordinates  of  any  point  be  as  usual  r,  0,  z,  the  latter  being 
measured  parallel  to  the  axis  of  the  cylinder,  and  let  u,  v,  and  w  denote  displacements 
radially,  perpendicular  to  the  radius  in  the  transverse  section,  and  parallel  to  the  axis 
respectively.  Then  at  every  point  the  direction  w  is  measured  in  is  the  same,  so  the 
only  values  to  be  transformed  are  those  connected  with  a,  fi,  x,  y  in  Cartesians,  following 
Thomson  and  Tait's  notation.     The  figure  shews  how  to  transform  at  once. 

Q 


0  r  p  R 

P  is  point  r,  6, 

Q r,  0  +  d0, 

R r  +  dr,  0, 

The  axes  at  Q  make  angles  d0  with  those  at  P,  while  those  at  R  are  parallel  to 
those  at  P. 

Thus,  regarding  the  axes  at  P  as  the  fixed  Cartesian  axes,  we  get 
^di  ^du 

^"d^'dr ^^)' 

^_dl3_j     {v  4-  dv)  cos  d0'-v  +  (U'\-du)  sin  d0  _l  dv     v 
^"dy^  ^  r  'd0^r (^)' 

3-d-z (3). 

°'~  dz^ dy~ dz"^ r   dd W, 
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" dz     dx^  dz      dr ^  ^' 

_  ^     (fo  _  y      v-^dv  —  v     y     (^  +  du)  cos  8g  —  n  —  (t;  H-  9^)  sin  dO  _dv     v     1  du     .^. 
"  dx     dy^      '         dr  rdO  " dr     r     r  dd'"^   '' 

Ai                                         ^        ,  jr .         I  d.ur     I  dv      dw  ^^. 

^^  ^  =  ''+-^+^  =  r-dr+rd5  +  ^ ^^>- 

If  «r^  denote  the  potential  energy  per  unit  volume   of   the   strain    u,  v,  w,   we   have 
as  for  polar  co-ordinates, 

2i!r,  =  (m  +  n)8*  +  n{a«  +  6»  +  c'-4(e/+65r+>^)} (8). 

Thus  if  tsr  denote  the  potential  energy  for  the  entire  solid,  we  have 
o        fff  juj  ji  \r     .     \(\  d.ur     \  dv  ^  d^V.      f     .  du  fu     I  dv  ,  dw\ 


.dw 
dz 


(y^.^dvXfdv     I  dw\*      fdu     dw\*     |        >     1  di^  I'l 
[r'^r  TeJ'^Kd^'^r  W)  ^[d^'^di^)  ^ylT'^r  TO f  ] 


.(9). 


§  64.  Denote  the  variations  in  tj  due  to  the  displacements  9w,  dVy  dw  by  8tsr,,  dnr^ 
and  3«rg  respectively. 

Then  we  shall  find  ^or^,  3«r,,  8^3  each  to  consist  of  two  series  of  terms,  one  for  the 
interior,  the  other  for  the  surface.  To  find  these  we  have  only  to  follow  exactly  the 
same  method  as  in  the  case  of  polar  co-ordinates  in  Section  I.  The  algebra  in  the  present 
case  also  is  easier,  so  it  will  be  sufficient  to  give  the  results.  Suppose  X,  ft,  v  to  be 
the  direction  cosines  of  the  angles  made  by  the  normal  at  any  point  of  the  surface 
with  the  fundamental  directions  at  the  point;   so  that,  dS  denoting  an  element  of  surface, 

rdO  dz  =  \d8,      drdz^  fuiS,      rd0dr  =  vdS. 
Then  taking  3ot  =  3crj+9w,  +  3a^3,  we  find 

Vol.  XIV.  Pabt  III.  42 
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J,    (to  +  n  dS        d  /I  dw  _  dv\  ,     ^  /I  d.vr     1  ^\) 
+  '^^\—rd0~'^dk\r'd0     dz)'^^di^\r  'W     r  dej] 

.  .     f,     .     .dS     n   d  /  du       dw\     n  d  (\  dw     dv\\~\  .,.. 

+  at.|(m  +  «)^--^^.(r^--r^j  +  -^^(-^-^j|J (10). 

§  65.  Suppose  now  the  forces  acting  on  the  solid  are  F^  G,  H  along  r,  0,  z  at 
any  point  on  its  surface  per  unit  area,  and  22,  6,  Z  per  unit  mass  in  the  same  standard 
directions  in  the  interior.  Then  the  work  done  by  F,  G,  H,  R,  ©,  Z  and  the  reversed 
effective  forces  in  the  arbitrary  displacement  3u,  dv,  dw,  is 

\\dS{Fdu^Gdv-^mw)^-^^^rdedrdzp]^hii^ 

This  must  be  equal  to  the  change  in  the  potential  energy;  therefore  since  du,  dv,  dw 
are  arbitrary  displacements  their  coefficients  separately,  both  at  the  surface  and  in  the 
interior,  must  be  equal  to  the  corresponding  coefficients  in  the  expression  for  3«r.     Thus 


(12), 


/  d  -  \ 

/  d-             \ 
^,1       "rldMl         (,          ^^n    fdu     dw\]          (dv     1  dw\  ,,.,, 

G^Xn\rj^^-  ^y  +  ^|(^  +  n)S-2n(^-  +  ^)}  +  ^(^  +  -  ^-^)   ..(m 

„     ^    (du  .  dw\  ,        fdv     I  dw\  .      (.      .     \^     o    f^^  .  ^  .  1   <^^W  /^^^ 

fd^u      n\      ,          .dh     n  d  fl  d.vr     1  du\  .       d  fdu     dw\  ,, ^, 

Kd?-^]=("^  +  "^d;-rd5lr  -dr   "^  dSJ  +  "d^  U  ~  dr  J    <^-'>' 

/"^^      la^      tn+n  dS         d  (1  dw     dv\   ,      d  /I  d.vr     1  dt/\  ,,_^ 

nd<»-®>)=-T     d^-"d^t  d^-d^j+'^d^lr    d:r-—rde) '• ^*^>' 

fd^w      »\      ,          ,  dS     n   d  f  du       dw\     n   d  fl  dw     dv\  ,,  ^. 

''(^-'^j  =  <'"+">^-;drrdi-''dFJ-^rd^t  d^-d^j (^^)- 

The  first  three  of  these  are  the  surface  conditions,  the  last  the  internal  equations. 
§  66.     The  interaal  equations  may  be  put  in  a  very  neat  form. 

«%-(S-'i?) <•«>• 

»-'(S-'^) en 

^'H^-m) « 
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and  then  these  equations  are  obviously  identical  with 

dS       d€        d3i  /d^u 


(m-^n)r^^^n^^n-^^pr(^,-R'j  (21), 

.  .Icffi        da        d(B         fd^v     ^\  ,^^, 

(^+„)___„_+„_=p^__e) (22), 

(m  +  n)r^-n^+n^^pr[^-Z) (23). 


These  equations  are  of  course  really  the  same  as  those  given  by  Lame. 

§  67.  The  surfiEu^e  conditions  may  be  much  simplified  if  the  cylinder  be  a  right 
circular  cylinder  with  flat  ends. 

On  the  curved  surface  X=l,  and  so 

^.(„^„8-2„(^,l|,g) (24,, 

«-4t%-|) <2'). 

""{^-wy- • <''>■■ 

where    F   is    the    normal    traction,    G    the    tangential    traction   perpendicular  to  the  axis, 
and  H  the  tangential  traction  parallel  to  the  axis. 

For  the  flat  ends  i^  =  l,  X  =  0  =  /a, 

i' =  n  [  J- -I- -T- j  =  tangential  traction  along  radius  vector  (27), 

G  =  n(-i^  +  -   -^  J  =  tangential  traction  perpendicular  to  radius  vector  (28), 

fi  =  (m  +  «)S-2n(^  +  ^  +  *  ^)=normal  traction (29). 

In  the  case  of  an  infinite  right  circular  cylinder,  i.e.  the  case  where  w  is  not  con- 
sidered and  the  forces  on  the  flat  ends  are  neglected,  we  have  to  consider  only  the  curved 
surface,  over  which  now 

^  =  (m  +  »)S-2«(H  +  lg) (30). 


^        I         r     1  du] 


(31). 


§  68.     By  means  of   the  surface    equations  we  can  also  determine  the  elastic  forces 
or  "stresses"    at    any  point    in    the    interior    of   the    solid      For    suppose    an    imaginar}- 

42—2 
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surface  to  pass  through  the  point  considered  and  to  enclose  a  limited  portion  of  the 
solid.  Then  our  equations  must  apply  to  this  limited  solid,  and  our  surface  equations  to 
its  bounding  sur&ce.  Thus  by  taking  the  normal  to  this  imaginary  surface  at  the  point 
considered  in  any  given  direction  we  get  the  stresses  exerted  across  a  plane  perpendicular 
to  that  direction. 

To  indicate  the  nature  of  the  stresses  at  the  point  call  them 

Rr>    ^e,    -R«>    0r>    ®«»    ®iJ    ^r>    ^B>    ^t» 

R^  being  the  normal  stress  on  a  plane  perpendicular  to  the  radius  vector, 
R^    ...      tangential  stress  parallel  to  the  radius  on  a  plane  perpendicular  to  0,  &c. 
Taking  then  X  =  1  we  get  the  surface  perpendicular  to  the  radius,  and  so 

fu     1  dv  ,  dw\ 


ii,.(»  +  n)S-2„0  +  l*+g) m 

^■--(:%lm} w. 


„         fdu  .  dw\  ^^^^ 

So  taking  /a  =  1, 

v^         I        *?•     1  du  I 

^*="V-3r+rd-d/ (35). 

e.  =  (m  +  n)S-2»(g  +  g) (36), 

^-KS-.-S) (^^>- 

So  taking  v  =  \, 

^.-(r:-^) <'«>• 

«-=»(^;'^) <'»>• 

^■-<-f")8-2«(|+^i  S) m. 

Whence  i2#  =  ©^,  R^z^Z^,  S^  =  Zb,  which  are  the  well-known  relations  between  the 
tangential  stresses. 

Hereafter  we  shall  denote  R^  by  jR,  ©«  by  ©,  and  Z,  by  Z  simply.  No  confusion 
with  the  bodily  forces  will  ensue,  because  these  will  be  expressed  in  terms  of  a 
potential. 
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§  69.  We  shall  now  consider  the  tendency  to  rupture  in  a  cylinder  in  which  the 
displacement  w  is  zero. 

Regarding  the  radius  at  any  point  as  axis  of  x,  a  parallel  to  the  axis  of  the 
cylinder  as  axis  of  z,  and  the  perpendicular  to  these  two  directions  as  axis  of  y,  the 
equation  to  the  stress-quadric  is 

iic»  +  2i2^  +  ey»  +  Z^  =  l (41). 

When  transformed  to  its  principal  axes,  the  equation  will  become 

R^a^-^Sy  +  Zz'^l  (41a), 

where  iJ^,  8^,  Z  are  the  principal  stresses. 

By  solid  geometry  2iJj  =  -B  +  e  +  S,  and  2e,  =  iJ  +  e-iS, 

where  fif  =  V(iJ-e)*  +  4i2,« (42) 

taken  positively,  so  that  R^  is  the  algebraically  greatest  stress  in  the  cross  section. 

If  e,  and  /,  denote  the  principal  strains  in  the  cross  section,  we  have 

jRj  =  (m  -  n)  S  +  2ne,' 
e^  =  (m-n)S+2n/;  - 

e,  being  algebraically  not  less  than/,,  and  CiH-/j  =  S. 

We  see  that  the  greatest  strain  is  e^,  if  positive,  otherwise  it  is  zero. 


.(43). 


^^  ^^==--"-"2^^ =  2  +  4^ (**)' 

since  i2  +  6  =  (JB,  +  e,)  =  2mS, 

and  .-.  JJ,  =  m8  +  | (45). 

In  accordance  with  the  second  theory  of  rupture  stated  in  Section  III.,  there  are 
three  cases  under  which  may  be  treated  the  tendency  to  rupture  in  a  cylinder  for  which 
«?  =  0. 

(Of    V    » 
^j    positive. 

Here  Z  is  the  least  principal  stress,  and  the  maximum  stress-difference  is 

S 
2 

5-j   positive. 


i?,-Z=|  +  nS (46). 


Here  Z  is  the  greatest  principal  stress,  and  the  maximum  stress-difference  is 

8 
2 


Z-e.  =  f-«S (47). 
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(Of  \  t 
3-j   negative. 

Here  Z  is  the  mean  priacipal  stress,  and  the  maximum  stress-difference  is 

i2^_e,  =  S (48). 

The   greatest  strain   is   JS+^/S    if  this  be  positive,  otherwise    it   is    zero.     Thus   on 

the   third   theory   of    rupture,    that    held   by  Saint- Venant,    if   \Z-V'r-&    be  at  any  point 

|)ositive   and    greater    than    a    certain    limit,    determined    experimentally   for  the   material, 
rupture  will  ensue;   if  this  expression  be  negative  there  is  no  tendency  to  rupture. 

It  will   be   observed  that  in   case    (i)   the   two  theories  of   rupture   are  practically   in 
agreement;  but  in  cases  (ii)  and  (iii)  they  may  differ  widely. 

SECTION   X. 
Equilibninn  of  cylinder,  solution  in  ascending  powers  of  r  and  z. 

§  70.     Before   considering   the   general   solution    in   cylindrical   co-ordinates,   let   us   try 

whether  it   be   possible   to   find   a  solution   for   S,  u,  v,  w  in   terms  of  powers  of  r  and  z. 

We   may   leave  v  out    of   consideration,   or  treat    it  separately;   because  v  affects   S    only 

dv 
through  the  term  -^.     So  at  present  we  shall  suppose  v  to  be  zero. 


dd' 
We  have,  see  (7)  Section  ix., 


«,      1  d.ur     dw 

^'r-dr    ^dz (1> 


The  surface  conditions  are,  see  (24),  (26),  (27)  aud  (29),  Section  ix., 

du 
on  the  curved  surface  (w  —  n)  S  +  2n -7- =  normal  traction (2), 

and   .  n  (-7- -I- -i—j  =  tangential  traction  parallel  to  axis (3); 

on  the  flat  ends  '^^['T'^'J  I  =  radial  taugential  traction (4), 

and  (wi  — n)S+2n^    =normal  traction (5). 

If   the   bodily   forces   have   a  potential    F,    the    internal    equations    are,    see   (21)   and 
(23),  Section  IX.,  supposing  V  independent  of  #, 

^     ^    ^    dS       diS  dV 

(^^■^'^^^d^-^rf^^-^^'rf. <7>' 

du      div\ 


where  ^  =  '' {£-£)■ 
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(6)  and  (7)  pve  (m  +  n)  V'S  =  -/>V«F  (8); 

where  as  usual  in  cylindrical  co-ordinates,  when   V  is  independent  of  6, 

dr"      r    dr       d^ 
Take  as  the  particular  solution  of  (8), 

^=-«l„^- w- 

For  the  general  solution   we  have   to  find   a  series  for  8  in    ascending    powers  of    r 

and  Zy  which    will    satisfy    V'S  =  0 (10).      We    shall   content    ourselves  with    a    few   of 

the  first  terms  of  the  series.  For  the  present  we  shall  treat  V  as  being  zero,  for  the 
values  of  u  and  w  depending  on  V  may  be  developed  separately  afterwards.  Supposing 
also  that  the  cylinder  is  solid,  and  so  no  inverse  powers  of  r  admissible,  we  get  by 
trial  from  (10),  denoting  by  -4,  J?,  etc.  arbitrary  constants, 

S  =  ^4-5ir  +  (7(^-^+2>(^-fr"-^)  +  ^(-8^  +  24/r*-3r*)+ (H). 

From  (6),  substituting  its  value  for  18,  we  get 

,      .     V    dS  .        d  fdu     dw\     ^ 

'  '  dr*     r  dr     r*     c?j?  ~     n   dr 

=  ^  J(7r  +  3i)rz+12^(r'-4/r)+...| (12a). 

For    the    present    we    shall    consider    terms    in  B  containing   powers  of  r  and  z  not 
higher  than  the  second,  and  terms  in  u  and  w  with  powers  not  higher  than  the  third. 

A  particular  solution  of  (12  a)  is  then  u  =  ^-Ci^ (13), 

on 

and  the  general  solution  may  be  found  by  trial  to  be 

u  =  ar  +  ^(2r^-3-2')  +  7r^  +  e(-3'-2^r*)+i7(4?V  -r') (14); 

.-.  the  complete  solution  is 

w  =  ^*C7^  +  ar  +  ^(2r^-  3/) 4- tt^t  +  e (z' - 22:r»)  + 17 (4^V - ?•') (15). 

on 

From  (7),  eliminating  u  by  means  of  (1),  we  get 

d^w     d^w     1  dw ^*  ^^__^^  i>_2m^ 

d-2*      dr'     r  dr~      n  dz     -    n  n        ^     ^' 
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A  particular  solution  is  w  =  —  5- JSz*  —  ^  Ca* (17), 

and  the  general  solution  may  be  found  by  trial  to  be 


w  =  V  +  ^,  (r* - 2^*>  +  e, {2;^-3zr'). 


the  complete  solution  is 


w gj?^-£(7a'  +  a,^  +  ;8.(r'-2^)  +  6,(2z»-3^r') 


.(18); 
.(19). 


We  have  certain  relations  between  the  constants  in   8,  u  and  w  in  order  that 

dw     1  d.ur 


dz     r    dr 


=  B. 


whence 


This  gives  in  fact 

+  e(--6zr\  +  ri(8z'-4^  =  A  +  Bz  +  c(z'-^  identically (20); 

o,  +  2a  =  ^, 


27-4/3.  =  5 


m-\-n 


m 


n  1        /        ' 


(21). 


2n 
i8  =  0=e. 

These  relations  leave  us  six  independent  constants.     Select  A,  B,  C,  a,  j9,,  and  17.     Then 

o,  =  ^-2a, 
B  /Tn  +  n\ 


_C(m +  71) 


€.  = 


6n 


-f^»    , 


.(22). 


and  the  complete  solution  is 
fBm-i-n 


.(23), 


«  =  ^  +  {2'^^^^)^^  +  ^C,'  +  v{*^r-f')  (24). 

'  ,^  in  +  n  _ , 


^^6 ■/• 


.(25). 
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Substituting  these  values  in  the  surface  conditions  (2),  (3),  (4)  and  (5)  we  get,  if  a 
be  the  radius  of  the  cylinder, 

(m  -  n)  1^ +&  + C  (^- 1*)}  +  2n  |a +  *  (I  ??i±? +2^,)  +  g  Ca«  + 17  (4^ -  3a»)l 

»  normal  traction  on  curved  surface (26), 

„|a(|!^  +  2/9,)+8i,za+2/3.a-«a((7^-8.,)} 

=  tangential  traction  parallel  to  axis  of  cylinder  on  curved  surfEU^e (27), 

s  normal  traction  on  flat  end (28), 

»{r(f^+2/3.)  +  8,«.  +  2/9.r-«.(c?^-8i,)| 

« tangential  traction  in  a  radial  direction  on  flat  end (29). 

In  the  two  last  equations  we  substitute  for  z  the  values  it  has  at  the  two  ends  of  the 
cylinder. 

§  71.     Let  us  first  consider  the  terms  of  the  lowest  powers,  viz. 

B^A (30), 

u^ar (31), 

w^(A''2a)jB  .' (32). 

These  give 

(m  —  n) -4  +  2na  «  normal  traction  on  the  curved  surface   =-  Pj  say (33), 

and      (m  -  n) -4  +  2n  (-4  —  2a)  «  normal  traction  on  the  flat  enda^  —  p^ (84). 

This  gives  the  case  of  a  cylinder  under  the  action  of  different,  or  the  same,  uniform 
tractions  or  pressures  on  its  curved  and  flat  boundaries. 

From  (33)  and  (34)  we  get 

j?,(m  +  n)-j},(m-n) 
2n(3wi-n) 

n  (3m  —  n)      ' 

^^^^^  ^"-^   *      2n(3m^n)  > 


•(86). 


n  (3m  —  n) 

Several  useful  applications  of  this  solution  present  themselves. 
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§  72.    Suppose  p^-p^-P'    This  would  apply  to  the  case  of  a  cylinder  in  a  gaseous 

medium,  and  leads  to 

pr 


U«s  — 


3m -n' 


w* 


pz 
Sm  —  n' 


.(36). 


3m  —  ri 

In   this  case  z  is  measured  from   the   middle  point  of  the   axis. 

§  73.     Suppose  a  uniform   traction  p   on  the   flat  ends,  and   no  force  on  the  curved 
surface.     Then  we  get 


W"=  — 


w- 


prjm  —  n)   " 
2n(Sm-ny 

pzm 
n(3m  — w)* 


.(37). 


This  is  the-well  known  case  of  tension  of  a  bar,  and  supposes  ^r  to  be  measured  from  one 
end.    According  to  the  usual  definition 


also 


Young's  modulus  =p   -j-=  —  (3m - n) 


du 
lateral  contraction  dr     m^n 

longitudinal  extension"  dw  ~    2m 

dz 


•(38); 


.(39). 


§  74.     Suppose    i>2  =  0    and    p^=p,   answering   to   a   uniform   pressure   on   the    curved 
surface  of  a  cylinder  whose  ends  are  free.     We  get 


.(40). 


2ri(3m-ny 

pz  (m  —  n) 

w  ^     - — ^ -. 

n  (3m  —  n)'   , 

Finally  if  we  wish   to   produce   no  radial  displacement,   we  get  for   the  ratio  of  the 
pressures   on  the  curved  and   flat   boundaries 


p^  _in  —  n 
p^^m  +  n' 


.(41); 


while  if  we   wish   no  longitudinal   extension  we  must  have 


m 


p^     m  —  n ' 


.(42). 


These  results  are  all,  it   will  be   observed,  independent  of  the  length   or   section   of  the 
cylinder. 
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SimiJar  problema  are  considered  by  Prof.  Clerk-Maxwell  in  the  Tranaaetions  of  the 
Boyal  Society  of  Edinburgh  for  1850,  but  the  method  employed  is  entirely  different  from 
the  preceding. 

§  75.  Let  us  consider  the  solution  given  by  (23),  (24)  and  (25),  more  specially  in 
the  case  when  the  surface  forces  are  symmetrical  with  respect  to  the  plane  -^  =  0,  which 
we  shall  suppose  to  bisect  the  axis  of  the   cylinder. 

Then  from  symmetry  u  must  be  the  same  at  corresponding  points  on  opposite  sides 
of  the  plane  z  =  0,  while  at  two  such  points  the  values  of  w  must  be  opposite  in  sign 
while  equal  in  magnitude. 

It  follows  at  once  from   (19)   that  B  and  yS^   must   both   vanish. 

Suppose  the  length  of  the  cylinder  to  be  21,  then  we  get  from  the  surface  con- 
ditions (26),  (27),  (28),  and  (29),  after  a  little  reduction, 

(m- n) J.  +  2na  +  ^^   ^ Ca^-6nr)a*  +  j^ {Cm^  +  Smf) 

=  normal  traction  on  curved  surface (26a), 

za  {16nr) ''C{m-\-  n)]  =  tangential  traction  on  curved  surface (27»), 

(m  +  n)^-4na+OT(m  +  n)-16n^Z'  +  r»|8ni7-^^^ 

=  normal  traction  on  flat  ends (28a), 

Zr{16ni7-- (7  (m  +  n)}  =  tangential  traction  on  flat  ends    (29a). 

We  can  get  rid  of  the  tangential  surface  forces  by  taking 

'-"T^" («)^ 


this  leaves  on  the  curved  surface  a  normal  traction 


7W.  —  ?i  ^  •      Sfw-  —  n  . 


.(44j. 


o  2t 

and  on  the  flat  ends  a  normal  traction     (w  +  w)  J.  —  4na  —  mCt^  ^ 

We  can  get  rid  of  the  constant  terms  by  suitably  determining  A  and  a  in  terms  of  C\ 
but  we  can  get  rid  of  neither  the  traction  «£;■  on  the  curved  surface,  nor  the  traction 
ar^  on  the  flat  ends  unless  we  put  (7  =  0  when  both  vanish.  C=0  returns  to  the  case 
of  uniform  surface  pressures  already  considered.  This  solution  would  apply  to  the  case  of 
pressures  or  tractions  on  the  flat  ends  proportional  to  r*,  and  gives  that  law  of  force 
which  applied  to  the  curved  surface  would  maintain  equilibrium.  By  means  of  the  two 
constants  A  and  a  we  can  make  the  surface  forces  on  the  flat  ends  have  a  zero  resultant, 
or  vanish  at  any  assigned  distance  ftx>m  the  centre,  and  the  forces  on  the  curved  surface 
vanish  over  any  transverse  section  at  a  given  distance  z  from  the  centre  of  the  axis. 

43—2 
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§  76.    This  solution  may  be  applied  to  the  case  of  a  cylinder  rotating  with  angular 
velocity  o)  about  its  axis.    We  may  regard  the  cylinder  as  at  rest  under  the  action  of  a 

"centrifugal"   force  of  potential    F=-5-;   whence,  from   (9), 

8»__5^^ (45) 

is  the  additional  term  to  be  added  to  S  in  (23),  putting  £  —  0.  This  is  obviously  a  case 
of  symmetry  about  the  central  transverse  section  of  the  cylinder,  so  equations  (23),  (24), 
(25),  with  5  =  0  =  /8„  apply. 

A  particular  solution   of  (6)   and   (7),  which   also  satisfies   (1),  is 

"  =  -8^,   • (*«)' 

te;  =  0. 

We  may  use  the  surface  conditions  (26^)'— (29^)  with  the  addition  of 

,  ,  /        p      fi?a\     3n  ^odf 

\    m  +  n    2/       47?i4-n 

i.e. ~ ,  to  the  normal  traction  on  the  curved  surface; 

4      m  +  n 

and  ; jr— 

m^n     2 

to  the  normal  traction  on  the  flat  ends. 

We  can  thus  solve  the   problem  of  a  rotating  cylinder  whose  surface  is  exposed  to 
no  forces  save  normal  pressures  or  tractions  on  the  curved  surface. 

To  do  so,  from   (27a)  and  (29a),  ^"^    ig^f"'  ^®  C^^)-     ^^^°^  (^^a),  noticing  the  addi- 

tional  term s~ ,  we  get 

m-nw*p                Sm-^n  ^     .  ,^^. 

'^^rrni-^^'*^ 2-^'^ (<17); 

•   ^°-2m(m  +  n)"^'        ^  =  "32^'"''  <*«)• 

Also  from  the  constant  term  in  the  same  equation  we  have 

(m  +  w)il-.4wa  =  0 .' (49). 

This  leaves  on  the  curved  surface  a  normal  pressure 

_^rn^n.      7m-n   ,    ,     (3m-n)(m-n)    .    , 

T-^  +  -16^  "^^^-^     4m(m  +  n)      ^^^  (^^>- 
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We  can  get  rid  of  the  constant  term  by  taking 

-^°8m(3r»-«)">    <^1> ' 

or  we  can  make  the  pressure  vanish  at  the  rim  of  the  cylinder  by  taking 

This  solution  would  suit  the  case  of  a  cylinder  rotating  with  its  surfistce  in  contact 
with  a  smooth  solid,  in  a  cylindrical  groove  of  which  the  motion  is  taking  place,  or  the 
free  rotation  of  a  plate  the  square  of  whose  thickness  is  negligible. 

We  can  also  get  a  solution  for  a  rotating  cylinder  with  only  tangential  surface 
forces,  by  taking 

"-"'^ ^'^y- 

from  the  coefficient  of  ^  on  the  curved  surface ; 

-8n,  +  -^a+^^^^^«V-0    (04). 

from  the  coefficient  of  r*  on  the  flat  ends ;  or 

(m  +  n)(5m-n)'    ^  "8n(m  +  n)(5m-n) ^^^' 

and  suitably  determining  A  and  a. 

This  leaves  the  following  tangential  stresses 


to^paz  } -4-^ 1  on  the  curved  surface  parallel  to  the  axis, 

'^      (m  4-  fi)  (om  "  n) 


vf^plr  \ ^-T^ i  on  the  flat  ends  radially 

(m  +  n)  (5m  —  n) 


.(56). 


A  third  case   occurs  when   no    forces  exist  on   the   curved   surface,  and   only   normal 
forces  on  the  flat  ends,  and  comes  at  once. 

Put  (7=0  =  17 (57), 


(m-n)il+2ni--a)V''!^/'V"'^^=0 (58). 


I  (m  +  n) 
This  leaves  on  the  flat  ends  a  normal  pressure 

— ; g (3m-n)-4  + ; ^ (o9). 

This    would    suit    a    cylinder    with    its    ends    pressed    against    two    yielding    smooth 
surfaces. 

If  nm  just  free.  A  =  2(^^^^(3^_„) 


o'pgV  (7m  —  n) ofpr^ 

^*8(m  +  n)(3m-n)     8 (m  +  n)  ' 
o'/pg'^  (m  —  n) 


u;  =  - 


4  (m  +  n)  (3m  —  n) 


.(60); 
.(61). 
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The  normal  traction  on  the  flat  ends  is,  substituting  for  A  in  (59), 

2(m  +  n)  ^^^^ 

Or  we    might    secure    that    no    alteration  would    take    place  in  the  length    of   the 

cylinder  by  taking 

-4-22  =  0 (63); 

whence  from  (58),  A  =  ^;     .' r-^ , 

w  =  0; 

and  the  normal  traction  on  the  flat  ends 

^^^(m-n)f.2m  +  »_2J 

4(w  +  n)    I         m  j  ^     ^ 

This  last  hypothesis  is  really  the  same  as  that  of  an  infinite  cylinder  and  is  con- 
sidered fully  presently. 

§  77.  We  pass  to  the  case  of  an  infinite  right  circular  cylinder  rotating  with 
uniform  angular  velocity  a>  about  its  axis.  By  the  term  infinite  we  mean  that  the 
surface  conditions  at  the  flat  ends  need  not  be  taken  into  account.  We  shall  first  con- 
sider the  more  general  case  of  a  shell  the  radii  of  whose  bounding  surfaces  are  a  and 
a'.    By  putting  a  =0,  we  get  results  applicable  to  a  solid  cylinder.     We  have 

t;-«;  =  0.    S-^  +  " ..(66), 

and  (m  +  n)  ■^^to^pr^O (67). 

Substituting  for  8  in  (67)  from  (66),  we  get 

By  straightforward  integration  this  leads  to 

"-^)^^^*-r    <«»'■ 

where  A   and  B    are  arbitrary  constants,  the  latter  however   vanishing  in   the  case  of   a 
solid  cylinder.     From  (69)  we  find 

S  =  -^^^+2A (70). 
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To  determine  A  and  B,  if  we  suppose  the  siu&ce  firee  of  forces^  we  must  apply  at 
both  the  boundaries  r^a  usod  r^af  the  surface  equation 

(m  +  n)S-2n-  =  0 (71). 

This  gives  2mA^2nBa-  ^^^(2^1^)  , 

4(m  +  n)      ' 

whence  ^  ^a,'p(a'-i-a-)(2m  +  n) 

8m(nH-n)  ^    '' 

„     ft>VV(2m  +  «) 

^  8n(m  +  n)       ^^^>- 

Thus  S  =  ^?:^j2m+!!(a.  +  a'*)-2»'l (74). 

w  =  r7 — ^7 — r4 r(a'  +  0  + r*y (75), 

8  (m  +  w)  I     m        ^  '  n        r  j  ^    '^^ 

t(;  =  0. 

The  principal  stresses  act  along  the  directions  of  u,  v  and  w  at  every  point,  and  so 
are   22,   6,  and  Z,  and   their  values  are  respectively 

(m  —  n)  S  +  2n  -T- ,    (m  —  n)  S  +  2w  -  ,    and   (w  -  n)  8. 

Since  r  is  intermediate  in  value  between   a  and   a'  it  is  obvious  from  (74)  and  (75) 
that  S  and  -  are  always  positive. 


Thus,  supposing  m  greater  than  n,  B  and  Z  are  certainly  positive,  or  are   tractions; 

du 
dr 


and    ©    is  greater    than  Z.      The    sign    of    -r-   depends  on  the   value   of  r   and    on  the 


ratio  m  :  n. 

It  is  easily  seen  however   that  -j-  is  always  algebraically  less   than  -  ,    thus    6    is 

always  the  greatest  stress,  and  -  the  greatest  strain. 

XL 

The  absolutely  greatest  value  of  -,  which  in  accordance  with  Saint- Venant's  theory 
measures  the  tendency  to  rupture,  occurs  at  the  inner  surface  r  ^a'  and  is 

^[a'{tm-^n)  +  na'']    (76). 
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It  is  unnecessary  to  determine  the  regions  within  which  Z  or  R  'la  the  greater  if  we 
merely  wish  to  find  the  greatest  value  of  the  maximum  stress-difference,  which  in  accord- 
ance with  the  stress-difference  theory  measures  the  tendency  to  rupture.     It  is  in  fact  easily 

u 
seen  that  the  greatest  value  of  ©  — Z,  which  equals   2n-,  occurs  when  r=^a'  and  is 


4^r  -^r-^"  } <^7); 


—  -j-j,  also   occurs  when  r  =  a' 
and  is 

2(^){«*<2« +  «)  +  ««'•} (78). 

Now   (78)   bears  to   (77)   the  ratio   2m  :  m  +  n,  and    thus    is  the  greater,  and  so  in 
accordance  with  the  second  theory  measures  the  tendency  to  rupture. 

On    either    hypothesis    the  tendency   to  rupture  is  greatest  at    the  inner  surface  of 
the  cylinder. 

For  a  very  thin  shell  (76)   and   (78)  are  approximately  equal   to 

a)V(m  +  n) 

4mn  ^^^^' 

and  6)"pa* (80), 

respectively.    If  on  the  other  hand  a'  be  very  small,   or  the  cylinder  solid  nearly  to  its 
centre,  (76)  and  (78)  become  approximately 

"-''^^^ m. 

==^l?^' w. 

respectively. 

For  a  solid  cylinder  we  get  from  (74)  and  (76) 

8=^^f2!!^„._2^l (83). 

4  (??H-  n)  (     m  j  ^     ^' 

■'-8^){'^«--'} iO*^ 

i's<^,{^''-^} (»^^ 

Here,  as  for  a  hollow  cylinder,   8  and   u   are   always   positive;    while  ©  and  Z  are  always 
tractions,  of  which  the  former  is  the  greater.    Inside  the  coaxial  cylinder 


/2m -hn 


♦•=«V-ai;r    (86). 
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^-  is  positive,  and  so  R  greater  than  Z;   outside   this   surfBu^e   the   reverse  is  the  case. 
In  both  cases  it  is  obvious  that  -  is  algebraically  greater  than  -^ ,  thus  throughout  the 

whole  cylinder   6   is   the   greatest   8tres&     Inside   the   surface    (86)  the  maximum   stress- 
difference  is 

e-ZH2nH=     «:^{?!?Lh^a'-,'l (87). 

whose  greatest  value  occurs  at  the  axis,  and  is 

a>Vn(2m  +  n) 
4m(m  +  n)       ^     ^' 

Outside  the  surfisK^e  (86)  the  maximum  stress-difference  is 

e-iJ  =  2«(!?-*?)  =  ^?!^ (89), 

\r     dr/     2(m  +  n)  ^     ^ 


which  has  its  greatest  value,  viz. 


2(7n  +  n) ^^"^' 


at  the  surface.    This  is,  however,   less   than   (88),    which    in    accordance  with  the    stress- 
difference  theory  will  thus  measure  the  tendency  to  rupture  in  a  solid  cylinder. 

The  greatest  strain  is  obviously  -,  which  is    always  greater  than  t-   except   at  the 

axis,  where  they  are  equal    It  is  here,  however,  that  it  has  its  greatest  value,  viz. 

tt)«^'(2m  +  7i) 
8m(m  +  n)    ^^  ''• 

In  accordance  with  the  greatest  strain  theory  (91)  is  thus  the  measure  of  the  tendency 
to  rupture. 

It  should  be  noticed  that  on  either  theory  the  tendency  to  rupture  is  greatest  in 
the  axis  of  the  cylinder. 

Comparing  (78),  (80),  (82)  and  (88),  or  again  (76),  (79),  (81)  and  (91),  we  see  that 
the  tendency  to  rupture  in  a  solid  cylinder  is  very  much  less  than  in  a  hollow  cylinder 
of  the  same  external  diameter  however  small  be  the  diameter  of  the  core  removed. 

It  is  also  noticeable  that  the  absolute  amount  bored  out  of  the  solid  cylinder  is  of 

comparatively  small  importance.     The  absolute   ratios   of  the  tendencies  to  rupture  in  a 

solid  cylinder,  in  a  cylinder  from  which  an  extremely  small  core  has  been  removed,  and 

in  a  cylinder  of  extreme  thinness,  all  of  the  same  external  diameter,  are  from  the  theory 

of  maximum  stress-difference 

^        ^2  (m  +  n) 


.     ,    .2(m  +  n) 


and  from  the  theory  of  maximum  strain 

n : m+w : ( 
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SECTION  XI. 

Equilibrium  of  infinite  cylinder  or  cylindrical  shell 

§  78.  Let  us  now  consider  the  general  case  in  two  dimensions  of  an  infinite  cylinder 
at  rest  acted  on  by  a  series  of  bodily  forces  which  have  a  potential  V, — satisfying 
V*F=0/  and  which  may  be  expanded  in  a  series  of  sines  and  cosines  of  0 — »  and  by  a 
series  of  surface  forces  expressible*  in  a  series  of  sines  and  cosines  of  0. 

We  then  have,  see  (7)  Section  ix., 

dai^  .  u  .  1  do      1  fd,ur  .  dv\ 


^    OM^    u     1  do      1  (d,ur  .  dv\  ,-. 


The  surface  conditions  are,  see   (24)  and   (25)  Section  nL, 


du 
(m  — n)S  +  2n-T-  =  normal  force  (2), 


('  r     \du\ 


jjA /  =  tangential  foioe (3). 


The  internal  equations  are,  see  (21)  and  (22)  Sfectioo  ix., 

d8       d®            dV  ... 

(„+n)r^-«^— pr^ (4). 

m  +  ndS       d® pdV 

r     dd^^dr~     r  dS  WJ 

«-;(t-S) ■ w- 

Differentiate  (4)  with  respect  to  r  and  (5)  with   respect   to  6;    adding,  we  eliminate  <& 
and  get 

(m+n)v*8 P^y (7). 

^^^■^  ^-dP  +  rd?'  +  ?dg»- 

Take  as  a  particular  solution 

8--;^ (8). 

m  +  n 

Let  V  be  expanded  in  a  series  satisfying  ^*Fa  0,  vis. 

-F  =  2cosi^(a/+a;O  +  Ssintd09/  +  /8;O (9), 

where  i  is  a  positive  integer  and  cK|,   a^,  fi^,   /8/   constanta    The  case  «sO  is  considered 
specially  afterwards. 
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The  general  solution  of  (7)  is 

8=2cosi«(il/+ii;0  +  2«iai<?(5/  +  5;0 (10), 

where  ii^  B^,  A,',  £/  are  arbitrary  constants  to  be  determined  by  the  surfi^ce  conditions. 
If  the  cylinder  be  solid  il/  =  0  — jB/. 

It  is  unnecessary  to  retain  the  series  for  F  or  8  in  sin  %0  in  the  work,  as  the  corre- 
sponding Beri^  for  u  and  tr'can  be  at  once  deduced  from  the  parts  of  their  values  depend- 
ing on  the  series  in  cos  id  in  V  and  S.    So  leave  them  out  at  present  and  take 

-  F:==2cosid(a/4-<0  (11), 

8.S».«{^(A  +  ^+r-(A'+^)} W 

Substituting  in  (4)  the  value  of  <ED  given  by  (6),  we  get 

Subetitute  ^^r(^S-l^), 

and  for  8  the  value  (12)  and  we  get,  multiplying  by  r, 

dr         dr  del*  L       (   m  +  n  '      n     ) 

--{'^^-^!'^]] (»)■ 

Let  W|  denote  the  coefficient  of  r***  in  m  ;  then,  equating  coefficients  of  r*"*^*  on  the  two 
sides  of  (14),  we  get 

^.(US)-..— «{6^'-A^} (U), 

The  complete  solution  is 

cos  id    fpa,(t  +  2)      J.  mi-2n)  .  ^  /.    «n /i 

%  =  jLf  .  i\  1  '^-^^^^ — -  -  A . h  +  (?««  cos  (»  +  2)  0, 

*4(t+l)(ni-hn  '      n      J        **•       v^/, 

where  (7^  is  an  arbitrary  constant. 

Again,  let  i#/  denote  the  coefficient  of  r"***  in  w.    Then  similarly  the  complete  solution  is 

<.cr„^(.--8)»+^{6t2^.^;!!i±l!!} („), 

where  C'u^  is  an  arbitrary  constant. 
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Thas  that  part  of  u  which  contains  cost^  is 

L4(»+l)l    TO  +  n  *      n     ]       ' 

where  (7^  (7/  are  arbitrary  constanta. 

The  oorrespondiDg  terms  in  v  come  from  (1),  which  gives,  putting  together  the  co- 
efficients and  integrating, 

-i^,  {^-^"^^^-^i  *  H  -/« •■■<"). 

where  f{r)  is  a  function  of  r  only,  which  we  shall  here  neglect. 

The  expressions  for  u  and  v  depending  on  those  terms  in  8  and  V  which  contain  sin{0 
can  be  at  once  deduced  from  (17)  and  (18).  Thus  in  (17)  write  sini^  for  cost^,  B^  for  -4,, 
B{  for  A{,  fi^  for  a^,  /8/  for  a/,  D,  for  (7,  and  D{  for  C/,  where  i),  and  2)/  are  two  new 
arbitrary  constants,  and  we  get  the  new  part  of  u.  While  in  (18)  write  —cos id  for 
sin  id,  Bt  for  A^  eta,  and  we  get  the  new  part  of  v.  Calling  (17)  and  (18)  with  these 
additions  (17J  and  (18^)  respectively,  then  (17^)  is  the  complete  value  p{  u,  and  (18^) 
of  t;  depending  on  cos  id  and  sintU 

§  79.  To  determine  the  constants  we  must  have  recourse  to  the  surface  conditions 
(2)  and  (3).  So  far  as  depends  on  the  cosine  series  in  8  and  V,  and  clearly  the  cosine  and 
sine  series  must  separately  satisfy  the  surfSnce  conditions,  we  find  for  the  value  of 

(m  —  n)  S  +  2n  -T- 
a  series  in  cosines,  which  after  reduction  gives 

(m-n)8  +  2«^  =  2coeW?|_r'|--J^A+-2— ^f 

+  2»(i-l)C.,-  +  r-{"^>^;+?^^|-2n(.+  l)(7/r-] (19). 

Similarly, 

+  r-^{2'^.-_~jt.j-S„(.  +  ,)0,V«] (SOX 

The  complete  value  of  (19),  depending  on  both  cosine  and  sine  series  for  S  and  F,  is  got 
by  adding  to  (19)  another  series  in  sines,  the  term  in  sin  id  being  got  from  that  in  cos  id  in 
(19)  by  writing  B,  for  A,,  B{  for  A,'  eta 
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Similarly  for  the  additional  term  in  (20)  write  —  costd  for  sint^,  5,  for  -4,,  5/  for 
Al  etc.    Call  these  complete  values  (19^)  and  (20|^). 

Then  we  have 

(19a)r»a  =  Normal  force  on  outer  surface, 
(19a)r-o' =  Normal  force  on  inner  surfiBtce, 
(20a)  rsa  =  ^^£^g6i^^^  force  on  outer  surface, 
(20a)r-4r  ^  Tangential  force  on  inner  surfietce. 

Since  at  the  surface  the  cosine  and  sine  terms  must  be  identically  satisfied  separately, 
we  can  consider  separately  the  terms  depending  on  the  cosine  and  sine  series  in  h  and 
F.  Thus  suppose  those  parts  of  the  surface  forces  depending  on  oio&id  and  sini^ 
to  be 

i3|  cost^  +  F«  sin  {0  normally  on  outer  surfisK^e, 

8{coai0+  VI  wiiO  normally  on  inner  surface, 

T^  sin  iO  —  W^  cos  id  tangentially  on  outer  surfstce, 

T/sint^—  Wi  COB  iO  tangentially  on  inner  surface. 
Then      il„  A!,  0,  and  0/  aie  determined  in  terms  of  Oj,  Oj',  S,,  flf/,  T^,  and  T/; 
while  ^4,  Bl,  -Di  and  -D/  are  determined  in  terms  of  /8|,  fii,  F,,  F/,  TT,  and  F/ . 

Also  the  value  of  -B,  can  be  deduced  from  that  of  A^  by  writing  /S,  for  a,,  /8/  for  a/, 
V  (oT  8 ,  F/  for  8{,  Fi  for  T^,  and  TT/  for  T{;  and  the  same  substitution  deduces  £/ 
from  A'  D  from  (7„  and  D/  from  (7/.  We  need  thus  consider  only  one  set  of  surfece 
conditions,    say  that  depending  on  8,,  T„  5/  and  T/.     Doing  so  we  get 

^'^tlf^  Afl^^^!!^^ 

2  *^  2       m-^ru  ^ 

+  ^^  £^a-'-2n{i  +  l)C:a^^8, (21). 

_m(i:-2)^   ,.^2m  +  m _£«^^.^  2n (» -  1)  0,a'^  +  ^^<^>il/a'- 
2  2       m+n  ^ 

^2m--n»  jci\_  a'-'-2n{i  +  l)C:a'-^  =  S: (22), 

2        m  +  n 


f''''-?ir.«'-»»('-"'''«"*T<»-^ 


2  m'\'n 


i'^'-< 


fV-|^„«"-2«(»-l)^.«""  +  T<«' 


_^_2?j_o'H_2n(t  +  l)0,'a'-«  =  2'; (24). 

2  m  +  n 
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From  (21),  (22),  (23),  aud  (24)  we  detepmin^  jbh^  fo\ir  ^pknown^  4„  4/,  Ci,  €1  in 
terms  of  the  knowns  8^,  8{,  T,,   T/,   a,,   ^/. 

The  values  are  determinate  in    every  case   except  when  t»l,  which  makes  the  co- 
efficients of  (7,  throughout  zero. 

Thus   if  the  values  were  expressed  in  determinants  one  whole  column  of  the  deno- 
minator would  vanish  when  i  =  l. 

To  avoid  a  bodily  displacement    we    must    put   (7,  =  0,  and    to  ensure    statical   equi- 
librium we  find  two  relations  (one  in  a  6oUd  cylinder)  between  S^,  0^\  T^,  T/,  o^  and  a^\ 

In    a   solid    cylinder  -4/=C/=a/  =  0,    and  we   get    two    equations   (21)   and  (23)  to 
determine  At  and   C^  in  terms  pf  8^,   T^  and   a^.      We  get  at  once  in  that  case 

^.=^«--5-» («). 

'•''^ff^'-''-di^> w^ 

whence  typical  terms  in  the  solution  for  a  solid  cylinder  $ure 

"  -  *^  *^  L*  (*■  +  1)  1  «  "»»f         a'    I     4n  (t  - 1)  r^' a'         |J  •"^^^^• 

,     ^"°*      U     t^.  +  (^'-2)y.]l      ,28) 
+  4» (i - 1)  1*^'     •         a*  IJ  '••^^^- 

Supposing  —   negligible,  then  the  parts  of   u,   and  also   of  ti,  which  depend  on  pa^ 

a 

and  on  — f  are  absolutely  identical.  This  exactly  corresponds  to  the  result  we  ob- 
tained for  the  case  of  a  sphere  in  §  IS,  and  seems  rather  curious.  In  words,  this 
signifies  that  the  displacements  at  any  point  of  an  infinite  solid  cylinder  due  to  a  surface 

pressure  —  iSf^cosid  and  to  a  bodily  force  whose  potential  per  v/nit  volume  is  *^i(-)  cob  id 
are,  if  —  be  negligible,  absolutely  identical 

§80.    The  general  equations  (21),  (22),  (23)   and  (24),  though  slightly  long,  are  very 
convenient  for  the  purpose  of  eliminating  the  viuious  constants.     Proceed  as  follows. 

Multiply  the  sum  of  (21)   and   (23)  by  a*^,    and    firom    the  result  subtract  the  sum 
of  (22)   and  (24)  multiplied  by  a'***;  we  thus  eliminate  (7,  and  (7/,  the  result  being 

mil,(a"^-a'"*^  +  m(i  +  l)il/(a'-.a'')  =  (S,  +  r,)a*«-(S;+r;)a''** 

^  «  («.- _  a'-«)  -^pa/(a«-  a'»)...(29). 
*  Notice  that  potential  Fs-2oo8t^(a^,  <fto. 
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Agaia,  subtract  (21)  firem  (S3)  and  multiply  tbd  reeult  by  a"***,  and  from  this  subtract 
the  result  obtained  by  subtracting  (22)  from!  (24)  each  multiplied  by  af~***.    We  thus  get 

+  ^'pa.  (o»-  a'»)  +  «^  (a—  -  «'"«-) (30). 

(2d)   and   (30)  give   A^  and  A'^    at  once.       Tten  (21)    added    to    (23)    giveB   0[  in 
term^  of  A^^  A[y  and  known  quantities      Similarly  (21)  subtraeted  from  (23)  gives  0^ . 

Thus 

4n0;(i+l)a-*-»  =  mil,a*  +  m(i+l)il/a-*-(5,  +  r^+^^a* 

+  — —-  paia* (31), 

m  +  ni 


^^^a-^ (32). 


4n(7,(t-  l)a*^  =  m (t  -  l)il.a*  -  m^V*  +  (5,-  T^  -  ^X^pa^a' 

m  +  rt 
After  eliminating  Al  from  (20)  and  (80)  imd  simplifying,  we  get 


,a'**a'-^ 


+tK(a'-«0(a"''**^«'"'*^) ; (38). 

Similarly 

«^/[.'(a.-a.T-a-.'{g,y-(|)}] 

.„-".«~[..f(jr-(.-.)(^)'^.}-..((.--i)(g-(.-^(:T-4] 

-  i/>«,  (a«  -  a**)  (a»^  -  a'"^ 
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^^1 "  *  "j^^    —  1  =  0  for  all  values  of  %  and  of  n,  it 
is  obvious  that  cf-^a!^  divides  both  sides  of  both  (33)  and  (34).    This  gives  ^i^Tiy  &^d 

A{^  ^,  when  a  =* a'. 

_/ 
If  —  be  very  nearly  unity,  ie.  if  the  shell  be  very  thin,  putting  a'  =  a(l  — e)    and 

neglecting    ^   when    terms   in    e   exist,    the    resulting   values    of   Ai   and  Al   are  much 
simplified.    We  thus  get,  after  some  simple  reduction, 

Similarly 

"*•  -^      7na-i'(t'-l)e»      ■*"^5?"U>I-?^lJ  (^®)- 

It  is  quite  simple  to  get  (7,  and  (7/  now  from  (31)  and  (32). 

If  e  be  very  smaU  the  parts  of  A,,  Al,  C,  and  (7/  which  depend  on  the  siufaoe- 
forces  are  much  more  important  than  those  depending  on  the  bodily  forces.  The  same 
remark  of  course  applies  to  the  displacements  and  to  the  stressea 

Substituting  the  yalues  obtained  for  A„  A,',  C„  (7/  in  (17)  and  (18)  we  obtain  the 
general  solution  for  a  thin  shell 

§  81.  Let  us  now  consider  specially  the  case  of  a  solid  uniform  cylinder  exposed 
only  to  surface  forces,  viz.  a  normal  traction 

S,  cos  id  +  U,  sin  t^, 

and  a  tangential  traction  T,  sin  id  -  F,  cos  id. 

Then  from  (27)  and  (28),  paying  attention  to  the  remarks  already  made  as  to  how 
to  get  the  terms  depending  on  U,  and  W,  from  those  depending  on  8,  and  T„  we  get 

o  COB  ie  {i8,  +  (i-2)T,  /ry-»     mi- 2n         „  (rV+\ 

""^-arx — i^ — w  -:^r(iTr)(^'+^')w  t 

«-»-^'^'S/-^*'^^'er (^«)- 
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The  elastic  forces  are,  see  (32),  (36),  (35),  and  (40)  Section  ix., 

iJ  =  (m-n)8  +  2n^, 

e  =  (m  +  n)8-2n^, 


„        I       'r     Idu] 


We  thus  get 

^.i.«  |i2.±&.|)i(r)'-_  i^*  <r, .  w,  0] m. 

.-...{'±?,r..r,,Q'-i5±(-.ILr.Q'-} ,,„ 

«,_^|i2.±(<^.(r)'---,^.r.(t)] 

..i...j',...r,0'-'a±(^.(r)-) w, 

;5'=!?iZJ!^Q*{co8id(S,+  r,)  +  8ini5(^+Tr^   (43). 

It  is  easy  to  find  the  principal  stresses  from  these  values. 
The  value  of  8  or  7(5"- 0)*+ 4^"  is  very  simple. 
From  above 

ij-e=co8»<?[{tS.+  (»-2)rjQ"*-t(s.+2^^Q'] 

+  sini0  [m  +  (i-2)W,]Q'~'  -i  {U,+  W,)  g)']  (44). 

Noticing  the  similarity  of  this  to  the  value  of  2B«,  we  get 

+  [{»?7.  +  (.--2)F.}Q*"-t(t^.+  Trjgyj (45). 
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This  is  independent  of  0  which  is  very  curious. 

S  can  vanish  in  the  following  cases : 

t  =  2,  r  =  0,  when  S,  =  0  =  ^7,, 
t  >2,  r=0 


•(46) ; 


U,=  0=  W„   and  - 


*_iS,  +  {t-2)T,   ^ 
-     i(S,  +  T,)      ' 
'  _iU,+  {i-2)W, 


or 


(47). 


S.=  0  =  T„    and  - 

a 

This  last  requires  S^W^  =  T,U^ (47  a). 

This  condition  includes  the  preceding  cases 

S,  =  0=D;,     t7,  =  0  =  Tr„     and    8,=  0=T,. 

8  =  0  implies  that   the  stress  quadric  is  one  of  revolution  about  a  parallel  to  the  axis 
of  the  cylinder,  and  also  that  there  is  no  stress-difference  in  the  transverse  section. 

We  must   of  course  have  -  <  1  in  order  that  the  solution  may  apply  to  our  problem. 

Clearly  this  is  the   case  in    (47)    if   8^  and   T^  have    the    same   sign^  and  if   U^  and   Wt 
have  the  same  sign,  i  being  H:  2. 

§  82.     We  shall  consider  more  fully  the  two  most  interesting  cases, 
(i)    no  tangential,    (ii)  no  normal  surface-forces. 

Case  (i)  r,  =  0  =  F,, 

^'={'(cS\''i)h^'^^*'^ (^«)- 

Thus  S=0  only  when  r^a,  or  when  r  =  0  and  i>2. 

The  surface  S'  — (2nS)*=:0  which  separates  the  regions  in  which  8  is  and  is  not  the 
maximum  stress-difference  may  be  at  once  determined  from  (39)  and  (48).  For  our 
present   purpose   however  it   will    be   sufficient   to   determine    the    maximum   values    of   8 

a 

and  of  -^  ±  nS  and  the  points  where  these  exist. 


If  t  "=  2,  8  has  its  maximum  value 


at  the  axis. 


2jS:  -h  U,' (49), 


8 


The  greatest   value  of  -stnS  also    occurs    at    the   axis,   but  is   only   half   the  above 
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as   8  =  0  when  r  =  0.    By  §  69,  taking   S  positive  we  have   j-  +  5  for  the  greatest  strain. 
Thus  if  t  =  2  the  tendency  to  rupture  is  certainly  greatest  at  the  axis  on  either  theory. 
If  %>%  S  has  its  maximum  value 

2  (*4-^)^  V^TTZ^ (SO)*' 

over  the  surfiw^  of  the  cylinder 

7^ 


r  =  OA/—     (51). 

The  +  or  -  being  so  taken  as    to   make  the  term   in  8  positive,    ^  ±  n5    has    its 
maximum  value 

(52)* 


(^Vtstti;? 


when  tan  w«  +  -«* (53), 

and  r-a     I^a      (54). 


Which  of  the  two  expressions  (50)  or  (52)  is  the  greater  must  be  determined 
specially  for  each  value  of  i,  greater  than  2,  and  of  — .  In  any  given  case  the  de- 
termination would  be  easy,  and  the  correct  measure  of  the  tendency  to  rupture  and  the 
locus  of  its  occurrence  on  the  stress-difference  theory  would  follow  at  once. 

On  the  theory  of  greatest  strain,  dividing  (52)  by  2n  we  have  a  measure  of  the 
tendency  to  rupture,  c£  §  69 ;  and  the  locus  where  the  tendency  is  greatest  is  given  by 
(53)   and  (54),  taking  in  the  former  the  +  or  —  sign  as  is  required  to  make  8  positive. 

§  83.     Case  (ii)  S,»0=:  D;, 

^'-(Sf'\''-^^^il^^        (''>• 

Thus  S  vanishes  when  r^aU — ^ (56). 

When  r  =  0,  R^y  B^,  Z  all  vanish  if  t4:2;.the  same  is  true  of  the  strains,  thus 
there  is  never  any  tendency  to  rupture  at  the  axis. 

When  i^   or  >2,  8  has  its  greatest  maximum  value 

iJWTwr (57), 

when  r  =^  a;   here   also   occurs,   for 

tani«  =  ±^'  (58), 

*  Treating  these  as  indeterminate  foims  we  can  deduce  the  results  for  the  case  t=2. 

45—2 
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cr 

the  greatest  value  of  -5±nS,  which  is 


2' 


(l  +  ^)72;*+Tr/  (59). 


The  former  is  always  the  greater    supposing  m>fL     Referring  to  §  69,   we   see  that   on 
either  theory  the  tendency  to  rupture  is  greatest  at  the  surfiEtce. 

If  t  >  2,  fif  has  a  second  maximum  value 

^i^^y^jT^TW.'  (60). 

1  —  2 
over  the  cylinder  r^a — : — (61). 

The  sign   being  taken  so  as  to  make   S  positive,  ^i^  ^^  ^^  ^  maximum  value 

^^^77^72'/+  W;  (62), 


•TFW 


w 

when  tan  i0  =  ± -jt  (63), 

i  —  2 
and  r^a      i  (64). 


7¥T) 


On  the  theory  of  greatest  strain  (62)  divided  by  2n  may  be  looked  on  as  a 
second  maximum  of  the  measure  of  the  tendency  to  rupture,  the  locus  where  this 
maximum  occurs  being  given  by  (63)  and  (64),  taking  in  the  former  the  +  or  —  sign 
so  as  to  make  S  positive. 

It  is  obvious  however  that  (67)  is  always  greater  than  (60)  or  (62),  and  likewise 
(59)  greater  than   (62),  so  these  second  maxima  need  not  be  further  considered. 

To  compare  the  effects  of  normal  and  of  tangential  forces  in  producing  rupture, 
suppose  S*-\-U*  =  T^*+W*.  Then  from  (49)  and  (57)  for  i  =  2,  on  the  stress-difference 
theory,  the  tendencies  to  rupture  are  the  same;  while  from  the  remarks  after  (49)  and 
(59),  on  the  greatest  strain  theory,  it  follows  that  the  tangential  forces  are  most  apt  to 
cause  rupture.  If  i  >  2,  it  is  easily  seen  that  (57)  is  greater  than  (50)  or  (52),  and  (59) 
greater  than  (52). 

Thus  on  either  theory  if  i  >  2,  tangential  forces  are  more  apt  to  rupture  the  cylinder 
than  normal  forces  of  the  same  magnitude. 
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SECTION  XIL 

V'U)r(xU(m8  of  infinite  solid  cylinder  or  cylindrical  shell, — including  the  case  of  a  cylinder 
of  finite  length  whose  length  is  maintained  constant. 

§  84.    We  shall  firtst  consider  the  case  of  a  solid  cylinder. 

1  /d.vr     du\ 


ir  /IP       1  /a  •  w*     du\ 


and 


*-fl"dr    ^dd)  <2)5 


then,  supposing  there  to  be  no  bodily  forces,  the  equations  of  motion  are,  in  accordance 
with  the  results  of  Section  ix., 

(^  +  „)r^-„-^  =  pr-^ (3), 

-     .    .Id8  ,      d«         d»»  ... 

<'"  +  ">r5^  +  "-aF"''S? <*>• 

Differentiate  (3)  with  respect  to  r,  and  (4)  with  respect  to  d;  then  adding,  we  get 

fd*B     IdB  .1  d'S\        d*S 


f    ^  .fd'SldSl  d'S\        d'S  ... 


We  may  assume  by  Fourier's  theorem  that  B  can  be  expanded  in  a  series   of  sines 

and  cosines   of    multiple  angles.       Suppose    then   that  the   term    in  cos  i&  in   S,   when  a 

k 
vibration  of  frequency  p—  is  taking  place,  is  given  by 

S  =  -4.,  cos  kt  cos  id<l>  (r), 

where  il,  is  an  arbitrary  constant,  and  t  is  an  integer. 

Substituting  this  expression  in  (5)   we  find   that  ^  (r)   must  satisfy  the  equation 


^-v-^H^y^*<'^'0 « 


If  we  denote  — -, —  by  cf 

m+n     "^ 


.(7). 


and  I     by  /3» , 

n  J 

then  the  solution  of   (6),  rejecting  the  second  BesseFs  function  as  applicable    only    to  a 
hollow  cylinder,  is 

^(r)  =  j;(Aar) (8). 

Thus  the  typical  solution  is 

S  =  -4,cosA^cosi^t7;(Aor) (9). 

The  corresponding  term  for  the  series  in  sines  of  multiple  angles  is  similarly 

S  =  B,  COR  H  sin  iQJ^  (Axw). 
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This  at  present  we  shall   neglect,  as  it  can   easily  be   introduced   subsequently  when 
required. 

To  determine  u  and  v,  we  proceed  exactly  as  in  the  case  of  equilibrium. 

Substitute  in  (3)  the  value  of  (&  from  (1),  and  substitute  from  (2)  the  result 


dv       ^     d.ur 


and  finally  use  the  value  (9)  for  £. 


Carrying  out  the  necessary  differentiations  in  due  order,  we  find 

d!^u  ,  Sdu  ,  u 
di^ 


as  the  differential  equation  giving  that  part  of  u  depending  on  the  typical  term  in 

cos  kt  cos  i0. 

Assume  tt  oc  cos  Arf  costd  (11), 

and  we  get 

as  the  equation  giving  u  as  a  function  of  r. 
(12)  may  be  written  in  the  form 

It  is  comparatively  easy  to  get  a  particular  solution  of  (13). 
For,  using  Bessel's  equation,  it  is  easy  to  prove  that 

But  ^-c^^pC- 1-)  =  ^.-^ (16); 

therefore  the  right-hand  side  of  (14)  is 


m 


^{-W.(fa-)  +  f.|;/.(to-,}, 


Thus  the  particular  solution  of  (13)  is  simply 

tir  =  — -4,cosAr^costd-p —  r  ^Ji{kar)   (16). 

The  general  solution  is  obviously 

Mr=  (7,co8A*co8i(?  J,  (A;i8r)  (17), 

where  C^  is  an  arbitrary  constant. 
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Thus,  using  the  notation  (7),  the  complete  solution  of  (10),  and  so  the  typical  term  of 
u,  is 

u  ^  COB  M  COB  iei^^  J,  {kffr)- A,  ^l^^  J,  (htr)^  (18). 

To  find  the  corresponding  typical  tenn  in  v,  we  have 
dv        5.     d  .ur 

=  cosktcosi0^A,\rJ,ikar)  +  ^^r^J,ikar)yC,^^J,(kM'^ (19); 

whence,  omitting  the  solution  v=^f{r,t),  and  using  Bessel's  equation,  we  get 

t,  =  co8*<?^[Al'j;(to.)-(7.^J.(*^r)]  (20). 

In   (9),  (18)   and  (20)  we  have  a    complete  representation   of  the    solution.      To  de- 
termine C7,  and  A^  we  have  over  the  surface  r^a  the  conditions 

(m  — n)S  +  2n-j-  =  normal  traction   (21). 


dr 


(   "^l     ldu\ 


tangential  traction (22). 


If  we  suppose 

a  normal  surCace-traction       ^  S^cosiO  coskt (23), 

and  a  tangential  surfiice-traction  =  7^  sin  id  cos  A:^ (24); 

then  A^  and  (7^  are  by  means  of  (21)  and  (22)  expressible  in  terms  of  S^  and  T^.  We 
may  suppose  (23)  and  (24)  to  be  merely  typical  terms  in  the  expansion  by  Fourier's 
theorem  of  the  expressions  for  normal  and  tangential  forces,  so  that  the  solution  is 
general. 

Just  as  in  the  case  of  equilibrium  if  we  take  the  still  more  general  forms,  viz. 
normal  surface-traction       =  cos  kt  (S,  cos  iO  +  C^  sin  %ff)A 
tangential  surfece-traction  =  cos  kt  (T,  sin  iff  —  W^  cos  iff)  J 
we  require  in  addition  to  (9),  (18)  and  (20)  the  typical  terms 
S  =  cos  kt  sin  iff  B^J^  (fear), 

u  =  cos  i^  sin  iff  |-  D,J,  {k^r)  -  ^-^  ^  Jiikoar)  \ , 
v^^co.kt'^[§L^J,(Mr) - D.|:  MkBr)] 

where  Bi  and  2),  are  determined  in  terms  of  27^  and   TT^  by  means  of  (21)  and  (22). 

Also  B^  may  be  at  once  deduced  from  A,  by  writing  IT,  for  8^  and  TT,  for  T, 
and  Df  is  got  from  (7,  by  the  same  substitution.  Thus  we  need  consider  only  the  case 
given  by  (23)  and  (24). 


(26), 
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§  85.     Noticing  that  — —  =  a",  and  -  =  5",  using  Bessel's  equation  and   the  notation 

we  may  reduce  (21)  and  (22)  to  the  forms 

^.*jS|^;(t^).-'^|.., ,«,. 

and 

For  free  vibrations  S,  =  0  =  T, . 

Eliminating  A^  :  0,  from  (27)  and  (28),  we  get  after  reduction 

J,(kaa)J,(kfia)  ^  _  ^,^^^.  _^  ^,      _     j 

kaa.kpa       ^  v  /j 

+  2ifc'/3v|^^^^/;(i/3a)  +  //(fcaa)'^*^^^^  ^^'^^' 

which  gives  the  frequency  of  the  free  vibrations. 

The  above  shows  that  for  cylinders  of  different  radii  performing  the  same  form  of 
free   vibration  k,  and  so  the  frequency  of  vibration,  varies  inversely  as  the  diameter. 

(27)  and  (28)  determine  J.,  and  (7,  without  ambiguity  in  terms  of  flf,  and  T,.  It 
is  obvious  of  course  that  if  the  period  of  the  sur&ce-force  coincide  with  one  of  the 
periods  of  free  vibration  the  values  for  Ai  and  C^  become  infinite,  for  the  denominator 
of  these  values  is  the  left-hand  side  of  (29). 

The  practical  method  of  dealing  with  (29)  at  least  for  cylinders  of  small  cross 
section,  is  to  substitute  the  ordinary  convergent  series  giving  the  Bessel's  in  ascending 
odd  or  even  powers  of  kaui  and  kfia,  and  retain  as  many  terms  as  supply  the  required 
degree  of  approximation.      It  will  be  found  that  the  terms  of  the  lowest  order  cut  out. 

§  86.  There  are  two  important  forms  of  vibration  not  included  in  the  general  case. 
These  correspond  to  i  =  0,  w  being  the  only  variable;  and  to  v=f{ryt),  u  =  0. 

Case  i  =  0. 

£  is  a  function  only  of  w,   therefore 

S  =  f^  +  ^   (30). 

dr     r  ^     ^ 
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Assuming  u  oc  cos  ibt,  the  equation  (3)  of  the  general  solution  then  gives,  since  (IF  =  0, 

.-.    u  =  A  COS kt  J^(kar) (32), 

where  il  is  an  arbitraiy  constant  and     a"  =  — ^ —  . 

The  surfiBM^e-forces  must  be  purely  normal^  suppose  them  of  type  FcoakL 
Then  (m  -n)  S  +  2»^  =  i*  cos  ifc«, 

or  (m  +  w)  ^  +  (m  —  n)  -  =  -P  cos  kt ; 


^ ! ' TTrrrrr (33)- 


therefore  from  (32) 

fa  j(m  +  n)  J,'  {km)  +  (m-n)  '^^^^\ 
The  periods  of  the  free  vibrations  are  given  by  F=0,  and  therefore  by 
(m  +  n)  J,' (km)  +  (m  -  n)'^i^  =  0. 
which  by  well-known  properties  of  Bessel's  functions  leads  to 

■^•("V^^)     ■^■(^\/^)    (54). 

n  m 


§  87.    Case  t*  =  0,  «  =/(r,  0- 

AT-  _ 

ar     r 


This  gives  S=0,  and  (Jp=^+!!  (35); 


therefore  from  (4)  of  the  general  solution 

d'v     Idv     V      pd\  .Q  . 


Assume  voc  cosib^,  and  write  -  =  8\ 

T^-  W'^ltH^^-?)-' <^^>- 

determines  v  as  a  function  of  r ; 

.-.    v=^Bcx>BktJ^{kfir)  (38), 

where  £  is  an  arbitrary  constant,  gives  the  part  of  v  depending  on  cos  kt. 

The    surface-conditions    (21)    and    (22)  show  that  this  case    must    be   due  to  purely 
tangential  surface-forces,  of  which  G'cosA^  will  be  a  type. 

To  determine  B  in  terms  of  0,  we  get  from  (22) 

^\|...,J!iM.| ^''>- 

Vol.  XIV.  Part  III.  46 
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For  the  free  vibrations  G  =  0,  and  so 

i.e.    J,  {k^a)  =  0 (40), 

k 
is  the   equation  giving   the  frequency   ^    of  the  free  vibrations  of  this  form.     This  result 

depends  only  on  n,  not  at  all  on  m. 

This  is  a  very  simple  result,  and  the  arithmetical  value  of  k  would  be  easily  cal- 
culated from  a  table  of  BesseFs  functions. 

§  88.     For  the  radial  vibrations  of  a  hollow  cylinder  we  have  from  (31) 

u  =  QQ^kt  {AJ^{koLr)^- BY^ikar)]  (41), 

where   Y^  denotes    the    second    solution    of  the  BesseFs  equation,  and   A,  B    are   arbitrary 
constants. 

If  F cos  kt,  F' cos  kt  denote  the  normal  forces  on  the  boundaries,  the  surface-conditions 
may  be  put  in  the  form 

im  +  n)p^+(m-n)^^Fcmkt  when  r^a, 

—  F' cos kt  when  r  =  a. 
These  lead  to 

ka  [^{(m  +  n)  j;(kcia)  +  (m  -  n)  *^'^(^|  +B  |(m  +  «)  F,'  (km)  +  (m  -  «)  %^}]  =  ^1  ^^^^ . 

and  a  similar  expression,   writing   a'  for   a,  =F'  j 

whence   we    can    determine   A  and  B  in  terms  of  F  and  F\ 

Putting  F  =  0  =  F\  and  eliminating  between  these  two  equations  the  ratio  A  :  B,  we 
get  an  equation  for  the  frequency  of  the  free  vibrations.  If  the  shell  be  very  thin, 
then  by  employing  results  analogous  to  (58),  Sect,  viii.,  and  equating  to  zero  the  co- 
efficient of  kaa  {J,  {kaa)  F/  (kaa)  -  F,  (kaa)  J/  (kaa)},  an  expression*  which  is  independent 
of  A?,  we  immediately  find 

T«  9  9         4mn  ^^_ 

*?Va'=7 — - — 5     (43), 

(m  +  n)  ^     '' 

,,  4mn  ^^^    . 

or  A;*=  -vT ; — : (43  a). 

par  {m-\^  n)  ^       ^ 

§  89.      The  case    v  =f{r,  t),    u  =  0,    is   also  easily   extended   to  a  shell   bounded  by 

the  cylinders  r  =  a,  r  =  a'. 

From  (37)  the  solution  is,  A  and  B  denoting  arbitrary  constants, 

t;  =  cosA;^  [AJ^{k^r)-\-BY^{k^r)] (44). 

The  surface-conditions  lead  to  equations  of  the  form 

n  (-J ]  ^  G  cos  kt  when  r  =  a, 

=  G'  cos  kt  when  r  =  a\ 
*  See  Metsenger  of  Mathematict,  Vol.  zv.,  p.  22;  or  Forsyth's  Differential  Equations,  p.  166. 
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From  this,  using  the  relations  between  successive  Bessel's,  we  find 

-ik/8{AJ,(A;/8a)  +  B7,(ifc/8a)}  =  ~    

0' 
and  a  similar  expression,  writing  a'  for  a,  =  —  

whence  we  know  A  and  B  in  terms  of  the  knowns  G  and  0\ 

For  the  free  vibrations,  putting  (?  =  0  =  (?',  and  eliminating  -4  :  £,  we  find,  as  the 
equation  giving  the  frequencies, 

J^(kl3a)Y^{kfia')-J^{kl3a')Y^{kl3a)  =  0 (46). 

For  a  very  thin  shell  this  leads  to 

an  equation  having  no  finite  root 

§  90.    The  following  seems  an  interesting  case  of  vibrations  due  to  bodily  forces. 

A  solid    infinite    cylinder,  or    one   whose    length    is    maintained  constant,  is   rotating 

about    its    axis   with    an   angular   velocity   (o,   which   is   not   a   constant    but   is  capable   of 

being  analysed   into  a  series  of  harmonic   expressions   of  the   time,  to  find  the  consequent 
vibrations  and  stresses  in  the  cylinder. 

We  may  regard  the  cylinder  as  not  rotating  but  as  acted  on  by  bodily  forces  which 
are  radial,  and  at  distance  r  from  the  axis  are  =a>V;  under  the  action  of  these  forces 
it  vibrates  radially. 

Assume  (0  =  0)^+  q)^  cos  k^t  +  a),cos  kjt-^- +  ta^  cos  kjt  ■{■ (47). 

The   equation   of  motion  is,  see   §  66, 

<Pu     1  da     u        (o^pr   _      p       (Pu 

dr^      r  dr     r*      m-\-n^m  +  ndf    "^     ^' 

putting  S  =  -7~  +  -  at  once   in   the  first  equation  of  motion  and  also  R  =  eoV. 

Now       ft)*  =  <o^  +  X(o* ^ —  '    -f  l(Ofi)j  {cos  (A:^  +  kj)  t  -^  cos  (k^  -  A:^)  t], 

i»* 

=  fl"  +  S-^  cos2A;^  +  2o>,a),cos  (kt  +  kj)  t  +  So^Oy  cos  (i,  -  kj)  t (49), 

where  ft"  =  ta^  +  ^So)," (50), 

and  j  is  any  integer  other  than  i,  including  zero  when  kj  is  supposed  to  vanish. 

The  solution  of  (48)  will  be  of  the  form 

u  =  t*o  +  2w|  cos  ikf  +  Xu^^j  cos  (A?,  -\-  kj)t'\-  Xut_j  cos  (A:,  -  k,)  t  +  U  cos  xt (51) ; 

where   u^  is  the  solution  of 

^;^  +  l*f_«  +  J^.>_=0  (52). 

dir      r  dr     r       m  -\-  n 
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^l^ cos 2k^t  the  particular  solution  of 

cPw     ldw_w      (o^pr  cos  (2k/;)  _     p      cPu  ,-«v 

dr^'^'rd;"?"*'      2(m  +  n)         m  +  »  d?  '  ®^ ^  '*^' 

and  U  cos /ct  the  solution  of 

d^u     1  du     u  _     p       d*u 
dP'^rdr     r^^m  +  n  df  ' 

which  is  suitable  for  a  solid  cylinder.      In  fact  [T  is  a  type  of  the  free  vibrations. 

Webave  --— 8^)  +  ^or (54); 

U=AJ^{K<rr)  (55), 

where  k  is  given  by  — ^-^ =  ~^- (oo), 

n  m 

where  as  usual  a*  =  — - —  . 

m  +  n 

To  determine  u^,  we  get 

^+l^_5+l^_«.+  _^P!l        0  (57). 

dr"      r  dr      r*     m -\- n     2(m  +  n) 

The  solution  is  i*,  =  -  ^-^  +  il^Jj  (2A?,ar)  (58). 

We  get   similar   results  for  the   u,^  and  w,.^  terms. 
Thus  the  complete  solution  is 

+  2  cos  (2kjk)  |.l./.  (ikflr)  -  1^}  +  2  cos  (A;.  +  k,)  t  ^A^J,  {k^^flr)  -  (j^^.j 

+  Vco8(A;.-fc,)<|^,.,/.(*:3A;^ar)  -^^Tig.}   (^9); 

where  A^,  J,,  -4,^^,  A^_j  are  constants  to  be  determined  by  the  surface-conditions. 
The  only  surface-condition  is,  see  (24),  Sect,  ix., 

(m+n)8-2n-  =  0,    when   r  =  a  (60). 

This  must  be  satisfied  independently  by  the  expressions  involving  the  different  cosines, 
and  by  the  term  independent  of  the  time. 

From  the  last  we  get  ^       fl>*(2m  +  «)  

The  type   A  cos  kUF^  {kot)  of  the  terms  derived  from  the  free  vibrations  gives  of  course 
no   term  towards  the  surface  force. 

As  an  example  of  the  others  consider  fully 

co^ikpl^AfT,(ikflr)-''^Y 
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This  gives  (m  +  «)  [|  2kflj;  (2i^)  +  2k,a  ^^]  A,  -  ^J 

therefore  by  an  elementary  property  of  consecutive  Bessel's  functions, 


CD.'WI 


^'      8ifc/almJ,(2)fc^)-nJ,(2A,aa)} ^^^^• 

Similarly  we  should  find 

A^ ^^i^ ^_=— (63). 

(A?|  +  kjf  a  {mJ^  {k^  +  k/xa)  -  w  J,  (A,  +  kjfia)] 

il,_^= ^ == (64). 

(A,  —  fc^)'  a  [mJ^  (A,  —  A,aa)  —  nJ^  {k^  —  i,aa)| 

Thus  the  complete  solution  is 

ftV        faV(2m  +  n)       .1    .  V  J  r  /      x       /  .x 
8(m  +  n)  (         m  j  iv      /        \    / 

^  cos(2fc,0  «;  r  7nJ,(2A?,ar) 1 

(2)fc,)»      2  LA,2|mJo(2A,aa)-n/,(2A/ia)}        J 

jCos^Vt*^  r 2mJ,(^T^ar) 1 

^  co8(fe,~A?,)<  ^  ^  r 2mJ,(Ar,":^A:,ar)  1 

If  any  of  the  denominators  vanish  the  corresponding  vibration  becomes  infinite. 
This  happens  if  any  one  of  the  following  series  of  equations  is  satisfied,  viz. : 

mJ^  (2ifc,aa)  -  nJ^  (2Jk,aa)  =  0, 

mJ^  (k^  +  kjOia)  -  nJ^  (k^  +  kjoa)  =  0, 

mJ^  (fci  —  kjOa)  —  nJ^  (k^  —  kjaa)  =  0. 
But  the   equation   determining  the   frequency  of   the   free  normal   vibrations  is 

mJ^  {kolo)  -  nJ^  (^aa)  =  0. 

If  then  ie=2A:„  or  ^k^-¥kj,  or  ^kt^kj,  the  corresponding  vibration  becomes  infinite; 
and  the  consequent  stresses  and  stress*  difference  also  become  infinite. 

Now   we  included   0  as   one  of  the   values   of  jy  answering  to   the   terms 

2q)q  q>^  cos  kjt,  etc.  in  cd', 

and  kj  then  stands    for    zero.       Thus    our    last   result    signifies  finally  that   if   K  =  k^  the 
vibration  becomes  infinite;  and  the  conclusions  we  have  come  to  lead   to   the  following  law. 

In  a  rotating  cylinder  if  the  angular  velocity  be  analysed  into  its  component  har- 
monics, and  if  the  frequency  of  one  of  those  harmonics  or  double  its  frequency,  or  if 
the  sum  or  the  difference  of  the  frequencies  of  two  of  the  harmonics  coincide  with  the 
frequency   of  one   of  the   radial   vibrations   natural   to   the   cylinder,  then  the  corresponding 
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radial  vibration  will  become  infinite,  and  the  tendency  to  rupture  will  also  become  in- 
finite. A  near  approach  to  coincidence  will  similarly  cause  a  large  radial  vibration  and 
a  great  tendency  to  rupture. 

The  forced  vibration  of  frequency   ^-  A?,    is    proportional    to    ©^,  while    those  of  the 

frequencies  ^— .  2fc„   ^—  (fc,  -f  L)   and  -^  (fc,  —  kj),    where    j    is   now    other    than    zero,    are 
Zir  2tTr  Air 

({uite   independent  of  to^. 

Thus   when    the   cylinder  is  being  very  rapidly   rotated   the  first  is  in   general   much 
the  most  important. 

These  results  seem  not  unlikely  to  throw  light  on  the  dangers  attending  the  working 
of  some  kinds  of  machinery. 


SECTION   XIII. 

Equilibrium  of  a  finite  cylinder  under  purely  surface  forces. 

§  91.  In  now  proceeding  to  consider  the  equilibrium  of  a  right  circular  cylinder 
finite  in  all  dimensions,  let  us  as  a  preliminary  briefly  regard  the  differential  equation 

This  differs  from  the  ordinary  Bessel's  equation  only  in  the  sign  of  k^,  and  conse- 
quently the  two  solutions  may  be  conveniently  written  under  the  forms 

J,{kxJ'^)    and     Y.ikxJ'^Y 

The  second  solution  is  infinite  when  a?  =  0  and  would  be  required  only  for  a  hollow 
cylinder.  We  shall  here  consider  only  solid  cylinders  and  so  may  confine  our  attention 
to  the  former  solution.  This  may  be  expanded  in  a  series  differing  from  J^  {kx)  only 
in  the  fact  that  all  the  terms  are  of  the  same  sign.  It  contains  only  consecutive  odd 
or  even  powers  of  kxJ  —  1,  and  thus  by  the  selection  of  a  proper  constant  multiplier 
may  be  regarded   as   altogether  real.     In  our   subsequent  work  we  may  suppose  this  to  be 


the 


case.      Let  us  denote        , -r- 1/< (At  V— 1)  by  J/(^r^/-l),  so  that  J- 1  J^{krJ—l) 

may  be  regarded  as  wholly  real  if  J,  (At  V  - 1)  is  so.  It  will  also  be  useful  to  notice 
that  if  Ji(krJ—l)  be  defined  as  the  form  taken  by  Ji(kr)  when  k/J^  is  written  for 
k,  so  that  it  is  now  no  longer  necessarily  real,  we  get  relations  among  these  consecutive 
functions  exactly  similar  to  the  well-known  relations  for  the  Bessel's,  viz.  to 

j;(&r)  =  g{J-,.,(*r)+J„(*r))|  ■  ^^^ 
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§  92.     Supposing  no  bodily  forces  to  act,  the  internal  equations  of  equUibrium  are, 
see  Sect.  IX., 

(^  +  „)^_-„_  +  „_  =  0 (2), 

("»  +  «)-5-^-«d^+«^  =  0 (3), 

,     ^   ,     dS        di3^     da     „  ... 

(^  +  „), __„_+„  _  =  0  (4); 

a  =  n-%_l|,J  (5, 

^=KS-^) («>• 

^=H-d?-^") <«)• 

Differentiate  (2)   with    respect    to  r,   (3)  with  respect    to  0,  and   (4)   with  respect  to 
z;  then  adding  we  get 

d'S  .1  dS     1  d*S    d'B    -  ,«, 

dr^  +  ^dr  +  f'd^-^d?"^  (^>- 

§  93.    Assuming  S  =  2  cos  i^f^  (r)/,  (-ar), 

where  /^(r),  f^i^:)  are  respectively  Ainctions  of  r  only  and  of  2^  only,  we   easily  find  as  a 
type  of  the  solution 

S  =  cosid[J,(fcr)(ilco8hi£r  +  J5sinhA?«)  +  /,(*?'>/~l)(CcosA;«  +  2)sinfc^)] (10), 

where  A,  B,  Cy  D  Bie  arbitrary  constants. 

An  exactly  similar  series  in  sines  of  multiples  of  0  of  course  exists. 

From  (4),  (5),  (6)  and  (7)  we  get 

d^-'^rd;^'^?d0^-^d?^''nTz='n'''''^^'^*^^^^^''''^^^ 

-\- J,{kr  J~1)(D COB kjg  -C  Bin  kz)] (11). 

By   treating   (11)   in  diflferent  ways    we   get    two    different    particular   solutions    which 
seem   adapted  for  application  to  different  problems  and  will  be  considered  separately. 

In   either  case   we  must  suppose  w  to    depend    on    cos  id   and   so    may  replace   -j^^ 
by  —}^w:    Thus  let  us  assume 


w 
cos 


-^=^  vJ  (A  sinh  kz-\-  B  cosh  kz)  +  «;"  (D  coskz-^C  sin  kz) ; 
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then  V)',  w"  are  determined  as  functions  of  r  by 

dV  .  1  dw' 
dr* 


^'  .  1  dw" 
dr* 


Using  the  Bessel's  equation,  it  is  easily  seen  that 

,      m       d  J  ,,  , 

«'  =  2;iA**d;'^'<*^)' 

similarly  ^"  =  .  ^  r  £j,ikr  J~l). 

Thus  form  (i)  of  the  particular  solution  of  (11)  is 

r       J 

w  =  ^-rcosid  \r  -pJt{kr){Aaiuhkz  +  B  coshfcjr) 

+  r^J,(kr  J^){C  sin  kz^Dcoskz)]  (12). 

For  that  part  of  the  general  solution  of  (11)  depending  on  cos  iO  we  have  obviously, 
referring  to  (9),  terms  similar  to  (10). 

Thus  as  a  type  of  the  complete  value  of  w  we  get 

w  =  cosi^    9~icV  TT"^*^^^  (4sinhA;-er  +  -Bcoshfc-ar) 

+  r  J-  j;  (At  V^)  (C  sin  A?z  -  D  cos  kzn 

+  JA}cT){A'mihkz  +  B'coahkz)  +  JAhrJ^)(C'Bmkz-tiycoBkz)\  (13), 

where  A\  By  C\  B  are  constants. 

Substituting  from  (6),  (7)  and  (8)  for  gl,  i8  and  ©  in  (2)  and  (3),  and  then  for  -^ 
from  (5),  and  lastly  introducing  the  typical  value  (10)  for  S,  we  obtain  two  differential 
equations  of  the  second  order  in  u  and  v.  In  the  first,  v  appears  only  as  -jh  »  ^^^  "^ 
the   second    u    appears   only  as  t^.      For    a   typical    solution   answering  to   (10)   and  (12) 

assuming  u  oc  cos  id  and  t; «  sin  id^  and  eliminating  v  between  the  two  equations,  we  get 
a  differential  equation   of  the   fourth   order  to  determine  t*  as  a  function  of  r  and  z. 

So  far  as  «  is  concerned  the  solution  will  consist,  as  in  the  case  of  w,  partly  of 
exponential  and   partly    of  circular  functions.      In  obtaining  the  corresponding  functions  of 

r  we  may  replace  ^p  ^7  +  ^  ^^  ^^  fi"^*  <»8©>  ^^^  by  —  A;"  in  the  second.  The  conse- 
quent differential  equations  of  the  fourth  order  in  r  may  be  regarded  as  resulting  from 
the  successive  application  of  two  operators*  in  the  one  case  such  as  occur  in  Bessels 
equations  of  orders   i  — 1  and  i+1,  in  the  other   case  such   as  occur  in  the  corresponding 
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equations  where  k  is  imaginary.      It  may  thus  be   deduced  that  the   solution   giving  the 
typical  term  is 

u  =  cos  id  l  —  ^\rJ^(kr){A  coBhkz'\-BAo3ikz)  +  rJi(krJ—l)(Ccoskz  +  D8mkzn 

+  -  Ji  (At)  (A^  cosh  kz  +  B^  sinh  kz)  +  t-  «/i  (kr)  (A^'  cosh  kz  +  B,'  sinh  kz) 

+  lji(krJ^)(C^coskz  +  D,mikz)  +  ^J,{k^J~l)(C;  COS  kz  +  D,' 8m 

where  A^,  B^,  A^,  B/,  C^,  D^,  C/,  D/  are  constants. 

A   similar  treatment  leads  to  a  corresponding  differential  equation  of  the  fourth  order 
in   V,   which   is   however  much   simpler  than   that   in  t^  as  the  right-hand  side  vanishes. 

The  typical  solution  is 

V  =  sin  id    -  J,  (kr)  {A^  cosh  kz  +  B,'  sinh  kz)  +  j-  «/i  (kr)  (4,  cosh  kz  +  B^  sinh  kz) 

■h^  JAkr  J^l) (C^' cos kz  +  D^' sin kz)  +  ^J,{h' J- I) (^^^  (15), 

where  A^\  B^\  il,,  5,,  C,',  D,',  C^,  2),  are  constants. 

The  constants   we   have   introduced  in   (10),  (13),  (14)   and  (15)  are   not  all  arbitrary, 
as  the  existence  of  the  identity  (5)  necessitates  the  following  relations: 

^*==-A:  =  ^JA{m  +  n)-nkA'} 


_]_ 
k'n ' 


^'  =  -B,'  =  ^[B{m  +  n)-nkB\ 
iB,  =  -B, 


.(16). 


u  ==  cos  1 


i(7.  =  -Cr. 

Thus  the  solutions  iu  u  and  v  are 

I  iO    J,  {kr)  I  - 1-  r  (J.  cosh  kz  +  B  sinh  )fe«)  +  -  (^,  cosh  kz  +  B,  sinh  ^*)|- 

—  j^^j-Ji  (^)  ](4  ni  +  n  —  nifc^')  cosh  kz  +  (Bin+n  —  nkB)  sinh  i-^^ r 

+  J,{krJ-l)  |-^  r((7co8A;«  + jDsinA!«)+  -(0,  cos  iz +  2),  sin  A:«j[ 

+  i  T.J,(ifcr^/^)|((7  m+^-nJfcC')co8ifc«  +  (I>  ^TTn  +nA;i)')siD  kz\]  ....(17), 
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V  =  sin  10    ^^ — -  \(A  mTn - rJcA')  cosh  kz  +  {Bm  +  n- nkB) sinh hz\ 
—  -7  T-  t/i  (Jcr)  {A^  cosh  kz  +  B^  sinh  kz) 

-J  J.JX*^>/^)(^iCosJfc^  +  D,8infc)J (18). 

A  type  of  the  complete  solution  of  the  internal  equations  is  thus  supplied  by  (17), 
(18)  and  (13). 

§  94.  For  the  special  case  t  =  0  the  equations  are  much  simplified.  The  expression 
for  V  is  quite  ii)dependent  of  those  for  n  and  w  and  is  to  be  considered  separately. 

The  tjrpical  solution  may  be  easily  seen  to  be 
tf  =  - 1/"^  (At)  -^r  {A  cosh  kz-^-B  sinh  kz) 

-^^^J,{kr)\[A{m^'n)^nkA']cofAikz^^ 

—  Jo(kr  J  "  1)  -^  r  (0  coskz  -{-  D  sin  kz) 

^¥ndr  (•^o*^>/-^)  I  {C^(w  +  ^) - ^^]  cos  kz  +  {D (m  +  n)  +  nkU]  sin kz\ (19), 

w  =  ^-L  ^  ;7"  *^«  ^^^  ^'^  ®^°^  i-f  +  5  cosh  kz)  -f-  J"^  (A:r)  (J?*  cosh  kz  +  -4.'  sinh  kz) 
+  2^^r^J-^(AT>/^)  (Csin*^-i)oosfc^  +  t7o(AT7-^)(^'cosA;^  +  (7'sin*^)  ....(20), 

S  =  «/^(Ar)(ilcosh^«r  +  Bsinhi-^)  +  J^(ir^/^)((7cos&2r^-JDsinJfc^) (21). 

For  t;  there  is  the  independent  typical  solution,  deducible  from  (3)  directly  by  supposing 
u  and  w  to  vanish  and  v  to  be  independent  of  6, 

»  =  j;  (Jfcr)  (iP'cosh  Jb  +  ^sinh  kz)  +  J^  (JcrJ^)  (iV  cos  kz  +  JV^sinifcir)  (22), 

where  E,  E\  N,  N'  are  arbiti-ary  constants. 

If  there  be  symmetry  about  the  central  section  -^  =  0  we  must  take  in  these  equations 
5,  i),  5',  D\  E,  N  bH  zero;  for  w  must  change  sign  with  z,  and  u  and  t;  must  not. 
In  this  case  the  expressions  are  thus  much  simplified. 

The  terms  in  the  solution  involving  exponential  and  circular  functions  occur  separately, 
and  seem  suitable  for  application  to  distinct  problems. 
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§  95.    The  surface-conditions  are  given  in  equations   (24) — (29),  Sect  ix. 

The  solution  obtained  above  is  not  in  general  capable  of  satisfying  these  when  the 
surface-forces  are  given  arbitrarily. 

For  instance,  supposing  j^  =  0  a  plane  of  symmetry  which  includes  the  case  when  it 
is  held  so  that  w  only  vanishes  with  z,  it  is  possible  from  the  solution  to  satisfy  the 
condition  that  the  curved  surface  of  the  cylinder  shall  be  exposed  to  any  system  of  purely 
normal  forces. 

But  the  arbitraries  left  limit  us  to  a  choice  o(  two  alternatives,  either  an  accom- 
panying perfectly  determinate  system  of  t^mgential  forces  on  the  curved  surfiace,  or  a 
determinate  system  of  normal  tractions  on  the  flat  ends. 

§  96.  The  most  manageable  part  of  the  solution  seems  to  be  that  given  in  equation 
(22).  Confining  ourselves  to  the  case  when  v  vanishes  over  the  plane  zs=sO,  and  taking 
first  the  circular  function,  we  have  as  a  type 

v=^NsmkzJ,{hr^J^) (22  a). 

The  surface-stresses  are,  on  the  curved  surface  r  =  a, 

G^^Re^nr^^  --nkN  J-lJ^{ka  J-l)  six}  kz (23); 

on  the  flat  end  z  =  l, 

G^Z9  =  n^^  =  nkNJ,{krJ~l)co&kl (24); 

on  the  flat  end  ^  =  0,  Q-^  Z^^nkNJ^ikrJ-^) (24  a). 

By  taking  i  =  (2i  +  l)^,   where   %  is  any  integer,    we    get    rid    of   all  surface-forces 

except  those  on  the  end  z^O  and  R$  on  the  curved  surface.  Thus  from  (23)  we  can 
determine  N  so  that  (22  a)  may  represent  the  solution  for  the  case  of  a  cylinder,  one 
end  of  which  is  held,  over  whose  curved  surface  there  is  applied  any  distribution  of 
tangential  forces  which  act  perpendicularly  to  the  axis  and  are  symmetrical  round  it. 

N  is  real  or  imaginary  according  as  J^{kr  J^-V)  is  real  or  imaginary,  i.e.  according 
as  J,(i^N/^)  is  imaginary  or  real. 

Since  all  the  terms  of  J^(kaJ^^)  have  the  same  sign  it  cannot  vanish  for  a  finite 
real  value  of  k,  and  so  we  cannot  from  (23)  and  (24)  make  Rg  vanish  over  the  curved 
surface,  and  Z^  arbitrary  over  the  flat  ends.  This  we  can  accomplish  however  by  using 
the  exponential  part  of  (22),  viz.  the  type 

v=^EsinhkzJ^{kr) (22  b). 

The  surface-forces  are,  on  the  curved  surface 

G^R0  =  -nkEsmhkzJ^{ka) (25); 

on  the  flat  end  z^l,  0  =^  Ze  =  nkE  cosh  klJ^  {kr) (26); 

OP  the  flat  end  ^  =  0,  G  =  Ze=  nkEJ^{kr) (26  b). 

47—2 
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By  taking  for  k  the  roots  of  /,  (ka)  =  0  we  can  thus  get  rid  of  the  tangential  force 
on  the  curved  8ur£su^. 

It  is  also  easily  proved  that  if  k  and  if  be  any  two  of  those  roots,  then 

j''rJ,{kr)J^(k'r)dr  =  0. 

We  can  thus  expand  functions  of  r  in  a  series  of  terms  Ji{kr)  by  the  usual  method 
and  thus  solve  the  case  where,  over  a  flat  end  of  a  cylinder,  whose  other  end  is 
held,  there  are  applied  arbitrary  tangential  forces,  symmetrical  round  the  axis,  perpen- 
dicular to  the  radius  vector  at  every  point.  This  solution  would  thus  have  an  extensive 
application  to  the  more  complicated  forms  of  torsion  in  circular  cylinders. 

As  an  example  suppose  a  torsional  force  2V  over  the  end  z^l 

I ,    SftBPQ^^  ^^  expanded  in  a  series  'S,nkE  cosh  kl  J^  (kr),  where  A;  is  a  root  of 

J^(ka)=0. 
Then  to  determine  E,  we  have 

Enkcoahkl  rr{J^{kr)Ydr  =  T  rr*J^{kr)dr (27), 

^0  Jo 

In  the  right-hand  side  of  (27)   using  the  Bessel's  equation    and  the  relation 

J-;(Ar)  =  -J,(*r), 
and  integrating  by  parts,  we  find 

JV/,(AT)dr  =  p{3J,(M-*«</t'(fca)}+^  (28). 

But  since  J^{ka)  =  0,  we  have 

and  the  right-hand  side  of  (28)  reduces  to  -r  J^  {ka). 
Thus  using  the  result* 

2f'r  {J.(Ar)}»dr-o'  [{/.'  (ka)}'  +  (l  -  -^.)  {.7.(M}']  , 
and  the  above  values  of  J^  (ka)  and  J/  {ka),  we  finally  obtain 

E  = 8r__. 

nk*J^  {ka)  cosh  kl ' 
whence  the  solution  is 

_8T^  J,  (At)  sinh  J!?^ 
^       n   ^  k* J,  (ka)  cosh  kl  (^^>' 

where  the  summation  includes  all  values  of  k  satisfying 

J,(A;a)  =  0 (30). 

•  Lord  Bayleigh'8  Sound,  Vol.  I.  Equation  (16),  p.  270. 
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The  stresses  at  any  point  (r,  z)  in  the  cylinder  are 

ij,,_8r2AM«Eh^ cii), 

y2^<^?^?^ (32). 

A*/^  (Ara)  cosh  AZ  ^     ^ 

§  97.    We  now  proceed  to  the  second  form  of  solution. 

Returning  to  (11),  the  general  solution  is  the  same  as  before,  while  the  particular 
solution  consists  of  two  parts,  the  one  depending  on  Jt(kr\  the  other  on  J^{krJ—\), 
For  the  first  part  assume  ta  x  cos  %0J^  (kr) ;  then  to  determine  tc;  as  a  function  of  z, 
we  have 

-T^  —  J<^w  =  —  fc—  (-4.  sinh  kz  +  B  cosh  kz)  cos  idJt{kr); 


of  which  a  solution  is 


u;  =  —  -^  (4  cosh  kz  +  B  sinh  kz)  cos  iOJt  (kr). 


For  the  second  part  we  get 

w  =  —  -^  (D  sin  kz  +  G  coskz)  cos  idJ^  (kr  J—  1) ; 
therefore  the  type  of  the  complete  solution  is 

w  —  cos  %0   Ji  (kr)  l^'  cosh  kz  +  A'  sinh  kz  —  ^'i^  ^^^^  kz-\-  B  sinh  kz)> 

-\-J,(krJ~l){iyQOBkz-¥C'mikz-  ^ ((7 cos  A;^  +  D sin  Ar^)l  | (.33). 

In  obtaining  u  and  v  the  method    to    be  adopted   closely    resembles    that    sketched 
out  in  treating  the  first  form  of  solution.     It  leads  to  the  typical  solution 

./if     d    r^i  ,  fil(m+2n)-2tiA:^'       .  ,        B(m+2n)^2nkB  .  ,  , 
u  =  cost<?  \-^^J.(hr)  1^ ^- cosh  A.^  -r ^j^^ smh  Az 

4.  ^  (^  sinh  kz^-B  cosh  kz)\  +  -  J^  (kr)  (A.  cosh  kz  -f  A  sinh  kz) 
2nk^  )      ^ 

d   r /I      ,-^,  (0(m  +  2n)-2nfcG'        ,     ,  D(m  +  2n)  +  2nkiy   .    , 
+  ^^Mkr  7-1)  [-^ ^ cos  kz  +  -^—^i^ sm  kz 

«^(asinfc^-i)cosA;^)l+^  J,(ir7^1)(C,cosA:«  +AsinAr^)l  (34), 

.     .^R    ^  ..  ,fil(m4-2w)-2nJfcA'       ,   ,        £ (m  +  2n)  -  2nA:5'  .  ,  , 
.  =  sini^[-J,(AT)|-i ^ coshfo+-^— 2i4^ smhA:.  ^ 

+  ^AA  Binhkz  +  B coQhkz)\  -^j^Ji  (M  (A,  cosh  kz  +  B^  sinh  kz) 

i  ^   ,      , —  (G(mi'2n)-2nkC'       ,       i)(m  +  2n)  +  2nA?iy   .    ,        mz  ,^  .    .       j.       ,  J 
-lJii'^'J-^)\^         2L ^^f^^- 2k smkz^^j^iCsmkz-^Dcoskz)^ 

^l^J^(krJ^)(aGOskz  +  D,smkz)]  (35), 

I  dr  J 
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For  the  case  of  symmetry  about  the  plane  jp  =  0   we  have 

5  =  D  =  5^  =  2)'  =  5,  =  D,  =  0, 
and  tlie  equations  are  much  shortened. 

It   will  be  noticed  how  simple  is  the  relation  between  u  and  v  in  this  solution. 

§  98.     For  the  special  case  i  =  0,  we  have  the  type 
N  =  -  ^^^  J,  (At)  ]     ^        2l^n '    2l/n smhfc2r+  ^A  smhfc2r+£coshiz)| 

fi                      (C(m  +  2n)-2nJcC'       ,     .  2)  (m  +  2;i)  +  Sn&D'  .    ,        mz  .^  .    ,        y.       ,   J 
j/.(krj^l)\~^ 2lh '"^^'^  2Jn smfc^-^^-^Casmfc.- 2>cosfe)} 

(36). 

(  7TL2S  I 

=  Jq (At)  \B  cosh  kz^-A'  sinh  i^r  —  ^  (4  cosh  kz-\-  B  sinh  ifc^)S 

+  J,(At V-n;)|zy cos kz  +  C'sin kz-^^iCcoB fc<2  +  2) sin i^)l  (37), 

8==J^(AT)(ilcoshA:^  +  58inhifc^)  +  /o(*^>/~l)(C^co8*^  +  -D8inA:ir) ...(38). 

The  independent  solution  in  v  is  the  same  as  by  the  former  method. 

In  the  case  of  symmetry  about  the  plane  z=^0,  we  have  B,  D,  B*,  2)',  B,,  2)^  all 
zero  as  before.  Of  course  there  is  absolutely  no  connection  between  the  constants  in 
the  two  different  forms  of  the  solution,  the  same  letters  being  used  merely  to  shew  that 
the    two  are  not  distinct  solutions. 

The  difficulties  in  dealing  with  the  surSeu^e-conditions  are  exactly  analogous  to  those 
occurring  in  the  first  form  of  solution. 

§  99.  A  special  case  of  (36)  and  (37)  which  seems  of  interest  occurs  when  the 
cylinder  extends  to  infinity  and  is  subjected  to  normal  forces  on  the  plane  end  z==^0. 
In  the  equations  referred  to  suppose  B  =  -A  and  B!^--A\  then  the  solution  in  ex- 
ponentials  is  typefied  by 

d    r  /I  \  'kz  (A(m±2n) -  2nkA'     Amz\  ,„^^^ 

"--j/.(^)^^|     ^       2A.'n -m (39). 

«,  =  -J.(AT)e-(4'+^) ; (40). 

Z^Ae^-Jtikr) (41). 

The   stresses  are 

(m-w)S  +  2n^  =  e-*'J,(*r){2»wfc4Sf-^(m*5-n)} (42), 
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(m  -  n)  S  +  2n  ^  =  c'*"  f/,  (At)  {A  (2m  +  n  -  m*^;)  -  2nkA') 

By  taking  k  such  that  J^{ka)  =  0,  we  get  rid  of  the  tangential  traction  over  the  curved 

surface    r^a\    and    by   putting    A' ^A    ^  ,      we    get    rid    of    the   tangential   traction   on 

the  end    z^O.      The   normal    traction    on  the  flat  end  z^O  is  then  simply   AmJ^^{kr) -^ 
and,  as  J^'  (ka)  =  0,   the  normal  pressure  on  the  curved  surface  reduces  to 

-^mJ,(Jfca)6-*'(l-Jfc^)  (45). 

If  k  be   large  this  last  expression  diminishes   rapidly  as  z  increases. 

Since  J^^kaj^O  we  can  expand  any  function  of  r  in  a  series  of  Bessels  of  which 
J^ikr)  is  a  type,  and  thus  this  solution  would  apply  to  the  most  general  symmetrical 
distribution  of  normal  tractions  or  pressures  over  the  flat  end  of  the  cylinder.  Writing 
in  the  value  of  A',  the  solution  is 

A    .^  /-      mkz\ 


»-i'-(i-=f)-'.<^-' («)■ 

»-a'-"(>+?^^)''-w '"'■ 


It  is  obvious  that  the  strains  and  stresses  become  very  small,  and  may  be  neglected 
at  considerable  distances  from  the  bounding  plane  z  =  0,  especially  for  the  larger  values 
of  k.  Since  the  equation  determining  k  gives  certain  constant  values  for  ka,  the  solution 
would  be  particularly  suitable  to  the  case  of  a  cylinder  of  small  radius. 


EBBATA. 

p.  260,  eqiuticm  (12),  insert  -^  in  the  two  last  terms. 

p.  297,  equation  (30),  read  (-for  2. 

p.  296,  equation  (33),  read  J  for  2  in  the  last  term. 
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XIIL     On  Solution  and  Crystallization.     By  G.   D.  Liv£1nQ|  M.A.,  Professor  of 
Chemistry  in  the  University  of  Cambridge. 

[Read  May   21,    1888.] 

The  nature  of  solution  had  often  occupied  the  attention  of  chemists,  because  the 
homogeneous  character  of  a  solution  and  the  definite  proportions  of  saturated  solutions  at 
given  temperatures  point  plainly  to  an  analogy  between  solution  and  chemical  combina- 
tion. Moreover  many  substances  certainly  form  chemical  compounds  with  water,  alcohol, 
&c.,  and  there  is  no  reason  why  there  should  not  be,  at  ordinary  temperatures,  liquid  as 
well  as  solid  compounds  of  this  kind.  The  heat  evolved  in  the  dilution  of  many  solutions 
has  also  been  supposed  to  indicate  a  concurrent  chemical  action;  and  the  fact  that  such 
an  evolution  is  most  marked  on  adding  water  to  solutions  of  those  salts  which  form 
solid  crystallized  hydrates  lends  support  to  that  supposition.  The  gradual  variation  in 
the  amount  of  the  substance  which  will  saturate  a  given  menstruum  when  the  tempera- 
ture is  gradually  varied  is  the  great  stumblingblock  in  the  way  of  the  theory  of  chemical 
combination  in  solution,  though  this  may  be  pretty  well  matched  by  the  gradual  dis- 
sociation of  many  chemical  compounds  by  a  rise  of  temperature.  Nevertheless  though 
chemical  action  doubtless  produces  its  own  effects  in  some  solutions,  and  it  is  probable 
that  some  substances  will  not  dissolve  without  combining  with  the  solvent,  the  regular 
course  of  solution  seems  capable  of  explanation  as  the  result  of  the  molecular  energies 
which  we  see  displayed  in  surface  tension.  Between  two  liquids  which  mix  with  each 
other  in  all  proportions  there  is  no  surface  tension,  and  it  is  well  known  that  the  surface 
tension  of  liquids  varies  when  substances  are  dissolved  in  the  liquids.  If  we  consider  the 
case  of  water  and  ether;  as  the  water  dissolves  some  of  the  ether  and  the  ether  dis- 
solves some  of  the  water  the  surface  tension  at  the  junction  increases,  and  when  it  has 
acquired  a  certain  value  solution  ceases.  That  value  must  be  such  that  the  entropy  is 
a  maximum,  and  this  is  probably  the  case,  supposing  the  temperature  constant,  when 
the  increase  of  entropy  by  interdiffusion  of  the  liquids  is  balanced  by  the  diminution  of 
entropy  in  the  increased  surface  energy.  That  an  increase  of  entropy  attends  solution  is 
certain  because  work  has  to  be  done  on  a  solution  in  order  to  separate  the  substance 
dissolved  from  the  solvent  Either  the  latter  has  to  be  evaporated  away,  or  cooled  below 
the  temperature  of  the  surroundings  (supposing  it  in  thermal  equilibrium  with  its  sur- 
roundings to  begin  with),  or  something  has  to  be  done  which  implies  work.  The  more 
completely  two  liquids  are  miscible  the  smaller  will  be  the  dissipation  of  energy  which 
could   be  effected  if  we  supposed  that  their  interdiffusion   were  carried  beyond  the  point 
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of  saturation,  and  the  smaller  therefore  the  surface  tension  which  will  balance  the 
tendency  to  such  further  interdiffusion.  Thus  when  hydrochloric  acid,  or  hydriodic  acid, 
is  dissolved  in  water,  the  stronger  the  solution  the  less  is  the  amount  of  heat  evolved 
when  more  hydrochloric  or  hydriodic  acid  is  dissolved  in  it;  that  is  to  say  the  dissipa- 
tion due  to  solution  diminishes  as  the  strength  of  the  solution  increases.  This  accords 
with  Quincke's  observation  that  the  more  freely  two  liquids  are  miscible  the  smaller  is  the 
surface  tension  between  them. 

If  the  substance  dissolved  be  solid  instead  of  liquid  the  change  of  entropy  due  to  its 
liquefaction  will  have  to  be  taken  into  account,  but  the  point  of  saturation  at  a  given 
temperature  will  still  be  determined  by  the  consideration  that  the  increase  of  entropy 
due  to  further  solution  is  balanced  by  the  diminution  arising  from  increased  surfsice 
tension.  A  change  of  temperature  will  affect  both  the  surface  tension  and  the  amount 
of  change  of  entropy  due  to  liquefaction,  and  will  consequently  affect  the  point  of 
saturation.  The  greater  the  surface  tension  at  the  junction  of  the  substance  with  the 
solvent  the  greater  must  be  the  availability  of  the  energy  necessary  to  increase  that 
surface  tension  and  the  more  difficult  will  it  be  to  increase  the  amount  of  the  substance 
dissolved.  If  the  substance  is  more  soluble  at  higher  temperatures,  and  if,  after  the 
solution  has  been  saturated  at  a  given  temperature,  the  temperature  be  subsequently 
lowered,  there  will  be  a  tendency  to  a  reverse  action,  to  a  deposition  of  part  of  the 
substance  in  the  solid  state.  But  this  cail  only  occur  when  this  deposition  mil  be 
attended  mth  an  immediate  increase  of  entropy.  If  there  is  in  the  solution  a  piece  of 
the  undissolved  solid  deposition  can  occur  upon  this  without  the  development  of  any  new 
surface  tension,  since  the  new  surface  will  be  of  the  same  kind  as  the  old  and  only  a  very 
little  larger,  and  there  will  be  no  surface  tension  between  the  new  deposit  and  the  mass  on 
which  it  is  deposited;  and  this  will  therefore  afford  the  most  favourable  circumstance  for 
the  depletion  of  the  solution.  The  entropy  will  continuously  increase  until  the  point  of 
saturation  corresponding  to  the  temperature  is  reached.  If  there  be  no  undissolved  portion 
of  the  substance  in  the  liquid  deposition  may  occur  at  any  place  where  the  solution  comes 
in  contact  with  anything  else,  provided  the  replacement  of  the  surface  tension  at  that  place 
by  the  two  new  surface  tensions  produced  by  the  deposition  is  attended  with  an  increase 
of  entropy.  When  once  a  deposit  has  been  formed  there  m\ist  be  a  tendency  for  this 
deposit  to  grow  rather  than  for  new  deposits  to  be  formed,  for  the  reason  above  given. 
The  formation  of  a  new  surface  in  the  interior  of  a  uniform  liquid  means  a  storage  of 
energy  which  may  exceed  the  availability  of  the  energies  in  the  neighbourhood,  that  is  to 
say  the  immediate  result  of  the  formation  of  such  a  new  surface  may  be  a  diminution 
of  entropy.  Nevertheless  the  diminution  of  entropy  by  the  formation  of  the  new  surface 
may  be  so  small  in  some  cases  that  a  trifling  mechanical  disturbance  in  the  liquid  may 
suffice  to  render  the  necessary  amount  of  energy  available  to  produce  the  deposition.  All 
this  is  in  agreement  with  what  is  observed  in  super-saturated  solutions.  These  remarks 
about  the  formation  of  a  new  surface  in  the  interior  of  a  solution  will  apply  also  to 
the  deposition  at  any  part  of  the  solution  where  it  is  in  contact  with  another  substance, 
if  it  happened  that  there  would  be  at  first  a  loss  of  entropy  by  a  deposition  at  that 
place.    The  immediate  loss  may  be  very  small   and  the  mechanical  action  of  rubbing  the 
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surface,  as  by  rubbing  a  glass  rod  against  the  side  of  the  vessel  containing  the  solution, 
may  suffice  to  supply  energy  enough  in  a  form  available  to  cany  the  change  past  the  point 
of  minimum  entropy. 

Whenever  a  substance  separates  out  of  a  solution  the  new  arrangement  of  the  mass 
must,  if  there  be  equilibrium,  be  such  that  the  entropy  is  a  maximum,  and  so  far  as  the 
external  surface  is  concerned  it  must  tend  to  take  such  a  shape  as  shall  make  the  surface 
energy  a  minimum.  If  it  separate  in  the  fluid  state  it  will  generally  appear  in  spherical 
drops,  which  have  the  minimum  surface  for  their  mass.  If  it  separate  in  the  solid  state 
and  be  a  crystallizable  substance  the  arrangement  of  the  particles  throughout  the  mass 
must  be  crystalline,  because  the  tendency  of  crystalloids  to  take  the  crystalline  structure 
is  a  proof  that  such  an  arrangement  of  the  particles  corresponds  to  a  maximum  entropy. 
A  crystalline  arrangement  of  the  particles  is  however  consistent  with  any  external  form, 
yet  it  is  a  rare  thing  that  we  find  a  crystalloid  separating  from  a  solution  in  globular 
masses.  We  must  therefore  conclude  that  when  there  is  a  crystalline  arrangement  of  the 
particles  the  surface  tension  is  a  minimum  in  planes  bearing  certain  relations  to  the 
arrangement  of  the  particles.  In  liquids  we  suppose  the  molecules  to  have  a  certain 
freedom  of  motion  amongst  themselves  whereby  diffusion  occurs,  but  in  solids  the  freedom 
is  restricted  so  that  we  suppose  each  molecule,  though  capable  of  considerable  motion, 
to  maintain  on  the  average  the  same  relative  position  to  the  other  molecules.  This 
makes  a  definite  arrangement  of  the  molecules  possible,  and  the  optical  and  other  pro- 
perties of  crystals  render  such  an  arrangement  almost  a  certainty. 

If  then  a  crystalloid  separates  from  solution  in  the  solid  form  its  molecules  arrange 
themselves  in  a  definite  way  depending  on  their  mutual  actions,  and  the  external  surface 
of  the  solid  assumes  su(^  a  shape  that  its  surface  energy  is  a  minimum. 

Also,  if  the  surface  tension  tend  to  contract  the  surface,  the  surface  energy  per  unit  of 
area  will,  ceteris  paribus,  be  a  minimum  when  the  approonmation  of  the  molecules  of  the  sur- 
face  to  one  another  is  a  maximum. 

The  application  of  these  principles  gives  us,  as  I  hope  to  shew,  a  solution  to  a  first,  and 
near,  approximation  of  the  problems  of  the  external  shape  and  of  the  cleavages  of  crystals. 

Cubic  System, 

If  the  substance  be  one  which  crystallizes  in  the  regular  system  we  may  suppose 
the  law  of  arrangement  of  the  molecules  to  be  as  foUowa  Let  space  be  supposed  divided 
into  cubes  of  a  uniform  size  by  three  sets  of  parallel  planes,  each  set  at  right  angles 
to  the  other  two,  and  suppose  each  comer  of  a  cube,  or  each  point  of  intersection  of 
three  planes,  to  be  the  mean  place  of  a  molecule  of  the  crystal.  This  arrangement 
satisfies  the  condition  imposed  by  the  isotropic  character  of  the  crystal. 

Now  of  all  surfaces  which  can  be  drawn  through  the  system  of  molecules  arranged 
in  the  way  described  the  planes  which  form  the  cubes  above  mentioned  contain  the 
greatest  number  of  molecules  per  unit  of  area. 

For  let  oa  in  fig.  I  be  one  of  the  cubes  and  consider  the  set  of  planes  parallel 
to  a  face  of  it,  bac.  The  distances  between  contiguous  molecules  in  that  plane  is  the 
least  possible  with  the  arrangement  of  molecules  supposed.  Moreover  if  we  take  in  OX, 
points  iTj,  iCj,  aTj,  &c.  successively  at  distances  all  equal  to  Ox^,  and  in  OY  points  y,,  y,,  y^, 
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&c.,  and  in  OZ  points  z^,  z^,  z^,  &a,  such  that  their  distances  from  each  other  are  all  equal 
to  Oy,  or  Oajp  every  plane  which  intersects  the  axis  OX  in  one  of  the  points  x^,  a?,,  &c., 
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the  axis  OF  in  one  of  the  points  y^^  y^,  &c,,  and  the  axis  OZ  in  one  of  the  points  z^,  0,,  &c., 
will  be  a  surface  of  maximum  concentration  of  the  molecules. 

For  returning  to  the  plane  bacy^  it  meets  a  succession  of  molecules  c,  c,,  c,,  &c.  in  the 
plane  70X,  and  a  similar  succession  in  every  one  of  the  planes  parallel  to  YOX  through 
2p  2,,  &c.  But  if  we  turn  the  plane  bacy^  through  a  very  small  angle  about  by^  it  will 
pass  through  none  of  these  molecules  except  those  which  lie  in  the  plane  ZOY,  namely 
Vi*  hj  b^y  63,  &c.,  and  it  will  pass  through  no  other  molecules  nearer  than  the  line  in  which 
it  intersects  the  plane  ZOX.  If  we  suppose  it  to  meet  OX  at  a  point  x,,  the  place  of 
one  of  the  molecules,  it  will  then  be  a  plane  of  maximum  concentration  of  molecules, 
for  if  it  be  turned  either  way  about  yfi  through  a  small  angle  the  molecule  nearest  to  yjb 
which  it  will  meet  will  be  farther  away  than  x,.  Also  the  nearer  a;,  is  to  0  the  less 
the  distance  y^x^  and  the  greater  the  concentration  in  the  plane  by^x^.  The  plane 
by^x^  will  intersect  every  one  of  the  planes  parallel  to  ZOX  in  a  row  of  molecules, 
and  the  successive  distances  of  these  rows  measured  in  the  plane  YOX  i^ill  be  all  equal 
to  y^x,. 

Moreover  the  whole  set  of  planes  drawn  through  0,  x^,  x^.,.x,..,,  all  parallel  to  by^x,, 
will  together  contain  all  the  molecules;  and  the  arrangement  of  the  molecules  in  each 
plane  of  the  set  will  be  the  same.  And  if  we  compare  two  sets  of  such  planes,  parallel 
to  by^x^  and   by^x^  respectively,  which   pass  through   unit  volume  of  the  crystal,  each  set 
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will  pass  through  all  the  molecules,  but  the  number  of  planes  out  of  each  set  which 
intersect  the  unit  volume  will  be  inversely  as  the  distance  between  the  successive  planes 
of  the  set  Hence  the  concentration  of  molecules  in  each  plane  of  a  set  will,  when  p 
varies,  be  inversely  as  the  perpendicular  distance  between  successive  planes  of  that  set. 

Similar  reasoning  will  shew  that  if  we  make  the  plane  6^^^,  revolve  about  yjX,  it 
will  come  to  successive  positions  of  maximum  concentration  as  it  intersects  OZ  in  the 
successive  points  which  are  the  positions  of  molecules.  Each  plane  z^y^Xj^  will  be  a 
plane  of  maximum  concentration,  the  whole  set  of  planes  parallel  to  it  will  contain  all 
the  molecules  of  the  mass,  and  the  concentration  in  each  plane,  when  n  is  varied,  will 
vary  inversely  as  the  perpendicular  distance  between  the  successive  planes  of  the  set. 
The  same  reasoDing  may  now  be  extended  by  supposing  the  plane  z^y^x^  to  be  turned 
about  zjJCj^y  every  plane  z^y^x^  will  be  a  plane  of  maximum  concentration,  and  the  con- 
centration when  n,  m  and  p  are  varied  will  vary  inversely  as  the  perpendicular  distance 
between  the  successive  planes  of  the  set,  which  is  the  same  as  the  length  of  the  perpen- 
dicular from  0  upon  the  nearest  plane  of  the  set,  because  every  set  has  one  plane 
through  0. 

Every  plane  c^py^z^  is  by  the  crystallographic  law  a  possible  face  of  the  crystal  and 
]f  JIf  be   the   least  common  multiple  of  p,   m  and   n,   omitting  any    one  of  them  which 

is  infinite,    —,—,-—  will  be  the  indices  of  the  face  in  Miller's  notation, 
p    m     71 

This  shews  that  for  such  an  arrangement  of  molecules  as  is  here  supposed,  plane 
surfaces  following  the  law  of  indices  will  be  surfaces  of  minimum  energy.  The  substance 
when  separating  from  solution  must  therefore  tend  to  take  a  form  bounded  by  such  plane 
surfaces. 

From  the  symmetry  of  the  arrangement  of  molecules  it  is  evident  that  any  interchange 
of  the  three  symbols  will  not  alter  the  concentration  in  the  set  of  planes  represented.  That 
is,  every  face  of  the  same  "form"  of  crystallographers  will  have  the  same  concentration 
and  therefore  the  same  surface  energy  when  in  the  same  surroundings. 

If  the  distance  Ox^  be  taken  as  the  unit  of  distance  the  perpendicular  from  0  upon 
the  plane  x^y^z^  will  be  the   reciprocal   of  a/  -« H — « +  -■  •     Also   since   the   set  of  planes 

parallel  to  x^y^z^  passes  through  every  molecule,  one  plane  of  the  set  must  pass  through  each 
of  the  molecules  x^,  x^,..x^  and  one  through  each  of  the  molecules  y^,  y2'"y«>  and  one 
through  each  of  the  molecules  z^,  z^,.,z^,  and  if  none  of  the  numbers  p,  m,  n  have  a 
common  measure  the  whole  number  of  the  set  of  planes  between  0  and  the  plane  x^y^z^ 
will  be  pmn,  and  in  general  it  will  be  M,  where  M  is  the  least  common  multiple  of  p, 
m   and    n,    so    that    the    perpendicular    distance    between    them    will    be    the    reciprocal    of 

^s/f'^^^n^'    ''''    ^^^    reciprocal    of    y  (^— j  +  (-J  +  (^-j  ,    or    if   A,   A.   I   be    the 

symbols  of  the  corresponding  face,  the  reciprocal  of  Jh}-\'k*  +  P.  We  may  designate  this 
distance  as  P. 
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For  the  cube,  100,  P  =  l, 

for  the  dodecahedron,  110,  P=  -t=, 

for  the  octahedron,  111,  P=-— , 

x/3 

for  the  tetrakishexahedron,  210,  P  =  y= , 

for  the  eikositessarahedron,  211,  P  =  -=, 

for  the  triakisoctahedron,      221,  P  =  i, 

and  so  on,  P  diminishing  as  the  indices  grow  larger,  and  the  concentration  also  diminishing 
and  the  surface  energy  consequently  increasing. 

It  should  be  observed  that  although  the  surface  energy  must  increase  as  the  concen- 
tration diminishes  it  does  not  follow  that  these  quantities  are  reciprocally  proportional : 
that  will  depend  on  the  law  of  force  between  the  molecules.  Hence  the  values  of  P 
above  given  indicate  the  order  only  and  not  the  exact  amounts  of  surface  energy  of  the 
different  planes.  It  will  be  observed  too  that  the  molecules  are  assumed  to  be  sym- 
metrical, or  to  act  on  each  other  merely  as  centres  of  force,  so  that  their  mutual  influence 
will  be  the  same  in  all  directions,  otherwise  we  should  have  to  take  into  account  the 
orientation  of  the  planes  of  each  set  as  well  as  their  relative  distances.  It  is  probable 
that  to  a  first  approximation  we  may  treat  the  molecules  as  so  symmetrical,  though  for 
the  complete  solution  of  the  problem  we  must  regard  them  as  unsymmetrical. 

Hence  supposing  that  the  substance  is  one  like  common  salt  which  crystallizes  in 
the  cubic  system,  there  must  be  a  tendency,  when  it  separates  from  solution  in  the 
solid  state,  to  assume  that  form  which  has  a  minimum  surface  energy,  and  as  the  cube 
has  the  minimum  surface  energy  per  unit  of  8urf<ice  there  is  a  tendency  on  the  part  of 
salt,  as  well  as  of  all  other  substances  that  crystallize  in  the  same  system,  to  take  the 
form  of  a  cube.  Salt  does  form  cubic  crystals,  but  other  substances  such  as  alum  whicL 
belong  to  the  same  system  crystallize  more  frequently  in  octafaedra.     How  is  this? 

The  law  of  energy  requires  the  surface  energy  of  the  whole  solid  mass  to  be  a  mini- 
mum, and  it  does  not  follow  necessarily  that  for  a  given  mass  of  the  solid  the  integral 
of  the  sur£Eu;e  energy  over  a  whole  cube  will  be  less  than  the  integral  of  the  surface 
energy  over  a  whole  octahedron  when  the  two  figures  have  equal  volumes.  In  fact  for  a 
given  volume  the  surface  of  the  cube  is  greater  than  that  of  the  octahedron  in  the  ratio 
of  ^  :  ^3  or  1'049  to  1.  Bearing  in  mind  what  has  been  indicated  above,  that  although 
the  surface  energy  must,  ceteris  paribus,  decrease  as  the  concentration  of  the  surface 
increases  we  do  not  know  as  yet  the  law  of  force  between  the  molecules  and  therefore 
cannot  tell  the  exact  ratio  in  which  the  decrease  occurs  for  any  given  increase  of  con- 
centration,  we  can   see   that  it  may   very   well   happen  that    with    salt    the    total    surface 
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energy  of  a  cube  may  be  less  than  that  of  an    octahedron   of   equal    mass,    while   with 
alum  the  reverse  may  be  true. 

Again,  by  a  combination  of  forms  we  may  easily  obtain  for  a  given  mass  a  total 
surface  much  less  than  that  of  the  cube.  Thus  by  replacing  the  edges  of  the  cube  by 
facets  of  a  dodecahedron,  and  the  comers  by  facets  of  an  octahedron,  while  retaining  the 
same  total  volume,  the  surface  will  be  sensibly  diminished.  It  will  be  noted  that  any 
form  of  which  the  surface  has  minimum  energy  will  be  a  surface  of  equilibrium  so  that 
any  of  the  forms  developed  by  the  crystallographic  law  are  possible.  When  a  crystal  has 
once  begun  to  form  there  will  be  a  tendency  in  general  to  continue  to  develop  the  same 
form,  because  the  development  of  a  face  of  any  other  form  will  imply  the  development 
of  a  surface  with  a  different  surface  energy.  Still  for  the  reasons  just  given  we  may 
have  edges  and  angles  replaced  by  surfaces  of  greater  energy  per  unit  of  area  than 
the  surfaces  of  the  primary  form.  When  one  edge  or  angle  is  replaced  however  other 
similar  edges  and  angles  will  be  similarly  modified,  for  the  following  reason.  The  tensions 
of  a  plane  surface  will  have  no  resultant  in  any  direction  out  of  that  plane,  but  at  an 
edge,  or  angle,  the  surface  tensions  will  have  a  resultant  directed  to  the  interior  of  the 
mass  and,  since  the  arrangement  of  the  molecules  is  one  of  equilibrium,  that  resultant 
must  be  equilibrated,  either  by  a  corresponding  resultant  on  the  opposite  side  of  the  crystal, 
or  by  an  equivalent  resultant  produced  by  internal  displacement  of  the  molecules.  In 
general  such  an  internal  displacement  implies  that  the  solid  is  not  formed  with  the  maxi- 
mum entropy,  and  hence  when  one  edge  or  angle  of  a  form  is  developed  all  the  others 
will  as  a  rule  be  developed,  and  all  similar  edges  and  angles  will  be  similarly  modified. 
Occasionally  the  equilibrium  may  be  attained  when  only  half  the  faces  of  a  form  are 
developed.  Thus  in  the  tetrahedron  the  resultants  due  to  opposite  edges  balance  one 
another.  Still  when  hemihedral  forms  occur  in  the  cubic  system  we  often  have  evidence 
from  the  optical  or  other  properties  of  the  crystal  that  there  is  an  internal  strain  or 
deformation  of  the  arrangement  of  molecules.  Thus  cubes  of  sodium  chlorate  which  have 
half  their  angles  replaced  by  faces  of  a  tetrahedron  rotate  the  plane  of  polarized  light, 
cubes  of  boracite  with  similar  replacements  exhibit  pyroelectricity,  and  so  on. 

Whenever  a  solid  is  broken  two  new  surfaces  are  developed  each  with  its  own  surface 
energy.  Those  surfaces  which  are  surfaces  of  minimum  energy  will  be  produced  with  the 
greater  ease.  Hence  cleavage  surfaces  of  crystals  must  follow  the  law  of  the  external 
forms  and  be  planes  of  maximum  concentration  of  molecules.  The  only  cleavages  of  crystals 
of  the  regular  system  are  parallel  either  to  the  faces  of  the  cube,  dodecahedron,  or  octa- 
hedron, which  correspond  to  the  three  greatest  degrees  of  concentration.  It  is  plain  how- 
ever, that  mere  division  is  not  quite  the  same  problem  as  the  development  of  the  complete 
bounding  surface  of  a  mass.  In  the  former  case  the  all  important  consideration  is  the 
surface  energy  per  unit  of  area  of  the  two  new  surfaces  produced,  while  in  the  latter  it 
is  the  integral  of  surface  energy  over  the  whole  solid. 

Now  for  many  crystals,  such  as  rock-salt,  galena,  cobaltine,  pyrite,  we  find  the  cubical 
cleavage  readily  obtained,  while  sometimes  a  dodecahedral  and  more  often  an  octahedral 
cleavage  is  also  obtainable,  though  less  easily.      For  these  crystals  the  arrangement  of  the 
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molecules  above  supposed  seems  adequate  to  account  for  the  facts  observed.  But  there 
are  some  crystals  of  the  cubic  system  such  as  fluor,  fahlerz,  cuprite  and  alum  which  do  not 
cleave  parallel  to  the  faces  of  a  cube  but  give,  more  or  less  easily,  an  octahedral  cleavage. 
For  them  the  planes  of  the  octahedron  must  for  some  reason  be  planes  of  less  surface 
energy  than  those  of  the  cube.  It  may  be  either  that  the  mutual  action  of  the  molecules 
is  not  the  same  in  all  directions  but  less  in  the  plane  of  the  octahedron  than  in  that  of 
the  cube,  or  that  the  arrangement  of  the  molecules  is  different  from  that  above  supposed. 

There  is  another  arrangement  of  the  molecules  in  the  crystal  which  will  equally  well 
satisfy  the  optical  requirements  of  the  problem :  this  is  to  suppose  the  molecules  to  occupy 
the  centres  of  the  several  faces  of  the  cubes  instead  of  the  angular  points  of  the  cubes. 
The  same  sets  of  planes  as  before  will  be  planes  of  maximum  condensation,  but  the 
relative  degrees  of  condensation  in  the  several  planes  will  in  some  cases  be  different.  In 
fact  the  arrangement  of  molecules  will  be  the  same  as  if  three  sets  of  molecules,  each 
set  arranged   at   the   comers   of  equal   cubes,   were   combined.     Thus   if  0,  0\  0"  (Fig.  2), 


be  the  centres  of  three  adjacent  faces  of  one  of  the  cubes  ag,  namely  0  the  centre  of 
the  face  ahfe,  0'  that  of  abed,  and  0"  that  of  adh€,  we  shall  have  one  system  of  mole- 
cules which  lie  in  the  centres  of  all  those  faces  of  the  cubes  which  are  in  the  plane 
of  abfe  or  are  parallel  to  it;  a  second  system  of  molecules,  similarly  arranged  and  at  the 
same   distances   apart,   which    lie    in    the    centres    of    all   the   faces   in   the   plane   abed  or 
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parallel  to  it;  and  a  third  system,  similar  in  all  respects  to  the  former  two,  lying  in 
the  centres  of  all  the  faces  in  the  plane  adhe  or  parallel  to  it.  Hence  for  any  set  of 
planes  belonging  to  the  first  system  and  parallel  to  a  plane  with  the  symbol  hkl  there 
will  in  general  be  a  similar  set  of  planes  parallel  to  them  belonging  to  each  of  the  other 
two  systems.  If  there  were  three  such  sets  for  all  values  of  hkl  the  relative  condensations  in 
planes  having  different  directions  would  be  the  same  as  in  the  simpler  case  first  taken.  But 
in  some  cases  two  of  the  three  sets  of  planes  coincide,  and  in  others  all  three  sets  coincide, 
and  thus  in  these  cases  the  condensation  in  the  planes  which  coincide  is  much  increased. 

Two  sets  of  the  planes  will  coincide  when 

1.  Two  of  the  indices  hkl  are  equal  to  one  another.  For  in  that  case  that  plane 
of  the  first  set  which  passes  through  x^,  z^  will  also  pass  through  0\  that  which  passes 
through  a?,,  z^  will  pass  through  a?/,  -?/,  and  so  on.  In  the  particular  case  in  which  two  of 
the  indices  are  zero  the  plane  parallel  to  YOZ  which  passes  through  0*  also  passes  through 
0*\  and  we  have  a  similar  coincidence  of  corresponding  planes  throughout  the  systems. 

2.  If  two  of  the  indices  are  odd  numbers.  Thus  a  plane  passing  through  z^y  x^  also 
passes  through  x^,  and  a  plane  through  z^,  x^  passes  through  x^';  and  generally  a  plane 
through  z^y  x^^^y  where  n  is  any  integer,  passes  through  x^\  The  same  will  be  true  if 
two  indices  be  equimultiples  of  some  odd  numbers. 

When  two  sets  of  planes  coincide  the  condensation  in  every  alternate  plane  will  be 
doubled,  while  in  the  remainder  the  condensation  will  be  that  which  belongs  to  only  one 
of  the  three  systems;  so  that  the  average  condensation  in  the  planes  considered  will  be 
one  and  a  half  times  that  due  to  a  single  one  of  the  three  systema 

The  three  sets  of  planes  will  coincide  whenever  they  are  all  three  odd  numbers. 
Thus  the  plane  through  x^,  y^,  z^  passes  through  both  a?/  and  y/',  and  so  on. 

Comparing  now  the  relative  condensations  in  the  several  planes  symbolized  below, 
under  the  arrangement  of  molecules  above  described,  we  find  them  to  stand  thus: 
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If  then  this  were  the  molecular  arrangement  we  should  expect  the  octahedron  to  be 
the  predominant  form,  though  the  cube  has  a  condensation  but  little  less. 

Perhaps  such  substances  as  cuprite,  fahlerz,  and  alum  may  have  their  molecules  ar- 
ranged in  this  way,  while  others  such  as  most  metals,  galena,  garnet,  analcime,  and  rock 
salt  have  the  other  and  simpler  arrangement. 

Pyramidal  System. 

Turning  now  to  the  pyramidal  system  we  may  as  before  suppose  space  divided  into 
similar  and  equal  rectangular  parallelepipeds  by  three  sets  of  parallel  planes;  the  first  set 
parallel  to  the  plane  of  the  two  equal  crystallographic  axes  OX,  OY,  and  equidistant  from 
one  another  at  some  distance  which  we  may  call  c;  the  second  set  parallel  to  a  plane 
passing  through  the  third  axis  OZ  and  through  one  of  the  equal  axes  OX,  and  equi- 
distant from  one  another  at  some  distance  a,  where  the  ratio  a  :  c  is  that  of  one  of 
the  equal  axes  to  third  axis  of  the  crystal;  and  the  third  set  parallel  to  ZOY  and  also 
at  the  distance  a  from  one  another.  If  now  we  suppose  the  molecules  arranged  so  that 
one  of  them  is  in  each  point  of  intersection  of  three  of  the  planes,  the  arrangement  will 
satisfy  the  optical  requirements. 

Also  as  before  every  plane  which  intersects  the  three  axes  OX,  OT,  OZ  in  points  x^,  y^,  z, 
respectively,  where  x,,  y^  and  z,.  are  the  places  of  molecules,  will  be  a  plane  of  maximum 
condensation,  and  therefore  a  possible  face  of  the  crystal.  And  as  before  the  relative 
condensations  in  the  several  sets  of  planes  of  maximum  condensation  will  be  proportional 
to  the  perpendicular  distances  between  the  individual  planes  of  the  sets. 

If  c  be  greater  than  a,  the  planes  parallel  to  XOY,  that  is  to  the  face  001,  will 
have  the  greatest  maximum  of  condensation,  and  planes  parallel  to  the  faces  100  will  have 
the  next  less  maximum  of  condensation. 

If  a  be  greater  than  c,  100  will  be  the  plane  of  greatest  maximum,  and  001  or  110 
will  come  next  after  it  according  as  o  or  -j=^  is  the  greater. 

If  P  be  the  length  of  the  perpendicular  from  0  upon  the  plane  through  x,,  y,,  z^ 
we  shall  have  P  equal  to  the  reciprocal  of 


and  if  if  be  the  least  common  multiple  of  p,  q,  r,  omitting  auy  of  them  which  may  be 
infinite,  P/M  will  be  the  perpendicular  distance  between  the  successive  planes  of  the 
set,  and  will  be  the  reciprocal  of 


^/(^^©M^)•■ 

which  is  the  reciprocal  of  vl")  "^  (")  "^(~)  ' 

where  h,  k,  Tare  the  symbols  of  the  ta^ce  in  Miller's  notation. 
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Example  1.    Idocrase.    c/a  = '5351. 

Distance  between  planes  parallel  to 


100  = 

10000 

110  = 

•7071 

001  = 

•5351 

101  = 

•4718 

210  = 

•4472 

111  = 

•4267 

201  = 

•3653 

211  = 

•3431 

310  = 

•3162 

221  = 

•2950 

112  = 

•2502 

Now  the  fonns  most  commonly  met  with  in  idocrase  are  100,  110,  001,  101  and  310, 
of  which  the  first  four  are  the  four  planes  of  greatest  condensation  if  the  molecules  have 
the  arrangement  supposed.  Moreover  the  cleavages  are  parallel  to  100  and  110  and  less 
distinct  parallel  to  001. 

Example  2.    Rutile.    c/a=  6441. 


(a) 
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„  210- 
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P  for  310  = 
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>» 

221  = 

•3100 

ff 

301  = 

•2964 

n 

320  = 

•2774 

» 

321  = 

•2548 

ff 

410  = 

•2425 

ff 

313  = 

•1790 

The  most  common  forms  of  rotile  are  the  first  five  of  the  above,  and  the  cleavages 
are  parallel  to  100  and  110. 

Example  3.    Anatase. 

If  we  take  the  axes  as  given  by  Miller,  we  have  c/a  =  17771,  and 


(a) 

for  100, 

P  -  10000 

(m) 

„  110. 

P=    7071 

(c) 

.,  001, 

P  -  17771 

(«) 

„  101. 

P=  8715 

„  102. 

P=  ^6642 

iP) 

.,  Ill, 

P-  6570 

(3) 

„  201. 

P-  4813 

In  crystals  belonging  to  this  system  there  are  two  variations  which  are  always  possible 
in  the  crystallographic  elements:  these  are  1"",  the  pair  of  equal  axes  may  be  turned 
through   half  a  right  angle  at  the  same  time  that  they  are  diminished  (or  increased)  in 
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the  ratio  ^2  :  1 ;  and  2".  the  ratio  of  each  of  the  equal  axes  to  the  third  axis  may  be 
increased  or  diminished  in  any  simple  proportion.  In  either  case  there  will  be  corre- 
sponding changes  in  the  symbols  of  the  faces. 

In  the  case  of  anatase  if  we  take  the  octahedron  indicated  as  (j?)  in  the  foregoing 
list  to  be  the  form  101,  that  is,  take  as  equal  axes  lines  in  the  plane  of  the  square 
section  bisecting  the  opposite  edges  of  the  octahedron  instead  of  lines  joining  opposite  angles, 
the  ratio  cja  will  become  2*5132,  and  we  shall  have  for  the  distances  between  the  sets 
of  planes  parallel  to  the  several  faces  above  indicated  and  some  others, 


for  (c) 

001, 

P  = 

2-6132 

(m) 

100, 

P  = 

10000 

(o) 

110, 

P  = 

•7071 

(!>) 

101, 

P  = 

•9292 

(3) 

111, 

P  = 

•6807 

102, 

P  = 

•7825 

(e) 

112, 

P  = 

•6162 

201, 

P  = 

•4904 

210, 

P  = 

•4472 

211, 

P  = 

•4403 

Now  the  most  common  forms  of  anatase  are  those  indicated  as  (c)  and  {p),  and 
these  are  the  directions  of  cleavage.  The  forms  m,  q,  e  are  also  frequent  It  wil)  be 
observed  that  whether  we  adopt  the  arrangement  of  molecules  which  corresponds  to 
the  first  chosen  axis  or  the  other,  the  form  (c)  is  that  for  which  the  condensation  is 
greatest,  while  in  the  former  case  (a)  in  the  latter  (m)  comes  next  in  condensation.  If 
we  adopt  the  former  position  for  the  axes  and  suppose  the  molecules  to  occupy  the  centres 
of  the  faces  of  the  parallelopipeds  into  which  we  suppose  space  to  be  divided,  we  shall 
get  the  condensation  in  the  planes  parallel  to  the  faces  as  follows: 


(c) 

001, 

P  =  -8886 

(p) 

111. 

P  =  6570 

(a) 

100, 

P  =  -6000 

W 

113, 

P  =  4641 

W 

101, 

P  =  -4368 

m 

110, 

P  =  •3635 

r 

116, 

P  =  -3176 

112, 

P  =  2766 

102, 

P  =  -2214 

V 

117, 

P  =  2389 

211. 

P  =  2168 

u 

105, 

P  =  ^1676 

9 

201, 

P  =  1604 

49—2 
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This  arrangement  makes  the  two  cleavages  coincide  with  the  planes  of  greatest  con- 
densation; and  in  other  respects  tallies  with  the  habit  of  anatase  in  bringing  comparatively 
high  in  the  scale  of  condensation  forms  such  as  115  and  117  which  are  not  uncommon 
in  this  mineral  but  infrequent  in  others. 

Example  4s,    Cassiterite. 

We  find  for  the  distances  between  the  planes  parallel  to  the  several  faces 


for  (a) 

100, 

P  =  10000 

(m) 

110, 

P=  -7071 

(c) 

001, 

P=  -6726 

(e) 

101, 

P=  -5329 

(») 

111. 

P=  -4873 

(A) 

210, 

P=  -4472 

and  that   for  other  faces  the   order  in  descending  magnitude  is  201,  211,  310,  221,  301, 
311,  320,  212,  321,  410,  302,  &c. 

The   cleavages  are   parallel   to  100  and  110  the  planes  of  greatest  condensation,   and 
the  forms  (a),  (m),  (e),  (s)  are  of  common  occurrence. 

Bhombohedral  System, 
For  the  rhombohedral  system  we  may  suppose  space  divided  by  three  sets  of  parallel 
planes  into  equal  rhombohedra  and  a  molecule  to  be  placed  at  every  point  of  intersec- 
tion of  three  planea  We  shall  have  to  take  for  origin  of  the  axes  one  of  the  solid  angles 
contained  by  three  equal  plane  angles,  and  for  axes  the  three  straight  lines  containing  those 
three  plane  angles.  Then,  as  before,  every  plane  which  meets  the  three  axes  in  points 
which  are  the  positions  of  molecules  will  be  a  surface  of  maximum  condensation.  Also 
all  the  planes  parallel  to  the  faces  of  the  form  hkl  will  be  planes  of  equal  conden- 
sation, where  the  order  of  the  symbols  k,  k,  I  is  immaterial,  provided  that  when  they 
change  sign  they  all  change  together.  The  distance  between  successive  planes  of  the  set 
parallel  to  the  face  hkl  will  in  general,  on  account  of  the  obliquity  of  the  axes,  be 
different  from  the  distance  between  successive  planes  of  the  set  parallel  to  hkt,  and  these 
two  sets  belong  to  different  crystallographic  forma 

The  calculation  of  the  distances  between   successive  planes  of  a  set  is   not  quite  so 
simple   with   oblique   axes  as  with    rectangular    axes,    but    if 
At  By  G  (Fig.    3)   be  the  places  on  the  sphere  of  projection 
of  the   poles   of  the   form   100,   X,   F,  Z  the   traces   on    the  "C 

same  sphere  of  the  three  axes,  0  the  pole  of  the  form  111, 
and  P  that  of  the  face  hkl,  which  is  parallel  to  a  plane 
which  intersects  the  axes  in  x^,  y^,  and  z^  respectively, 
the  angles  PO  and  POA  can  be  found  by  formulae  given 
in   Miller's    crystallography,    OA    is    the    angular   element   of  '^ 

the    crystal    and     OX    can    be    found     from     the     formula 
tan  OX  =  2  cot  0^.     We   have  then   two   sides   PO,   OX  and        * 
the  included    angle    POX    of   the    spherical    triangle    POX, 
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whence  PX  may  be  found,  and  the  perpendicular  distance  from  the  origin  upon  the 
plane  which  passes  through  x,,  y^,  z^  \b  pcosPX,  Also  between  the  origin  and  this 
plane  there  are  (including  this  plane)  in  all  M  planes  belonging  to  the  set  where  M  is 
the  least  common  multiple    of  p,  q  and  r.      The   distance    between    successive  planes  of 

the  set  is  therefore  ^cosPX  or  tCOqPX, 

Example  1.     Calcite.     Angular  element  44°.  37'. 
Distances  between  the  planes  of  sets  parallel  to  the  faces 


(r) 

001 

•9448 

(a) 

Oil 

•7767 

(/) 

111 

•5999 

(e) 

Oil 

•5951 

(V) 

201 

•4748 

(h) 

211 

•4484 

(0) 

111 

•4425 

2ll 

•4036 

(t^r) 

210 

•3844 

(m) 

Sir 

•3260 

(«) 

211 

3222 

(«) 

I22 

•3150 

Here    the    cleavage    form    (r)    001    is    that    for    which    the    condensation    is    far    the 
greatest,  and  the  forms  which  are  high  in  this  list  are  of  very  frequent  occurrence. 


Example  2.    Chabasie.    Angular  element  50** .  45'. 
Distances  between  the  planes  of  sets  parallel  to  the  faces 


it) 


(r) 

001 

•9908 

(a) 

Oil 

•7387 

(«) 

oil 

•6679 

(s) 

111 

•5922 

(0) 

111 

•6220 

210 

•4620 

210 

•4263 

2Ti 

•4266 

2ll 

•4114 

211 

•3743 

In  this  crystal  the  cleavage  is  parallel  to  the  faces  001  for  which  the  condensa- 
tion is  greatest,  and  the  most  common  forms  and  combinations  are  r,  er,  era,  ersa,  ersta: 
all  of  which  are  amongst  those  for  which  the  condensations  are  high  maxima. 

The  two  foregoing  examples  are  crystals  which  generally  assume  rhombohedral  forms 
and  have  easily  obtained  rhombohedral  cleavages,  and  the  rhombohedral  arrangement  of 
the  molecules  satisfies  the  observed  facts.  But  there  are  many  crystals  of  this  system 
which  generally  assume  a  hexagonal  character,  and  for  them  we  may  suppose  a  different 
arrangement  of  the  molecules.  These  crystals  may  be  referred,  as  is  done  by  many 
crystallographers,  to  four  axes,  of  which  three  are  equal  to  one  another  and  lie  in  one 
plane  and  are  equally  inclined  to  one  another,  while  the  fourth  is  at  right  angles  to 
them,  and   may  be   unequal  to  them  in   magnitude.      Now    if   we    suppose    space    to   be 
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divided  into  equal  right  triangular  prisms  by  four  sets  of  parallel  planes,  each  set  parallel 
to  two  of  the  axes  (one  of  the  sets  being  of  course  parallel  to  the  three  equal  axes),  and 
suppose  a  molecule  placed  in  every  point  where  three  planes  intersect,  we  shall  have 
an  arrangement  which  will  satisfy .  the  optical  conditions  observed  in  such  crystals,  for  we 
shall  have  an  arrangement  which  is  symmetrical  about  the  axis  which  is  at  right  angles 
to  the  other  three;  and  the  surfaces  of  maximum  condensation  will,  as  before,  be  the 
planes  which  satisfy  the  law  of  indices. 

There  are  always  two  positions  possible  for  the  three  equal  axes,  one  set  of  axes  being 
inclined  at  SO""  to  the  other  set  but  in  the  same  plane  with  them. 

Also  it  should  be  observed  that  a  crystal  with  the  molecular  arrangement  here  sup- 
posed may  assume  a  rhombohedral  character  so  far  as  its  external  shape  is  concerned; 
because  the  symmetrical  omission  of  every  alternate  face  of  a  hexagonal  crystal  will  leave 
a  form  which  will  satisfy  the  conditions  of  equilibrium,  for  it  will  have  no  unbalanced  edges 
or  angles. 

If  08,  OTy  OY  (Fig.  4)  be  the  directions  of  the  three  equal  axes,  OW  that  of  the 
axis  at  right  angles  to  them,  and  8,  y,  t,  w  be  the 
positions  of  molecules  in  those  lines  at  distances 
from  0  which  are  multiples,  a,  t,  y,  w,  of  the 
lengths  of  the  respective  axes,  and  ON  be  per- 
pendicular to  st,  On  perpendicular  to  Nw;  then 
since  sO  and  Ot  are  known,  and  the  angle  sOt 
is  120°,  ON  can  be  found  by  ordinary  trigono- 
metrical formulae,  and  we  have 

On  =  toO  sin .  tan"*  -7^ . 
wO 

Then  the  perpendicular  distance  between  the 
planes  parallel  to  that  through  s,  y,  t,  w  will 
be  On  divided  by  M  the  least  common  multiple 
of  8y  t,  y  and  w. 

sjM,  t/M,  y/M,  and  w/M,  in  their  lowest  terms  will  be  the  indices  of  the  face 
parallel  to  the  plane  eytw  in  Weiss'  notation  reduced  to  fractions  with   unity  as  numerator. 

Example  3.     Apatite.    Angular  element  55** .  40'  in  the  rhombohedral  system. 

If  we  choose  as  equal  axes  on  the  hexagonal  system  the  lines  which  bisect  the 
opposite  angles  of  the  hexagonal  prism  of  most  common  occurrence,  to  which  Miller  assigns 
the  symbol  Oil  (a),  and  take  that  form  to  have  the  symbol  1010  where  the  last  index 
belongs  to  the  vertical  axis,  and  make  the  length  of  the  vertical  axis  unity,  the  length  of 
the  other  axes  will  be  1-3660,  and  the  perpendicular  distances  between  the  planes  of  the 
sets  parallel  to  the  fietces  will  be 
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Miller'a  nototioa 
(rhombohedxal). 

Weiw'  indiees  ledneed 
(hexagonal). 

Distance. 

a      Oil 

0110 

11829 

0        111 

0001 

1-0000 

w      120 

0111 

•7636 

6      211 

1210 

•6830 

r      100,  l22 

i2li 

•5640 

z      13"l 

0221 

•5090 

i      231 

0112 

•4605 

s      111,  511 

2421 

•3231 

0331 

•3667 

0223 

•2904 

This  table  includes  the  planes  for  which  on  the  arrangement  supposed  the  conden- 
sation is  greatest,  and  the  forms  which  are  most  common  in  apatite. 

The  cleavages  are  parallel  to  the  first  two,  that  parallel  to  a  being  more  easily 
obtained  than  that  parallel  to  o. 

Example  4.  Greenockite.  Angular  element  on  rhombohedral  system  43^.37'.  Taking 
as  in  the  last  example  the  equal  axes  to  be  the  lines  bisecting  the  opposite  angles  of 
the  hexagonal  prisms  to  which  Miller  assigns  the  symbol  OTl  (a)>  and  assigning  to  it 
the  symbol  0110,  and  making  the  vertical  axis  unity,  the  length  of  the  equal  axes  will 
be  1*2118,  and  the  perpendicular  distances  between  the  planes  of  the  sets  parallel  to 
the  several  faces  will  be 

Weiss'  indices  redooed.  Distances 

0110  10494 
0001  1-0000 

0111  -7240 

1210  -6059 

1211  '5183 
0221  -4648 

0112  '4514 

These  are  the  forms  which  commonly  occur  in  this  mineral^  and  they  are  those  for 
which  the  condensation  is  greatest  on  the  supposition  here  made  as  to  tbe  arrangement  of 
molecules.    The  cleavages  are  parallel  to  the  first  two  forms. 

Prismatic  Systevn, 
In  the  prismatic  system  there  are  three  axes  at  right  angles  to  each  other  and  all 
unequal.  We  have  to  suppose,  as  before,  ^ace  divided  into  rectangular  parallelepipeds  by 
three  sets  of  parallel  planes,  the  planes  of  eaeh  set  parallel  to  two  of  the  axes  and  at 
a  distance  apart  equal  to  the  length  of  the  third  axis.  A  molecule  may  be  supposed 
placed  in  every  intersection  of  three  planer    If  a,  6,  c  be  the  lengths  of  the  three  axe» 


miler's 

notation. 

a 

oil 

0 

111 

X 

120 

h 

211 

r 

lOO 

z 

131 

% 

231 
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we  shall  have  by  reasoning  precisely  the  same  as  is  given  above  for  the  pyramidal 
system,  P,  the  perpendicular  distance  between  the  successive  planes  parallel  to  a  face  of 
the  crystal  A,  k,  ly  on  Miller's  notation,  equal  to  the  reciprocal  of 

Applying  this  to  particular  cases: 

Example  1.     Epsomite.    a  :  6  :  c  =  1   :  0-9901  :  0'5709. 

The  distances  between  the  successive  planes  parallel  to  the  faces  are 


Miller'8  notation. 

Diatanoe. 

a      100 

10000 

b     010 

•9901 

m    110 

•7036 

c      001 

•5709 

V      101 

•4958 

n     Oil 

•4946 

z      111 

•4433 

MiUer'g  notation. 

Distance. 

/      210 

■4463 

120 

•4437 

X     021 

•3740 

r      201 

•3761 

t      211 

•3516 

112 

•2645 

8      122 

•2403 

There  is  a  very  perfect  cleavage  in  these  crystals  parallel  to  a,  and  a  less  perfect 
cleavage  parallel  to  v.  The  forms  most  common  are  a,  m,  v,  n,  z.  From  the  degree  of  con- 
densation parallel  to  6  on  the  supposition  here  made  we  should  have  expected  a  cleavage 
parallel  to  6  if  not  a  frequent  occurrence  of  that  form. 

Example  2.    Topaz. 

In  this  case  the  easily  obtained  cleavage  indicates  the  longest  axis.  We  must  there- 
fore take  the  form  which  in  Miller  is  designated  (y)  201  to  be  101,  which  is  equivalent 
to  doubling  the  length  of  the  third  axis,  and  is  always  crystallographically  admissible. 

We  then  get   a/6  =  tan  62^  9' .  30",    26/c  =  tan  29\  5' .  30",  and   the   distances  between 
the  successive  planes  of  the  sets  parallel  to  the  faces  are 
Symbol  with  Miller's  axes.  Symbol  with  new  azee. 


c 

001 

a 

100 

y 

201 

n 

101 

e 

203 

h 

010 

021 

w 

401 

i 

Oil 

m 

110 

102 

k 

111 

I 

210 

0 

112 

n 

310 

001 

100 

101 

102 

103 

010 

Oil 

201 

012 

110 

104 

112 

210 

114 

310 


Distance. 

3-5945 

18933 

1-6752 

1-3037 

1-0125 

1-0000 

•9636 

-9155 

-8738 

-8842 

•8119 

•7984 

•6875 

•6303 

•5337 
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The  forms  c,  a,  y,  n,  %,  m,  o  are  very  common:  the  cleavage  parallel  to  c  is  very 
perfect,  and  there  are  imperfect  cleavages  parallel  to  %  and  m. 

Eosample  3.  Olivine.  Here  again  the  cleavage  in  one  direction  is  easily  obtaiDed. 
If  we  take  the  cleavage  plane  for  the  plane  perpendicular  to  the  longest  axis,  we  must 
take  for  the  form  101  that  to  which  Miller  assigns  the  symbol  (A)  102,  which  is  equi- 
valent to  halving  the  longest  of  his  axes. 

We  then  get  a/6  =tan  47*" .  1' .  24",  6/c  =  2  tan  38° .  27',  and  for  the  distances  between 
the  planes  parallel  to  the  several  faces: 

Symbol  with  Miller's  axes.  Symbol  with  new  axes.  Distanoe. 


a 

100 

h 

010 

8 

110 

C 

001 

h 

102 

012 

z 

210 

n 

120 

h 

101 

d 

Oil 

212 

e 

122 

310 

130 

f 

111 

100 
010 
110 
001 
101 

oil 

210 
120 
201 
021 
211 
121 
310 
130 
221 


1-0732 
10000 
•7816 
•6297 
•5432 
•5329 
•4728 
■4532 
-4084 
•3915 
•3781 
-3679 
-3368 
•3183 
-3163 


The  fiaces  a,  b,  »,  e,  k,  d,  e  axe  firequent,  and  there  is  an  easily  obtained  cleavage 
parallel  to  a  and  traces  of  cleavage  parallel  to  h. 

We  have  taken  no  account  of  the  fact  that  the  concentration  of  molecules  in  many 
of  the  planes  is  unequal  in  different  directions;  and  it  must  be  remembered  that  the 
distances  given  indicate  only  the  average  concentration. 

Further  there  are  other  arrangements  of  molecules  which  will  satisfy  the  optical 
conditions  as  well  as  that  above  supposed.  For  example  we  may  suppose  space  to  be 
divided  by  three  sets  of  planes  of  which  one  set  are  parallel  to  two  of  the  axes  a,  b, 
and  the  other  two  sets  are  each  perpendicular  to  the  first  set,  and  cut  them  in  rhombuses 
whose  sides  are  equal  to  the  diagonals  of  the  rectangles  on  a,  b,  and  are  inclined  at 
the  same  angles  as  those  diagonals.  We  may  suppose  the  molecules  placed  in  the  points 
where  three  planes  intersect  as  before.  The  condensation  will  be  the  same  as  before  in 
most  of  the  planes,  but  will  be  doubled  in  the  planes  which  are  parallel  to  a  &ce  hk^, 
when  h  and  k  are  equal  to  one  another  or  are  both  odd  numbers,  and  this  arrangement 
appears  to  accord  with  the  observed  forms  and  cleavages  of  some  crystals  better  than  the 
other.    Thus 
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Ewcmple  4.    Nitre. 

Taking  the  axes  as  Miller  takes  them,  we  get  for  the  distances  between  the  planes  of 
the  several  sets  parallel  to  the  faces,  if  the  molecules  in  the  planes  parallel  to  that  of 
the  axes  a,  c  lie  in  those  diagonals  of  the  rectangles  on  the  axes  which  pass  through  the 
third  axis, 


k 

101 

P  = 

=  1-9425 

103 

P=   -7701 

a 

100 

1-6920 

Oil 

•764-6 

0 

001 

11861 

P 

111 

•6967 

301 

1-0187 

i 

201 

•6888 

b 

010 

10000 

210 

•6469 

m 

110 

•8609 

X 

102 
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The  forms  k,  a,  m  are  most  common  and  there  is  a  perfect  cleavage  parallel  to  k, 
a  less  perfect  cleavage  parallel  to  a,  and  imperfect  cleavage  parallel  to  m. 

Again,  Example  5.     Baryte. 

Taking  the  axes  as  Miller  takes  them,  and  supposing  the  molecules  in  the  planes 
parallel  to  that  in  which  the  axes  a,  h  lie  to  be  at  the  extremities  of  those  diagonals 
of  the  rectangles  on  a,  6  which  pass  through  c,  we  get  for  the  distances  between  the 
planes  parallel  to  the  several  faces 
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There  are  perfect  cleavages  parallel  to  c  and  m,  and  the  former  more  easily  obtained 
than  the  latter,  deavage  parallel  to  a  less  perfect,  and  parallel  to  h  still  less  perfect; 
but  the  Csbces  r  and  g,  for  which  there  is  a  considerable  condensation,  are  not  common 
and  there  is  no  cleavage  parallel  to  them. 

It  may  be  noted  that  in  the  first  example  given  above  of  a  crystal  of  this  system, 
namely  epsomite,  if  we  suppose  the  same  sort  of  arrangement  as  that  here  suggested, 
with  the  molecules  in  the  planes  parallel  to  the  axes  a,  c  in  the  diagonals,  the  £ace  t; 
will  come  next  to  a  in  the  order  of  concentration,  and  the  £EU3e  s  will  come  high  in 
the  list.  This  is  in  agreement  with  observation  since  there  is  a  cleavage  parallel  to  v 
only  leas  perfect  than  that  parallel  to  a,  and  «  is  a  form  of  not  infrequent  occurrenca 

Crystals  like  karstenite  with  three  cleavages  at  right  angles  to  one  another  correspond 
to  the  first  molecular  arrangement.  In  fact  in  karstenite  we  have  two  axes  very  nearly 
equal  and  a  very  perfect  cleavage  at  right  angles  to  each  of  them;  while  the  third  axis 
is  shorter  than  the  other  two  and  the  cleavage  perpendicular  to  it  is  less  perfect  though 
easily  obtained. 
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Fig  6. 


Oblique  System. 

Coming  now  to  the  oblique  system  we  may  suppose  space  divided  as  before  by 
three  sets  of  planes,  parallel  to  the  axes  two  and  two,  into  equal  right  prisms  on 
rhomboidal  bases,  the  height  of  the  prisms  being  the  length  of  the  vertical  axis  and 
the  sides  of  the  base  equal  to  the  lengths  of  the  other  axes.  We  may  suppose  the 
molecules  placed  in  the  points  of  intersection  of  three  planes. 

To  find  the  perpendicular  distance  between  the  planes  of  any  set,  if  OF^  (Fig.  5) 
be  the  axis  which  is  at  right  angles  to  the 
other  two,  OX^,  OZ^  the  other  two  axes, 
Z^f,  XJL  parallel  to  OZ,,  OZ^  respectively, 
OXjtZ^  will  be  the  rhomboidal  base  of  one  of 
the  prisms.  Then  if  Oa,  Oc  be  drawn  per- 
pendicular to  X^t,  Zji,  respectively,  and  Od 
perpendicular  to  Z^^,  Ob  perpendicular  to 
Fjd,  the  angles  dOa,  bOT^  and  dOc  are  the 
three  angular  elements  of  the  crystal  And 
if  we  make  the  length  of  the  axis  OY^ 
unity,  Od  =  cotang  Y^dO  =  cot  Yfib.  Also  since 
dOa  =  dZfi  we  have  OZ^  =  Od  coaecdOa,  and 
so  also  OX^  =  Od  cosecdOc,  which  gives  the 
lengths  of  the  axes. 

Again  dOX^  =  90°  -r  dOc,  and  therefore  aOX^  =  90°  —  dOc  —  dOa,  and  Oa  the  distance 
between  the  planes  parallel  to  the  form  100  is  equal  to  OX^cosaOX^. 

Also  if  a  plane  meet  OX,  OY  and  OZ  in  X,,  Y^,  Z^,  where  OX,  is  equal  to  p  times 
OZj  and  so  on,  the  length  of  the  perpendicular  OP  from  0  on  Z^,  X,  can  be  found, 
since  OX,  and  OZ^  are  known;  and  the  two  sides  of  the  right-angled  triangle  YfiP 
being  known  the  length  of  the  perpendicular  from  0  upon  Y^  may  be  found,  and  this 
length  divided  by  the  least  common  multiple  of  p,  g,  and  r  will  be  the  distance  between 
successive  planes  of  the  set  parallel  to  the  plane  in  question. 

Applying  this  to  particular  cases. 

Example  1.  Gypsum.  Angular  elements  52M6',  28M6',  and  71°.  51'.  If  0F,  =  1, 
OZ,  =  '69222,  0Z,« '41450,  and  the  distances  between  the  planes  c^  the  sets  parallel  to 
th^  several  faces  are: — 
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The  cleavage  parallel  to  b  the  plane  of  greatest  maximum  of  concentration  is  very 
perfect  and  easily  obtained,  there  is  a  less  perfect  cleavage  parallel  to  a,  and  also  an 
imperfect  fibrous  cleavage  parallel  to  n.    The  most  conmion  forms  are  b,  I,  m,  h,  n,  and  e. 

Example  2.  Felspar.  Angular  elements  65^ .  47',  SO"" .  20',  and  63° .  T.  Making  OF,  =  1, 
we  get  OX,  =  -6686  and  OZ,  =  -5560. 

We  may  however  take  the  length  of  OZ^  double  this  amount  and  make  corresponding 
alterations  in  the  angular  elements.  If  we  do  this  we  find  the  following  for  the  distances 
between  the  planes  of  the  sets  parallel  to  the  several  figures. 


Symbol  with  Mi11«a-'s  axes. 

Symbol  with  new  ax«8. 
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There  are  perfect  cleavages  parallel  to  faces  b  and  c  which  have  the  greatest  con- 
densation. Besides  these  faces,  x,  m,  o,  y,  n,  are  of  frequent  occurrence  and  are  all  high 
in  the  list  of  condensation. 

Anorthic  System. 

With  regard  to  the  anorthic  system  it  does  not  seem  necessary  to  say  much.  We 
may  suppose  space  to  be  divided  as  before  into  parallelepipeds  by  three  sets  of  parallel 
planes,  each  set  being  parallel  to  a  plane  containing  two  of  the  axes,  and  the  edges 
of  the  parallelepipeds  equal  to  the  three  axes  respectively,  and  a  molecule  to  be  placed  in 
each  point  of  intersection  of  three  planes.  Faces  which  follow  the  law  of  indices  will 
then  be  surfaces  of  maximum  condensation;  and  we  can  generally  so  choose  the  axes  that 
the  cleavages  shall  be  the  planes  of  greatest  maxima  of  condensation. 
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Inequalities  of  Qrowth. 
The  unequal  development  of  crystals  in  different  dimensions  depends  more  upon  the 
circumstances  than  upon  the  surface  energy.  When  crystallization  takes  place  more  rapidly 
than  diffusion  the  parts  of  the  liquid  where  the  crystals  are  forming  become  depleted, 
and  the  crystals  can  only  grow  into  the  more  saturated  parts  of  the  solution.  Hence 
when  magnesium  sulphate,  or  oxalic  acid,  crystallizes  out  of  a  hot  solution  which  is  rather 
quickly  cooled  the  crystals  run  into  long  needles.  At  the  same  time  the  elongated  faces 
are  generally  planes  of  a  high  degree  of  condensation.  The  like  may  be  said  of  tabular 
crystab.  Thus  the  tabular  crystals  of  barium  chloride  have  their  broad  faces  perpendicular 
to  the  longest  axis,  the  axes  being  in  the  ratio  09574  :  1  :  1*5778.  The  planes  perpen- 
dicular to  the  longest  axis  are  those  of  greatest  condensation.  In  silver  nitrate  the  axes 
are  as  0*9429  :  1  :  1*3697  and  the  broad  faces  of  the  crystals  are  perpendicular  to  the 
longest  axis.  Ammonium  citrate  has  axes  in  the  ratio  0*5746  :  1  :  1*3749  and  forms 
tabular  crystals  with  the  broad  faces  perpendicular  to  the  longest  axis.  How  the  develop- 
ment of  the  crystal  depends  on  circumstances  is  well  seen  in  the  case  of  the  lodo-sulphate 
of  quinine,  sometimes  used  instecul  of  tourmalines  as  analysers  of  polarised  light.  When 
the  crystals  form  rapidly  from  a  hot  solution  which  cools  and  becomes  saturated  through 
evaporation  at  the  surface  the  crystals  form  broad  plates  which  float  on  the  liquid,  but 
if  the  dish  containing  the  solution  is  covered  and  cooled  slowly  the  crystals  form  within 
the  liquid  in  tolerably  equally  developed  prisms  with  no  tendency  to  a  tabular  form. 

Hemihedral  forms. 

In  regard  to  surface  tension  it  is  necessary  to  distinguish  the  two  kinds  of  hemi- 
hedral forms,  (a)  those  with  parallel  faces,  and  (6)  those  with  inclined,  or  asymmetric, 
£su$es.  In  the  hemihedral  forms  with  parallel  faces  the  stresses  due  to  the  surface 
tension  at  edges  and  angles  are  opposed  to  similar  stresses  on  the  opposite  side  of  the 
crystal,  and  therefore  in  such  forms  the  surface  tensions  are  in  equilibrium  amongst 
themselves.  In  the  hemihedral  forms  with  inclined  faces  the  surface  tensions  at  edges 
and  angles  will  in  general  give  rise  to  stresses  in  the  nature  of  couples  which  can  be 
equilibrated  only  by  opposite  couples.  It  is  this  kind  of  asymmetric  hemihedral  formation 
which  is  connected  as  mentioned  above  with  the  properties  of  rotating  the  plane  of 
polarisation  of  polarised  light  and  of  pyroelectricity. 

In  order  to  give  this  connexion  a  physical  basis  it  is  necessary  to  suppose  that  in 
the  formation  of  crystals  having  these  properties  the  solidification  is  attended  with  a  certain 
internal  strain.  This  strain  we  may  imagine  to  arise  in  different  ways.  It  may  arise  from 
some  want  of  symmetry  in  the  molecules  which  prevents  their  assuming  the  crystalline 
arrangement  without  some  strain.  This  may  well  be  the  case  where  the  molecules  them- 
selves seem  to  produce  the  rotation  of  the  plane  of  polarisation  as  in  tartaric  acid  and 
other  compounds  which  possess  rotatory  power  in  solution  and  in  the  amorphous  state. 
Or  an  internal  strain  may  be  left  when  crystallization  occurs  in  a  mixed  mass  of  two 
or  more  substances  which  are  not  isomorphous,  where  the  crystallization  cannot  take  place 
with  perfect  fireedom  and  where  portions  of  one  substance  become  entangled  in  the  crystals 
of  the  other.    Or  a  strain  might  be  caused  by  some  stress  due  to  the   electric  field  in 
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which  the  mass  was  situate  at  the  time  of  crystallization.  Whatever  the  origin  of  the 
strain,  if  it  be  one  which  is  capable  of  being  relieved  in  any  degree  by  a  counter  stress 
due  to  surface  energy  it  will  become  a  factor  in  determining  the  development  of  the 
crystal.  The  condition  of  equilibrium  will  no  longer  be  that  the  surface  energy  of  the 
crystal  shall  be  a  minimum,  but  that  this  energy  together  with  that  of  the  strain  shall  be 
a  minimum.  In  fact  if  an  unsymmetrical  development  of  the  external  form  of  the  crystal 
would  produce  a  strain  opposite  to  that  which  would  result  from  any  of  the  other  causes 
acting  independently,  such  an  unsymmetrical  development  will  in  general  take  place. 

In  so  far  as  the  surface  tension  counteracts  the  internal  strain,  the  latter  will  be 
lessened  and  so  will  any  physical  property  which  arises  directly  from  it.  Hence  we  find  that 
those  substances  which  have  rotatory  power  in  the  liquid  state  and  form  hemihedral  crystals 
lose  their  rotatory  power  when  crystallized.  Sulphate  of  strychnia  which  has  the  rotatory 
power  more  strongly  in  the  crystalline  form  than  in  solution  forms  holohedral  crystals. 

There  is  evidence  of  another  kind  that  such  a  strain  does  exist  in  some  cases.  For 
if  a  substance,  such  as  dextro-rotatory  tartaric  acid,  can  only  crystallize  with  an  internal 
strain,  this  will  tend  to  impede  its  crystallization  and  it  will  crystallize  more  readily  under 
circumstances  which  relieve  the  strain.  Because  the  strain  implies  a  supply,  or  a  retention, 
of  a  certain  amount  of  energy,  and  crystallization  will  be  facilitated  if  the  necessary 
energy  is  supplied  from  a  source  independent  of  the  surface  energy  of  the  crystal  Now 
the  asymmetry,  whatever  its  nature  be,  in  the  molecules  of  dextro-tartaric  acid  has  its 
exact  counterpart  in  the  molecules  of  Isevo-tartaric  acid,  and  we  may  reasonably  suppose 
that  the  strain  arising  from  this  asymmetry  in  crystals  of  dextro-tartaric  acid  is  opposite 
to  that  arising  from  the  counter  asymmetry  in  crystals  of  Isevo-tartaric  acid,  and  that 
consequently  in  crystals  formed  of  a  mixture  of  the  two  acids  in  equal  proportions  the 
stresses  being  equal  and  opposite  would  produce  no  torsional  strain,  and  crystallization 
would  be  facilitated.  This  supposition  is  in  fact  confirmed;  for  concentrated  solutions  of 
dextro-  and  Isevo-tartaric  acid,  which  separately  will  not  crystallize,  when  mixed  form 
immediately  crystals  of  the  non-rotatory  acid  with  an  elevation  of  temperature. 

When  a  substance  exhibits  rotatory  power  in  the  crystallized  state  but  not  in  solution 
or  in  the  amorphous  form  we  have  to  look  for  a  common  cause  for  both  the  rotatory 
power  and  the  hemihedral  crystallization. 

In  sodium  chlorate  the  cause  may  perhaps  be  traced  as  follows.  The  isomorphism 
of  corresponding  sodium  and  potassium  salts  is  so  well  marked  that  we  may  be  almost 
sure  that  sodium  chlorate  is  capable  of  crystallizing  in  the  same  form  as  potassium 
chlorate,  and  vice  versa,  and  as  the  former  usually  crystallizes  in  the  cubic  system  and 
the  latter  in  the  oblique,  that  they  are  dimorphous,  but  that  under  ordinary  circumstances 
the  one  crystallizes  with  greater  facility  in  one  form  and  the  other  in  the  other  form. 
Now  if  the  particles  of  sodium  chlorate  were  aggregated  partly  according  to  the  law  of 
one  form  and  partly  according  to  the  law  of  the  other  form  there  would  probably  result 
internal  strains  which  would  not  be  in  equilibrium  amongst  themselves,  and  hence  such 
an  aggregation  would  not  be  possible  unless  there  were  some  external  stress  to  counteract 
them.  That  stress  is  supplied  by  the  surface  tension  of  the  hemihedral  form.  This  theory 
is  borne  out  by  the  structure  of  boracite.     For  the  examination  of  slices  of  boiacite  with 
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a  polarising  microscope  shews   that   it  is  built  up   of  particles  which  have   some  of  the 

optical   characters  of  a  biaxial  crystal.     These   particles,  which  have   been  called  *' parasite/' 

may  be  boracite  in  a  dimorphous   state  as  supposed   by  Yolger,   or  they  may  be  parts  of 

the  regular  crystal  which   derive    their    optical    characters  from   a  strain    as    supposed    by 

Klein.     Their  general  arrangement  depends  on  the  external   form  of  the  crystal,  but  they 

are   not  uniformly  disposed   throughout    the   whole   mass,   and   corresponding    to   this   want 

of  uniformity  we  find  that  the  hemihedral  character  of  the  crystals  has  not  been  uniformly 

maintained    during    their    growth.     For   it  seldom  happens  that  the  alternate  faces  of  the 

octahedron  are  altogether  absent,  usually   they  are  less  developed   than  their  fellows  and 

the   alternations  of  holohedral  and  hemihedral   growth   are   indicated   by  roughness  of  the 

surface.     At  those  stages  of  growth,  perhaps  dependent  on  temperature,  when  the  parasite 

was  formed  the   hemihedral   crystallization  was  necessary  to  the   equilibrium,  but  it  would 

not  be  necessary  at  other  stages,  and  then  the  growth  would  be  holohedral. 

If  a  pyroelectric  crystal  were  placed  in  an  electric  field  which  would  induce  an  electric 

state  exactly  the   opposite  of  that  which  the  crystal  assumes  when  undergoing  a  change 

of  temperature   the   strains  due    to    the    changing    temperature   would  be  relieved.      And 

conversely  if  the  material  forming  the  crystal  were  placed  during  the  growth  of  the  crystal 

in  such  a  field  the  regular  crystalline  arrangement  of  the  molecules  could  not  be  assumed 

without  strain,  and  crystallization  would  be  impeded.     But  if  the  electric  stress  could  be 

counteracted  by  the  stress  arising  from  a  hemihedral  formation,  crystallization  could  occur 

in   the  hemihedral  form.     When  a  crystal  so  formed  was  removed  from  the  electric  field 

in  which  it  had  grown  it   would    be   left   with    a   strain,  namely  the  strain  due  to  its 

hemihedral  growth. 

Action  of  solvents. 

The  explanation  of  the  forms  which  crystals  take  on  solidifying  fr*om  solutions  applies 
equally  well  to  the  development  of  faces  on  the  surface  of  a  crystalline  mass  which  is 
undergoing  slow  solution.  When  the  solvent  is  not  nearly  saturated  differences  of  surface 
energy  due  to  the  form  of  the  sur&ce  will  have  little  effect,  because  there  will  always 
be  a  sensible  increase  of  entropy  resulting  from  the  process  of  solution  whatever  the  surface 
energy  of  the  undissolved  mas&  But  when  the  process  of  solution  involves  but  little 
increase  of  entropy,  as  is  the  case  when  the  solution  is  nearly  saturated,  those  surfaces 
which  have  a  minimum  surface  energy  will  sooner  cease  to  be  dissolved  than  those  of 
greater  energy,  because  there  will  be  an  increase  of  entropy  by  the  transformation  of  the 
latter  into  surfaces  of  less  energy  through  the  process  of  solution. 

There  are  many  more  details,  at  some  of  which  I  have  already  hinted,  which  remain 
to  be  worked  out.  These  I  hope  to  make  the  subject  of  a  subsequent  communication. 
I  have  presented  the  j»robIem  just  as  it  unfolded  itself  in  my  own  mind;  but  it  might 
have  been  more  logically  attacked  in  the  inverse  way;  I  might  have  laid  down  the 
principle  that  cleavage  planes  and  the  faces  of  dominant  forms  must  be  surfaces  of  the 
greatest  maxima  of  molecular  condensation,  and  thence  determined  the  arrangement  of 
the  molecules.  This  may  now  be  done,  and  I  hope  it  will  be  a  step  towards  the  solution 
of  the  question.  What  is  the  law  of  mutual  action  of  the  molecules  which  causes  them 
to  assume  such  a  disposition? 
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In  my  previous  communication  to  the  Society  on  this  subject  I  said  nothing  about 
the  physical  causes  which  determine  the  arrangement  of  the  molecules  when  passing  firom 
a  fluid  to  a  solid  state,  but  only  tried  to  shew  that  if  the  arrangements  were  such  as  I 
described  the  external  form  and  the  cleavage  would,  on  well  known  mechanical  principles, 
be  such  as  we  find  them  to  be  in  (slcL  I  purpose  now  to  try  and  explain  what  these 
causes  are.  In  accounting  for  the  arrangement  of  the  molecules  I  find  it  quite  unnecessaiy 
to  suppose  that  any  special  force  is  concerned;  it  is  enough  if  the  molecules  attract  each 
other,  and  so  far  as  force  goes  the  force  of  gravitation  seems  to  be  sufficient  to  produce 
the  results.  I  have  to  suppose,  in  accordance  with  other  physical  properties  of  matter, 
that  the  parts  of  every  molecule  are  in  continual  motion,  but  that  in  the  solid  state  the 
excursions  of  the  parts  from  the  centre  of  mass  of  the  molecule  do  not  on  the  average 
exceed  certain  limited  distances;  that  these  distances  are  on  the  average  the  same  for 
the  same  kind  of  matter  at  the  same  temperature  and  pressure,  and  determine  what  may 
be  called  the  molecular  volume.  Further  I  assume  that  the  average  distribution  of  the 
mass  of  each  molecule  within  the  molecular  volume  is  the  same  for  the  same  substance 
under  the  same  conditions,  but  may  differ  for  molecules  of  different  kinds  of  matter. 
I  assume  in  fact  that  the  molecules,  even  of  the  chemical  elements,  are,  in  the  solid 
state  at  least,  complex  aggregates,  and  that  they  have  motions  of  their  ovm  which  are  of 
the  same  sort  and  on  the  average  of  the  same  intensity  for  all  the  molecules  of  the 
same  chemical  substance. 

To  take  first  the  simplest  case:  suppose  that  the  excursions  of  the  parts  of  the  mole- 
cule extend  on  the  average  equally  in  all  directions  about  the  centre  of  mass  of  the 
molecule.  The  average  space  occupied  by  the  molecule  will  be  comprised  in  a  sphere  of 
which  the  centre  will  be  the  average  position  of  the  centre  of  mass  of  the  molecule, 
and  the  radius  the  average  distance  to  which  the  excursions  of  the  parts  from  that  centre 
extend.  It  is  not  intended  to  assume  that  parts  of  the  molecule  may  never  acquire  such 
velocity  as  to  go  beyond  the  limits  of  this  sphere,  but  that  on  the  average,  partly  by 
collision  with  neighbouring  molecules  and  partly  by  reason  of  their  mutual  attractions, 
they  come  up  to  but  do  not  exceed  this  limit  K  that  be  conceded,  and  if  moreover 
the  mutual  action  of  the  molecules  is  to  attract  one  another,  the  problem  of  finding  how 


Digitized  by 


Google 


Camb.Phil.  Soa.  Trans.  Vol. XIV. 


Plate  VI. 


Fig:  4, 


Digitized  by  VjOOQ IC 


Digitized  by 


Google 


Prof.   LIVEING,  ON  SOLUTION  AND  CRYSTALLIZATION,  No.   XL  395 

the  molecules  will  arrange  themselves  in  equilibrium  becomes,  by  a  well  known  mechanical 
principle,  the  problem  of  finding  how  the  spheres  representing  the  molecular  volumes  can 
be  most  closely  packed  in  a  given  space. 

Now  if  we  arrange  equal  spheres  with  their  centres  in  one  plane  as  closely  as  possible 
they  win  be  arranged  as  the  circles  of  like  outline  are  arranged  in  fig.  1,  so  that  each 
sphere  is  touched  by  six  others.  Above  them  other  equal  spheres  can  be  arranged  in  like 
order  and  so  that  each  sphere  of  the  upper  set,  indicated  in  dotted  outline  in  the  figure, 
touches  three  of  the  lower  set.  Again  another  set  can  be  arranged  above  the  second  set 
in  like  order  so  that  each  of  the  third  set  touches  three  of  the  second,  and  so  on. 

If  we  call  the  radius  of  a  sphere  b,  the  area  of  the  equilateral  hexagon  circumscribing 
one  of  the  circles  in  fig.  1  will  be  2  V36^  and  there  is  one  circle  for  every  such  hexagon 

so  that   the  number  of  circles  per  unit  area  is  — ;=r-  .    Also  the   distance  between   the 

2  V36'' 

plane   in  which  the  centres  of  the  first  set  of  spheres  lie  and  that  in  which  the  centres 

of  the   second  set  lie,  is  the    length   of  the  perpendicular  let  fall  from   one   angle  of  a 

regular  tetrahedron   with    edges   equal  to  2b   on    the  opposite  side,  and  this  is  equal  to 

2  V|6.     Hence   the  number  of  spheres  per  unit  volume  is   — j=—^ .    And   this  appears  to 

be  the  maximum  number  which  can  be  packed  in  unit  volume. 

We  might  have  started  with  arranging  the  first  set  of  spheres  so  that  each  one 
touches  four  others  at  points  in  one  plane  as  in  figure  2,  and  then  arrange  a  second  set  in 
similar  order  above  them,  as  indicated  in  dotted  outline,  in  such  wise  that  each  sphere 
of  the  second  set  touches  four  of  the  first  set,  and  so  on  with  successive  sets.  On  com- 
puting the   number  of  spheres  per  unit  volume   we  find  it  to  be   — j=-^  as  before.     In 

fact  the  two  arrangements  are  really  identical,  and  in  the  figures  we  are  merely  looking  at 
the  same  thing  firom  different  sides.  The  plane  through  the  centres  of  the  row  a,  a,  a  of  the 
first  set  in  fig.  1  which  also  passes  through  the  centres  of  the  row  c,  c',  c  of  the  second 
set,  has  in  fact  the  spheres  arranged  as  in  fig.  2;  while  the  plane  through  the  centres  of 
the  row  6,  b\  b  of  the  first  set  in  fig.  2,  which  also  passes  through  the  centres  of  the  row 
e,  e,  of  the  second  set,  has  the  same  arrangement  as  is  shewn  in  fig.  1.  Either  arrange- 
ment is  the  same  as  if  space  were  divided  into  equal  cubes*,  and  a  sphere  placed  with 
its  centre  at  each  angle,  and  also  a  sphere  with  its  centre  at  the  centre  of  each  face,  of 
every  such  cube.  It  is  a  combination  of  the  two  arrangements  suggested  for  the  molecules 
of  a  crystal  of  the  cubic  system.  In  this  arrangement  the  relative  condensations  in  planes 
parallel    to    the    faces    of    the    octahedron,    cube    and    dodecahedron    respectively    are    as 

~-  :  -  :  5—^.    This  agrees  sufficiently  with  the  observed  facts  in  the  greater  part  of  the 

substances  which   crystallize   in   the   cubic   system.     The   octahedral   cleavage   is   in  general 

*  The  Bqnare  whidh  formB  the  face  of  one  oobe  in  the  I  faoe.    «,  t  fall  in  the  centres  of  two  faces  at  right  angles 
plane  of  the  figure  is  h'cd'cy  and  c'  falls  in  the  centre  of  the   |  to  the  plane  of  the  figure. 
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the  easiest  to  obtain,  and  the  cubic  next  There  are  a  small  number  of  types  of  chemical 
compounds  forming  crystals  in  which  a  cubic  cleavage  is  most  easily  obtained.  These  are 
the  haloid  salts  of  the  alkalies,  such  as  sodium  and  potassium  chloride,  a  few  sulphides 
and  selenides  of  the  type  of  galena,  and  a  few  sulpharsenides  such  as  cobaltine,  to  which 
pyrite  may  be  added.  There  are  also  a  still  smaller  number  of  substances  such  as  blende 
in  which  the  dodecahedral  cleavage  predominates.  These  are,  however,  the  exceptions  rather 
than  the  rule,  and  as  such  their  consideration  may  be  deferred. 

The  supposition  above  made  for  the  sake  of  simplicity  that  the  excursions  of  the 
parts  of  the  molecule  from  its  centre  of  mass  are  equal  in  all  directions  cannot  be  the 
general  case.  We  should  expect  the  excursions  to  be  diflFerent  in  di£ferent  directions  on 
account  of  the  different  masses  of  the  chemical  atoms  and  their  different  relations  to  one 
another  in  the  molecule.  The  average  energy  of  the  motion  will  however  be  the  same 
in  every  direction,  but  the  average  molecular  volume  will  be  an  ellipsoid  with  three  un- 
equal axes.  Further  we  cannot  in  general  assume  that  the  matter  is  equally  distributed 
on  the  average  in  all  parts  of  the  molecular  volume.  It  may  for  example  be  more 
massed  about  one  or  other  axis  of  the  ellipsoid,  or  about  one  or  other  plane  of  principal 
section.  Whatever  the  massing  of  the  matter  in  the  molecule  may  be,  if  it  be,  as  the 
very  definite  characters  of  the  chemical  compounds  lead  us  to  suppose,  the  same  in  every 
molecule  of  the  same  compound,  it  will  tend  to  place  every  molecule  in  the  same  position 
with  reference  to  surrounding  molecules.  This  is  as  much  as  to  say  that  it  will  tend 
to  give  all  the  ellipsoids  the  same  orientation  of  their  axes  so  that  they  will  be  all 
similariy  situated.  This  appears  to  be  also  the  arrangement  which  admits  of  the  packing 
of  the  greatest  number  of  equal  and  similar  ellipsoids  into  a  given  space. 

Though  I  am  not  at  present  able  to  give  a  direct  and  complete  mathematical  de- 
monstration of  the  solution  of  this  problem  of  packing  the  greatest  number  of  ellipsoids 
into  unit  space,  I  have  no  doubt  what  the  solution  is  and  can  prove  it  indirectly.  The 
arrangement  required   is  similar  to  that  already  indicated   for  spheres. 

By  no  arrangement  can   every  ellipsoid   be   made  to  touch   more  than  twelve  others. 

Suppose  now  the  ellipsoids  to  be  all  similarly  situated  and  to  be  arranged  as  in 
fig.  3  so  that  each  one  is  touched  by  six  others  at  points  lying  in  one  plane  which  is 
the  plane  of  the  figure.  Then  any  one  of  these,  as  that  with  its  centre  at  A,  may  be 
touched  by  three  others  which  have  their  centres  in  a  plane  above  the  plane  of  the 
figure,  as  the  three  indicated  in  broken  outline,  or  the  three  indicated  in  dotted  outline, 
as  well  as  by  three  more  with  their  centres  in  corresponding  positions  below  the  plane  of 
the  figure.     In  this  way  every  ellipsoid  will  be  touched  by  twelve  others. 

Considering  the  ellipses  which  are  the  intersections  of  the  plane  of  the  paper  with  the 
ellipsoids  which  have  their  centres  in  that  plane,  since  they  are  all  equal,  similar,  and 
similarly  situated,  the  lines  joining  the  centres  of  any  two  which  touch  each  other  will 
pass  through  the  point  of  contact.  Also  any  such  line  as  AG  passing  through  the  point 
of  contact  R  will  bisect  the  chord  PT  between  the  points  where  the  two  adjacent  ellipses 
touch  the  ellipse  having  its  centre  at  A.  Hence  the  tangent  at  R  will  be  parallel  to 
PT  and  pass  through  the  centres  of  the  adjacent  ellipses  B,  D.  Also  if  Q  be  the  point 
of  contact  of  the  ellipses  of  which  B,  C  are  the  centres  AQ  will  be  in   the  line   of  the 
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diameter  conjugate  to  AT,  for  it  bisects  the  chord  PR  which  i3  parallel  to  BG  and  AT. 
Now  there  is  one  ellipse  for  every  hexagon  such  as  oufrvwy  formed  by  the  Umgents  at 
the  six  points  of  contact  of  the  ellipse  having  its  centre  at  A  with  the  surrounding 
ellipses,  and  the  hexagon  circumscribing  an  ellipse  will  be  a  minimum  when  each  side 
is  bisected  in  the  point  of  contact.  For  if  the  sides  oy,  na^  vw  be  produced  they  will 
meet  in  the  centres  of  the  ellipses  C,  K,  A  ^od  the  ellipse  having  its  cei^tre  at  A  and 
the  triangle  CKL  will  be  the  projections  on  the  plane  of  the  figure  of  a  circle  and  its 
circumscribing  triangle  lying  in  a  plane  inclined  at  some  angle  to  the  plane  of  the  paper. 
In  the  figure  CA,  KA  and  LA  produced  bisect  the  opposite  sides  of  the  triangle  and  hence 
CKL  is  the  projection  of  the  equilateral  triangle  circumscribing  the  circle  of  which  the 
ellipse  with  centre  A  is  the  projection.  Also  the  triangles  Jj\fm,  Con,  Kv9  are  all  similar 
to  the  triangle  CKL,  and  therefore  onsvwy  is  the  projection  of  the  equilateral  hexagon  cir- 
cumscribing the  circle.  Such  a  hexagon  is  the  smallest  in  area  which  can  be  drawn 
circumscribing  the  circle,  and  hence  onsvwy  is  the  smallest  which  can  be  drawn  circum- 
scribing the  ellipse  with  centre  A,  Hence  when  the  ellipses  are  all  similarly  situated  the 
hexagon  formed  by  the  tangents  at  the  points  of  contact  ia  a  minimum^  and  since  such 
hexagons  fill  the  whole  area,  and  there  is  one  ellipse  for  every  such  hexagon  the  number 
of  ellipses  per  unit  area  is  a  maximum. 

Now  if  we  suppose  space  filled  with  the  ellipsoids,  and  suppose  the  continuous,  dotted, 
and  broken-line  ellipses  in  the  figure  to  represent  successive  sets  of  ellipsoids  with  their 
centres  in  successive  parallel  planes,  the  pUne  through  the  centres  of  the  broken-line 
ellipsoids  y,  v  which  also  passes  through  the  centre  of  the  dotted  ellipsoid  w,  and 
through  X,  will  cut  the  ellipsoids  in  a  series  of  ellipses  of  which  each  is  touched  by  six 
others  just  as  in  fig.  3;  so  will  tha  plane  through  the  centres  of  brokeu-line  ellipsoids 
y,  n  which  also  passes  through  o,  B,  C,  and  the  plane  through  the  centres  of  the  broken-line 
ellipsoids  n,  v  which  also  passes  through  8,  K,  D.  Hence  in  each  of  the  four  planes,  namely 
that  of  the  figure  and  the  three  last  mentioned  planes,  the  number  of  ellipses  will  be  a 
maximum  per  unit  of  area  when  the  ellipses  are  all  similajr  and  similarly  situated;  and 
since  in  four  different  planes  of  which  no  two  are  parallel  the  concentration  is  a  maximum 
under  these  conditions,  I  infer  that  the  number  of  ellipsoids  which  can  be  packed  into  a 
given  space  is  greatest  when  they  are  all  similarly  situated.  If  this  were  in  doubt  it 
becon^es  more  certain  when  it  is  seen  that,  if  the  condition  of  similarity  of  situation 
be    satisfied;  the    orientation   of   the   axes  is   a   matter  of  indifference. 

To  prove  that  statement,  return  to  the  hexagon  onsvwy.  The  area  of  it  will  bear  to 
the  area  of  the  ellipse  the  same  ratio  which  the  area  of  the  circumscribing  equilateral 
hexagon  bears  to  the  circle,  which  is  2  >/5  :  «r.  Hence  the  area  of  the  hexagon  is 
2  JSa^b^,  where  a^,  b^  are  the  semi-axes  of  the  ellipse. 

Again  considering  one  of  the  ellipsoids^  indicated  in  dotted  outline  in  fig.  3,  which 
touches  the  three  ellipsoids  with  centres  A,  B,  C,  since  all  the  ellipsoids  are  similar  and 
similarly  situated  the  lines  joining  the  centre  of  the  dotted  ellipsoid  with  A,  B,  C  will 
pass  through  the  points  of  cootaot  and  be  bisected  at  these  points,  which  will  therefore 
lie  in  one  plane  parallel  to  the  plane  ABC.  Ako  the  centre  of  the  dotted  ellipsoid 
will   lie  in  the  intersection  of  the  three  tangent  planes  at  P,  Q,  12. 
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For  by  reasoning  similar  to  that  given  above  to  shew  that  the  tangent  at  Q  passes 
through  A  it  may  be  shewn  that  in  the  plane  of  B,  0  and  the  centre  of  the  dotted 
ellipsoid  the  tangent  at  Q  passes  through  the  centre  of  the  dotted  ellipsoid,  and  so  also 
it  may  be  shewn  that  the  tangent  planes  at  P,  R  also  pass  through  the  centre  of  the 
dotted  ellipsoid. 

Let  fig.  4  represent  a  section  through  this  ellipsoid  and  that  with  centre  A  by  the 
tangent  plane  through  Q,  and  let  H  be  the  centre  of  the  dotted  ellipsoid  and  HO  the 
intersection  of  the  tangent  planes  through  P,  R\  p  the  point  of  contact  of  the  two 
ellipsoids,  and  /  the  point  where  the  ellipsoid  with  centre  A  touches  a  plane  parallel  to 
the  plane  of  fig.  3.  Then  Af  will  be  parallel  to  HO  for  they  both  bisect  the  chords 
through  p  which  are  parallel  to  AO,  and  AM,  Af  are  conjugate  semi-diameters. 

Draw  the  ordinate  pn,  parallel  to  Af. 

Then  since  AH  is  bisected  in  p,  HO  =  2pn,  and  AO  =  iJLn, 

Also  in  fig.  3  0,  if,  ^  are  the  same  points  as  0,  Jf ,  ^  in  fig.  4. 

And  AN^\A(i--\Ao,   and   Ao.AN^AM*^ 

therefore  ZAO^^^AiP, 

and  (in  fig.  4)  ZAri^^AiP, 

^'^^  Af^'AW^^^ 

therefore  ^^  =*  1 ""  i  =  J» 

and  84/»  =  12pn« «  3irO\ 

and  iJlAf^JSHO. 

Now  let  the  inclination  of  Af  or  HO  to  the  plane  of  fig.  3  be  a,  then  HO  sin  a  is  the 
perpendicular  distance  between  the  plane  ABC  and  the  parallel  plane  through  H,  And  the 
number  of  ellipsoids  per  unit  volume  is 

1                    V3                             1 
— X  — =-^ •  or  — = 

iJZAM.BQ     2j2Af9ina       *j2AM.BQ.Af^na' 

But  SAM  ,BQ  .Afaina    is   the   volume  of  the  parallelepiped    whose   sides  touch   the 

ellipsoid  at  the  extremities  of  three  conjugate  diameters,  which  is  equal  to  So&c,  if  a,  b,  c 

be  the  semi-axes  of  the  ellipsoid. 
f 

Hence  the  number  of  ellipsoids  per  unit  volume  is  on  this  arrangement,  which  gives 

the  maximum  number, 

7L  1 

8a6c  ^"^  ij2abc' 

which  is  independent  of  the  orientation  of  the  axes. 

We  might  have  started  with  the  arrangement  indicated  in  fig.  5,  in  which  each  ellipsoid 
with  its  centre  in  the  plane  of  the  paper  is  touched  at  points  in  that  plane  by  four  others, 
and  is  also  touched  by  four  others,  indicated  in  dotted  outline,  which  have  their  centres  in 
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a  parallel  plane  above  the  plane  of  the  paper,  and  also  by  other  four  in  a  similar  position 
below  the  plane  of  the  paper,  twelve  in  all. 

The  four  ellipsoids  with  centres  in  the  plane  of  fig.  6  which  touch  any  one  with 
centre  0  must  touch  it  at  the  extremities  of  conjugate  diameters,  if  each  (dotted) 
ellipsoid,  with  its  centre  in  the  plane  above  the  figure,  is  to  touch  simultaneously  four 
below  it  The  tangents  at  P,  R  will  then  be  parallel  to  BG,  AB  respectively,  and  will 
meet  in   0   the  point  of  intersection  of  AC,  BD,  and  we  shall  have 

£0*+C0«  =  2(0iJ'  +  £i?)  =  2(J5if +Cm*). 
Also,  since  CO  =  2PN,  and  BO  =  2BN',  and   :^  +  f^,  =  1, 

co^    B(y  _ 

Cm*'^BAP~*'' 

and  because  the  circumscribing  parallelogram  is  double  the  inscribed  parallelogram, 

Cm.BM''>2PN.NB; 

,,      -  PN     BM.    BM         ,  45Jf»     B(y     ^ 

therefore  _._^  =  ^,    and -g^  +  ^^  =  4; 

therefore  ___=  1.   and  -g^=-^. 

and  by  similar  reasoning  j^  =  — ^ . 

If  now  fig.  8  represent  a  section  through  the  centre  H  of  the  ellipsoid  which 
touches  each  of  the  four  with  centres  A,  B,  C,  D,  the  straight  lines  joining  HB  and 
HD  will  pass  through  the  points  of  contact  p,  q,  and  be  bisected  in  those  points ; 
and  HO,  which  bisects  BD,  also  bisects  qp,  and  is  the  diameter  to  which  qp  is 
ordinate,  and  is  parallel  to  Bt  the  diameter  conjugate  to  BM,  And  by  reasoning  similar 
to  that  above  given  it  may  be  shewn  that  HO  =  V2Bt  The  same  value  for  HO  would 
have  been  found  if  we  had  started  with  supposing  the  dotted  ellipsoid  to  touch  these 
with  centres  A  and  C.  Hence  it  will  touch  all  four  ellipsoids  with  centres  A,  B,  C,  D 
simultaneously. 

This  arrangement  is  really  the  same  as  before  and  will  lead  to  the  same  result.  In 
fact  the  plane  through  the  centres  of  any  two  adjacent  dotted  ellipsoids  in  fig.  3  as  o,  «, 
which  also  passes  through  C,  D,  cuts  the  ellipsoids  in  ellipses  arranged  as  in  fig.  5 ;  so 
does  the  plane  through  the  centres  of  dotted  ellipses  o,  w,  and  through  B,  L;  and  so  on. 
While  in  fig.  6  the  plane  through  the  centres  of  the  dotted  ellipsoids  0,  8,  which  also 
passes  through  B  cuts  the  ellipsoids  in  the  way  indicated  in  fig.  3 ;  so  does  the  plane 
through   the  centres  of  the  dotted  ellipses  8,  T,   which  passes  through  G\  and  so  on. 

Further,  the  hexagon  in  fig.  3  is  the  intersection  of  the  plane  of  the  figure  with 
the  tangent  planes  at  the  points  of  contact  between  the  ellipsoids.  These  tangent 
planes  form  dodecahedrons  circumscribing  the  ellipsoids;  and  since  each  side  of  the 
hexagon  in  fig.  3  is  bisected  in  the  point  where  it  touches  an  ellipse,   and   the  same  is 
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true  of  the  hexagons  in  the  other  three  planes  of  section  above  mentioned,  it  appears 
that  the  points  at  which  the  fsu^es  of  the  dodecahedrons  touch  the  ellipsoids  are  the 
centres  of  those  faces.  Now  when  this  condition  of  touching  the  ellipsoid  at  the  centres 
of  the  faces  is  satisfied  the  yolume  of  the  dodecahedron  will  be  a  minimum,  inasmuch 
as  any  small  shift  of  one  of  the  planes  forming  the  dodecahedron  by  rolling  it  on  the 
sur£Etce  of  the  ellipsoid  must  increase  the  volume  of  the 
figure.  Thus,  if  ABGD  be  one  of  the  faces  of  the  dode- 
cahedron, touching  an  ellipsoid  at  its  centre  0,  and  it  be 
turned  so  as  to  touch  the  ellipsoid  at  0\  and  the  new 
position  of  the  face  A'EC'D'  intersect  the  old  in  Pp,  Pp 
will  lie  between  0  and  (/,  and  the  area  ABPp  will  be 
greater  than  the  area  CPpD,  and  the  wedge  AB'p  will  be 
greater  than  the  wedge  C'PD  if  the  distance  00'  be  finite. 
Hence  the  circumscribing  dodecahedron  will  have  minimum 
volume  when  the  ellipsoids  are  all  similarly  situated.  And, 
since  the  dodecahedra  fill  space,  it  follows  that  there  will 
be  the  greatest  number  of  them  in  unit  volume,  and  there- 
fore the  greatest  number  of  ellipsoids  in  unit  volume,  when 
they  are  all  similarly  situated.  Such  an  arrangement  will  therefore  be  assumed  by  the 
crystallizing  molecules  in  consequence  of  their  mutual  attractions. 

Now  if  we  transfer  our  thoughts  to  the  centres  of  the  ellipsoids,  we  shall  find  that 
their  arrangement,  when  the  ellipsoids  are  situated  as  above  described,  will  present 
different  degrees  of  symmetry  depending  on  the  relative  magnitudes  of  the  axes  of  the 
ellipsoids  and  upon  their  orientation.  For  consider  the  ellipsoids  indicated  in  continuous 
outline  in  fig.  5  as  having  their  centres  in  the  plane  of  the  paper,  those  indicated  in 
dotted  outline  with  their  centres  in  a  plane  above  that  of  the  paper,  and  again  a  third 
set  with  their  centres,  which  we  may  call  b,  c,  d,  e,  f  &c.  corresponding  to  B,  C,  D,  E,  F  &c, 
but  in  a  plane  above  the  dotted  set,  then  the  plane  of  the  paper  and  the  parallel  plane 
hdef  together  with  the  planes  BhdD,  EefF,  BhfF  and  DdeE^  will  form  a  parallelepiped. 
And  the  whole  space  may  be  divided  by  parallel  planes  into  similar  and  equal  parallele- 
pipeds which  have  the  centre  of  an  ellipsoid  in  every  angular  point  and  one  in  the  centre  of 
every  face.    Also  every  ellipsoid  in  the  space  will  occupy  one  or  other  of  these  positions. 

Also  if  we  suppose  woa  in  fig.  3  to  be  the  centres  of  the  dotted  ellipsoids  lying 
in  a  plane  below  that  of  the  figure,  ynv  to  be  the  centres  of  the  broken  line  ellipsoids 
lying  in  A  plane  below  wo8y  and  A'  to  be  the  centre  of  the  ellipsoid  in  a  plajoe  still 
lower  which  touches  the  three  broken  line  ellipsoids:  then  the  six  planes  Aoyw^  A'^sn^ 
Aiw8,  A'yon,  Asno,  A'ywv  will  form  a  parallelepiped.  And  the  whole  space  can  be  divided 
by  planes  parallel  to  these  into  similar  and  equal  parallelepipeds  which  have  the  centre 
of  an  ellipsoid  in  every  angular  point. 

The  characters  of  these  parallelepipeds  will  differ  according  to  the  orientation  of  the 
axes  of  the  ellipsoid,  and  according  to  the  relative  lengths  of  the  axes. 

In  the  most  general  case  represented  in  figs.  3  and  5  each  fiioe  of  the  parallelopiped 
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mU  be  equal  and  similar  to  its  opposite  face  but  to  no  other,  and  the  crystal  with  its  mole- 
cules arranged  in  the  same  way  as  the  ellipsoids  will  be  anorthic. 

If  the  plane  of  fig.  6  be  a  plane  of  principal  section  of  the  ellipsoids  the  edges  Bb, 
Dd,  Ee,  Ff  of  the  parallelepiped  will  be  parallel  to  an  axis  and  perpendicular  to  the 
plane  BDEF,  The  crystal  will  in  this  case  belong  to  the  oblique  system,  if  the  points  of 
contact  in  the  plane  BDEF  be  not  the  extremities  of  axe&  But  if  the  points  of  contact 
P,  i2,  are  the  extremities  of  axes,  the  crystal  having  such  a  molecular  arrangement  will 
belong  to  the  right  prismatic  system. 

Also  in  the  parallelopiped  of  which  J.  in  fig.  3  is  one  angular  point,  the  edge  As 
will  for  certain  orientations  of  the  axes  of  the  ellipsoid  be  perpendicular  to  the  plane 
Aoyw,  and  the  crystal  will  be  oblique.  Further  for  certain  orientations  of  the  axes  the 
edges  Ao,  Aw  will  also  be  equal  to  one  another,  or  all  three  edges  may  be  at  right  angles 
to  one  another,  and  the  crystal  will  be  right  prismatia 

If  two  of  the  axes  of  the  ellipsoids  be  equal  to  one  another,  so  that  the  ellipsoids 
become  spheroids,  and  if  the  axis  of  revolution  be  perpendicular  to  the  plane  of  fig.  5, 
the  arrangement  of  molecules  will  correspond  to  the  pyramidal  system,  the  axis  of  the 
spheroids  being  the  axis  of  symmetry. 

If  the  axis  of  the  spheroids  be  perpendicular  to  a  plane  such  as  Db$  throu^  the 
diagonals  of  three  adjacent  faces  of  the  parallelopiped,  the  parallelopiped  is  a  rhombohe- 
dron,  and  the  crystal  will  belong  to  the  rhombohedral  system.  The  axis  of  revolution 
is  in  this  case  perpendicular  to  the  plane  of  fig.  3. 

In  each  of  the  last  two  cases  there  are  certain  relations  between  the  length  of  the 
axis  of  the  spheroid  and  the  diameter  of  the  principal  circular  section  which  give  a  cubic 
arrangement. 

If  in  fig.  5  the  ellipsoids  become  spheroids  with  their  axes  of  revolution  perpendicular 
to  the  plane  of  the  figure,  figure  2  will  represent  them,  and  consider  the  four  with 
centres  c\  c,  d,  cT  together  with  that  which  touches  them,  indicated  in  dotted  outline, 
with  centre  e,  and  let  fig.  6  represent  a  section  of  them  through  ced\  which  will  be  in 
a  plane  perpendicular  to  the  plane  of  fig.  2.  Then  if  the  radius  of  the  principal  circular 
section  be  a,  and  b  be  the  semi-axis  of  revolution,  and  we  take  a^Jib,  we  have  in  fig.  6, 

therefore  ^^nr  =  1  —  i  =  i> 

and  JipN^b^^, 

and  P^^2' 

and  eQ  =  ipN  =  a, 

and  €  is  the  centre  of  the  cube  described  upon  the  square  c'cdd\ 
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And  if  the  whole  space  be  divided  into  such  cubes  there  will  be  one  spheroid  at 
every  comer  of  each  cube  and  one  at  the  centre  of  each  cube  and  none  in  any  other 
position.  Hence  the  crystal  will  have  its  external  form  in  the  cubic  system,  and  in  this 
arrangement  the  planes  of  the  rhombic  dodecahedron  will  be  those  of  greatest  condensation 
of  molecules  and  the  crystal  will  cleave  most  easily  in  those  directiona  It  may  be 
doubted  whether  such  a  crystal  would  be  truly  isotropic,  but  the  want  of  that  character 
in  the  molecules  themselves  need  not,  and  for  reasons  given  below  I  think  it  does  not, 
influence  light  passing  through  the  crystals  so  as  to  produce  double  refraction. 

Again,  if  in  fig.  1  the  different  circles  represent  spheroids  with  their  centres  in  dilSerent 

planes;   those  in  continuous  outline  with  their  centres  in  the  plane  of  the  paper;  those  in 

dotted  outline  next  above    them;  those  in  broken  outline  next   below  those  in  continuous 

outline ;    then    the    planes    through  the    centres  c'ddg^  c'abe,   and   cbdf  will   each   be   at 

right    angles   to   the   other   two   if  the  radius   of  the   principal  circular  section  be  double 

the  semi-axis  of   revolution.      For  let  fig.  7  represent  a  section  through  cde,  and    let   a 

be    the    radius   dM    of   the  principal    circular    section,  6  the  semi-axis  of  revolution,    c'Q 

and  pn   perpendiculars  on  dM,    Then  if  the  three  planes  through  c  intersect  one  another 

at    right    angles   we    shall    have    dd*  =  2a',   also  Q  will  be  the  centre  of    the    equilateral 

2 
triangle  da'h,  with  sides  2a,  and  (2Q  =  -^  a.     Also  c'd  is  bisected  in  the  point  of  contact  p, 

Vo 

and   dpy  dn  are  halves  of    dc\  dQ  respectively,  and 

Also  ^  H — r  =  1>  ^^^  therefore  ^  =  1  -  J  =  |,  and  -^^—  or  a"  =  46',  and  a  =  26. 

Also  if  space  be  everywhere  divided  by  planes  parallel  to  the  three  planes  above 
mentioned  passing  through  the  centres  of  the  spheroids,  it  will  be  divided  into  cubes 
with  the  centre  of  a  spheroid  at  every  angle.  The  external  form  of  a  crystal  with  such 
molecules  so  aggregated  will  be  of  the  cubic  system,  and  the  most  easily  obtained  cleavage 
will  be  cubic.  It  may  be  doubted  whether  it  would  be  truly  isotropic  on  account  of  the 
want  of  this  quality  in  the  molecules  individually.  It  is  however  by  no  means  certain  that 
the  optical  characters  of  crystals  depend  directly  on  those  of  the  molecules.  For  double 
refraction  wholly  disappears  when  the  crystals  are  fused  or  dissolved  in  menstrua.  More- 
over the  motions  which  give  the  molecular  volume  are  those  which  produce  expansion 
when  the  substance  is  heated,  and  are  probably  distinct  from  those  vibrations  which 
produce  radiation  in  solids  as  well  as  in  gases.  It  is  therefore  quite  possible  that  these 
two  cases  in  which  the  arrangement  is  such  as  to  make  the  crystal  belong  externally  to 
the  cubic  system  may  be  represented  by  blende  with  its  predominant  dodecahedral  cleavage, 
and   by   rock   salt  and  galena  with   predominant  cubic   cleavages. 

The  ordinary  laws  of  mechanics  require  that  the  molecules  should,  when  in  the  most 
stable  equilibrium,  be  packed  as  closely  as  possible,  and  this  appears  to  give  the  arrange- 
ment above  indicated  and  to  determine  that  all  the  molecules  shall  be  similarly  situated. 
But  it  does  not  determine  the  orientation  of  the  axes  of  the  ellipsoids  which  represent  the 
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molecular  volumes,  on  which  the  system  of  crystallization  depends.  That  must  be  due  to 
the  mutual  action  of  the  molecules,  and,  as  I  have  said  above,  I  regard  it  as  dependent 
on  the  massing  of  the  matter  in  the  molecular  volume.  K  the  mass  is  chiefly  aggregated 
about  any  particular  diametral  plane  one  would  expect  that  plane  to  be  the  plane  of 
fig.  3  in  which  each  molecule  meets  six  others  while  it  meets  only  three  in  a  plane  above 
and  three  in  a  plane  below  that  of  the  figure.  While  if  the  mass  is  aggregated  chiefly 
about  any  one  diametral  line  we  should  expect  the  diametral  plane  conjugate  to  it  to  assume 
the  position  of  the  plane  of  fig.  5,  since  the  molecules  are  symmetrically  arranged  about 
a  diameter  conjugate  to  the  diametral  planes  represented  in  the  figure,  and  the  position 
is  that  which  will  bring  the  masses  as  close  as  possible.  I  assume  that  the  influence 
of  the  immediately  contiguous  molecules  is  much  greater  than  that  of  those  more  distant, 
as  we  know  experimentally  that  this  is  the  case  in  capillary  actions. 

To  find  the  relation  between  the  length  of  the  axis  of  revolution  and  the  diameter 
of  the  principal  section  in  any  given  crystal  of  the  rhombohedral  system,  if  c't  in  fig,  7 
be  the  trace  of  the  plane  through  the  centres  cV&  in  fig.  1  the  angle  e'tQ  will  be  the 
angle  between  the  axis  of  the  rhombohedron  and  the  normal  to  one  of  the  adjacent 
iiEUses,  that  is  the  angular  element  of  the  crystal ;  and  if  we  call  this  angle  D, 

Qt      an         a 

Also  the  perpendicular  distance  between  successive  planes  passing  through  the  centres 
of  spheroids  and  parallel  to  a  face  of  the  rhombohedron  will  be 

cUsmD,    or      .^ 

The  distance  between  successive  planes  perpendicular  to  the  axis  of  the  rhombohedron. 

And  the  distance  between  successive  planes  parallel  to  the  axis  is    Q^,  or  -t=. 

Vo 

The  first  of  these  three  distances  will  be  greatest  if  a  is  greater  than  6  but  not 
greater  than   86,  and   in  this  case  the  principal  cleavage  will  be  rhombohedral. 

The  second  of  the  distances  will  be  greatest  when  6  is  greater  than  a,  in  which 
case  the  principal  cleavage  will  be  perpendicular  to  the  axis. 

The  third  distance  will  be  greatest  when  a  is  greater  than  86,  in  which  case  the 
principal  cleavage  will  be  parallel  to  the  axis. 

It  is  obvious  that  the  value   of  D,    and    consequently  the  ratio    between  a  and  6, 

will  depend  on  the  choice  of  the  rhombohedron  which  is  taken  as  the  fundamental  one. 

For  calcite  we  have  for  the  cleavage  rhombohedron 

i)  =  44\86'.86''    and    a  :  6  «  1  : -34877. 
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For  quaitZi  taking  the  usual  value  for  D,  namely  5V,4i7\  we  find  a:&  =  l  :  4490, 
which  makes  the  fundamental  rhombohedron  the  form  of  least  surface  tension,  and  the 
six-sided  prism  (Oil)  comes  next  to  it. 

I  have  now,  I  hope,  sufficiently  explained  the  principles  which  determine  the  regular 
aggregation  of  the  molecules  in  assuming  the  solid  from  the  liquid  state,  and  how  this 
leads  up  to  the  system  of  crystallization  and  the  predominant  forms  and  cleavages. 

There  is,  however,  one  arrangement  of  molecules,  suggested  in  the  first  part  of  this 
communication  to  explain  the  forms  of  hexagonal  crystals,  which  is  not  accounted  for  by 
the  principle  here  laid  down.  This  is  the  arrangement  at  the  angular  points  of  right 
triangular  prisms.  If  there  were  any  good  reasons  for  thinking  that  the  molecules  would 
in  consequence  of  their  mutual  action  so  place  themselves,  the  facts  of  hexagonal 
crystallization  would  be  adequately  accounted  for.  But  such  an  arrangement  does  not 
appear  to  me  necessary  for  the  explanation  of  those  fEicts.  Whenever  there  is  no  great 
difference  between  the  sur&ce  tension  of  faces  of  different  forms,  there  must  always  be  a 
tendency  for  the  crystal  to  assume  such  a  combination  as  wiU  approach  to  a  globular 
form,  as  we  see  in  hexagonal  crystals.  And  there  is  no  instance,  so  far  as  I  am  aware, 
in  which  a  crystal  cleaves  into  a  six-sided  pyramid.  The  cleavages  in  this  system  are 
either  rhombohedral,  or  are  perpendicular  to,  or  parallel  to,  the  axis,  and  are  adequately 
accounted  for  by  the  rhombohedral. arrangement  of  molecules. 

It  appears  from  this  that  dimorphous  substances  in  their  different  forms  differ  in  the 
relative  dimensions,  or  in  the  orientation,  of  their  molecular  volumes.  For  instance  the 
spheroidal  molecules  of  calcite  either  have  the  direction  of  their  axes  altered,  or  become 
ellipsoidal  when  the  material  takes  the  form  of  aragonite.  Now  of  all  the  circumstances 
which  help  to  determine  which  of  two  crystalline  forms  a  dimorphous  substance  shall  assume 
temperature  seems  the  most  important  A  change  of  temperature  may  alter  the  relative  as 
well  as  the  absolute  distance  of  the  excursions  of  the  parts  of  the  molecule  firom  the  centre 
of  mass,  and  thus  alter  the  relative  dimensions  of  the  molecular  volume.  It  may  also  affect 
the  average  distribution  of  the  mass  in  the  molecular  volume  and  so  alter  the  orientation, 
of  the  axes  of  the  ellipsoid  which  represents  it.  But  changes  of  this  sort  must,  except 
for  the  constraint  of  the  solid  state,  be  reversed  when  the  temperature  comes  back  to 
its  former  degree,  and  in  such  a  case  the  altered  crystalline  form  must  be  an  unstable 
one.  This  is  no  doubt  the  case  with  some  substances  like  sulphur  which  take  one  form 
when  crystallized  from  fusion  and  a  different  form  when  crystallized  from  solution  at  a 
lower  temperature.  The  former  crystals  are  always  unstable  and  become  split  and  cracked 
by  the  change  which  the  molecules  undergo  when  cooled.  Something  more  seems  wanted 
to  account  for  such  permanent  difference  as  we  find  between  aragonite  and  calcite.  For 
this  I  look  to  the  aggregation  of  matter  in  the  individual  molecule.  Increase  of  temperature 
tends  to  multiply  the  number  of  molecules  into  which  a  given  mass  is  divided.  We 
know  that  it  is  so  in  gases,  and  it  may  be  so  in  solutions.  The  number  of  particles 
of  calcium  carbonate  each  containing  one  chemical  atom  of  carbon  may  be  greater  in  a 
molecule  of  aragonite  than  in  a  molecule  of  calcite.  Each  molecule  is  almost  certainly 
a  complicated  aggregate  containing  many  chemical  atoms  of  calcium  and  carbon,  and  it  is 
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not  unreasonable  to  suppose  that  the  complication  depends  on  the  temperature.  There  is 
however  no  reason  to  think  that  this  aggregation  can  be  at  all  readily  changed  when  the 
substance  is  solid,  so  that  the  crystals  formed  at  one  temperature  will  be  pennanent  at 
other  temperatures  within  certain  limits.  The  change  of  the  specific  gravity  of  aragonite 
to  that  of  calcite  by  a  red  heat  seems  to  &vour  this  view,  though  calcium  carbonate 
crystallizes  as  calcite  from  cold  solutions  as  well  as  from  fosion,  while  it  takes  the  form 
of  aragonite  when  crystallizing  at  some  intermediate  temperatures. 

It  seems  now  possible  to  acquire  a  knowledge  of  the  form  of  the  average  molecular 
volume  in  the  case  of  those  substances  of  which  the  crystallographic  elements  are  known. 
To  work  out  the  details  will  be  a  matter  of  time,  but  I  think  it  important  that  this 
should  be  done  as  it  seems  to  take  us  a  step  further  in  our  knowledge  of  the  nature 
of  molecules  and  chemical  combination. 


APPENDIX. 

HISTORICAL    NOTE. 

M.  P.  CUEIE,  in  a  short  paper  published  in  the  Bull,  de  la  Sooi^  Miniralogique  de 
France,  Vol.  vni.  p.  145,  points  out  the  influence  of  capillarity  on  the  growth  of  crystals, 
and  lays  down,  as  I  have  done,  the  principle  that  the  development,  in  order  to  be  stable, 
must  be  such  that  the  surface  tension  is  on  the  whole  a  minimum.  He  applies  the 
principle  only  to  the  determination  of  the  relative  magnitudes  of  the  faces  of  a  crystal 
which  have  different  constants  of  capillarity.  There  is  enough  in  the  paper  to  have 
suggested  the  line  of  thought  pursued  in  the  first  part  of  this  communication.  I  had 
not,  however,  seen  or  heard  of  M.  Curie's  paper  when  my  own  was  written,  or  I  should 
have  mentioned  it  in  connexion  with  my  investigation. 

M.  Bravais  long  ago  investigated  the  geometrical  properties  of  a  system  of  points 
regularly  distributed  in  space,  and  the  degrees  of  symmetry  belonging  to  several  arrange- 
ments, and  supposed  that  in  a  crystal  of  given  sjrmmetry  the  molecules  must  be  placed 
in  one  or  other  of  the  arrangements  which  have  the  same  degree  of  symmetry  as  the 
crystal  I  ought,  no  doubt,  to  have  been  acquainted  with  M.  Bravais'  investigation*  He 
has  anticipated  me  in  some  points.  The  arrangements  of  molecules  which  I  have  sug- 
gested are  all,  I  think,  to  be  found  amongst  those  he  has  described.    He  has  also  pointed 
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out  that  the  density  of  the  molecules  in  any  plane  will  be  inversely  proportional  to  the 
perpendicular  distance  between  that  plane  and  the  next  parallel  planes  of  the  set; 
and  concluded  that  cleavage  will  be  most  easily  obtained  in  planes  in  which  the  molecular 
density  is  greatest  His  reason  for  this  conclusion  differs  from  mine.  He  thinks  that 
cohesion  in  a  direction  normal  to  a  set  of  parallel  planes  will  be  less  when  the  perpen- 
dicular distance  between  successive  planes  of  the  set  is  greater.  Whether  that  is  so  or 
not  depends  on  the  law  of  force  according  to  which  the  molecules  attract  one  another. 
It  is  probable  that  it  is  so,  and  experiments  have  shewn  that  cohesion  in  rock-salt  and 
some  other  crystals  is  less  in  a  direction  normal  to  a  plane  of  cleavage  than  in  other 
directions.  The  experiments  however  do  not  seem  to  me  conclusive,  because  in  rock-salt 
a  direction  normal  to  one  plane  of  cleavage  is  parallel  to  two  other  planes  of  cleavage 
in  which,  according  to  M.  Bravais,  the  cohesion  should  be  a  maximum.  The  cohesion,  per 
unit  of  area,  between  two  planes  will  increase  when  the  number  of  molecules  per  unit  of 
area  is  increased.  And  my  view  of  the  importance  of  surface  tension  in  relation  to 
cleavage  is  borne  out  by  observation  that  when  an  amorphous  solid  is  broken  by  a  blow, 
or  crushed,  the  direction  of  fracture  is  approximately  that  of  compression.  I  have  lately 
met  with  instances  of  this  in  the  fracture  of  the  conical  quartz  stoppers  used  by  Prof. 
Dewar  and  myself  to  close  the  ends  of  tubes  into  which  gases  were  compressed.  These 
stoppers  were  fitted  into  conical  openings  in  the  gun-metal  ends  of  the  tubes,  and  for 
want  of  exact  fitting  sometimes  obtained  a  bearing  on  only  a  narrow  ring  of  the  hoUow 
metallic  cone.  When  the  tube  came  to  be  filled  with  gas  at  a  pressure  of  200  or  300 
atmospheres,  the  pressure  on  the  quartz  in  the  plane  of  the  ring  became  enormous,  and 
when  the  quartz  has  cracked  it  has  done  so  in  the  plane  of  the  ring  approximately. 
M.  Bravais'  idea  of  hemihedry  depending  on  the  polyhedral  form  of  the  molecules  is 
essentially  different  from  the  dynamical  notions  which  I  have  advanced  on  that  subject 
M.  Bravais  also  supposed  that  the  internal  movements  which  are  going  on  when  a  crystal 
is  growing  play  somewhat  the  same  sort  of  part  in  regard  to  the  growth  of  faces  which 
external  forces  play  in  regard  to  cleavage,  and  tend  to  develope  faces  parallel  to  planes 
in  which  the  molecular  density  is  greatest.  Professor  Sohncke  has  extended  M.  Bravais' 
investigations  of  the  geometrical  properties  of  systems  of  points  regularly  disposed  in  space, 
so  as  to  include  the  more  complicated  cases  arising  from  the  superposition  of  several 
simple  systems ;  but  neither  of  these  investigators  have,  I  believe,  attempted,  as  I  have  done, 
to  explain  on  mechanical  grounds  why  the  molecules  should  assume  any  such  arrangement 
I  am  unable  to  find  any  mechanical  reasons  why  the  molecules  should  assume  the  more 
complicated  arrangements.  Sohncke  has  pointed  out  {Zeitachrift  fur  KrystaUograpkie,  1888, 
p.  218)  that  in  some  of  the  systems  of  regularly  disposed  points  (not  in  the  most  simple) 
the  greatest  distance  between  the  successive  planes  of  a  set  of  parallel  planes  does  not 
always  correspond  to  the  greatest  molecular  density  in  those  planes,  and  that  this  will 
introduce  some  modification  of  Bravais'  laws  as  to  the  growth  of  faces  and  as  to  cleavages. 
He  also  refers  to  the  influence  of  capillarity  as  affecting  those  laws;  yet  he  does  not  appear 
to  notice  the  influence  of  capillarity  in  regard  to  cleavage,  but  only  in  the  development 
of  the  natural  fietces  of  crystals.  He  does  not  notice  that  the  constant  of  capillarity  of  any 
plane  surface  will  depend,  not  only   on  the  closeness  with  which   the  molecules  are  set  in 
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that  plane,  but  also  on  their  distances  from  the  molecules  in  adjoining  parallel  planes. 
I  regard  it  as  only  a  first  approximation  to  say  that  the  constant  of  capillarity  will 
decrease  with  increasing  molecular  density  in  the  surface;  and  it  should  be  observed 
that  the  constant  will  be  different  in  a  solution  in  which  the  crystal  may  be  growing 
from  what  it  will  be  in  air. 

The  notion  that  the  molecules  might  be  represented  by  ellipsoids  is  not  new. 
Brewster  has  suggested  something  of  the  same  kind,  and  Dana  in  his  Manvul  of  Mine- 
ralogy, 3rd  edition,  has  pointed  out  that  Haiiy's  parallelepipeds  might  be  replaced  by  the 
inscribed  ellipsoids.  My  idea  of  the  molecules  is  essentially  a  kinetic  one,  in  which  the 
ellipsoid  represents  the  average  molecular  volume,  not  a  solid  mass.  Moreover  Dana's 
arrangement  of  ellipsoids,  each  touched  by  only  six  others,  will  Bot  satisfy  the  mechanical 
requirements  which  I  have  formulated.  At  the  same  time  it  may  be  said  that  there  is  a 
certain  resemblance  between  his  notion  of  polar  forces  acting  chiefly  at  the  extremities  of 
conjugate  diameters  and  determining  the  similarity  of  position  of  all  the  ellipsoids,  and 
my  notion  of  the  distribution  of  the  matter  in  the  molecule  determining  the  orientation  of 
the  axes  of  the  ellipsoids  though  not  the  similarity  of  their  situation. 

Although  I  have  been  anticipated  in  many  points  I  hope  I  have  added  something 
to  the  mechanical  theory  of  crystals  which  may  lead  to  further  development  on  that  side 
of  the  subject. 
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XV.     Systems  of  Quatemariants  that  are   algebraically  complete.      By   A.    R. 
Forsyth,  M.A.,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge. 

[Read  February  11,  1889.] 

The  aim  of  this  memoir  is  to  obtain  for  certain  quaternary  quantics  the  respective 
systems  of  concomitants  which  are  algebraically  complete,  that  is,  are  such  that  every  con- 
comitant of  a  quantic  can  be  expressed  as  an  algebraical  (but  not  necessarily  nor  generally 
an  integral)  function  of  the  members  of  the  system  appertaining  to  that  quantic.  The 
method  and  the  course  of  development  are  similar  to  those  in  the  corresponding  investiga- 
tions relating  to  ternariants*,  in  the  present  case  complicated  by  the  presence  of  the  six 
(non-independent)  line-variables. 

It  is  shewn  that  the  characteristic  equations  satisfied  by  quatemariants  f  can  be 
reduced  to  twelve  linear  partial  differential  equations  of  the  first  order,  which  are  inde- 
pendent of  one  another  in  form;  and  that  these  twelve  can  be  reduced  to  six  of  them, 
properly  chosen  and  absolutely  independent  of  one  another.  The  leading  coefficient  of 
a  quateruariant  satisfies  three  linear  partial  differential  equations,  also  of  the  first  order; 
and,  when  obtained,  it  uniquely  determines  the  quatemariant  by  being  symbolised  into 
the  umbral  elements  of  the  coefficients  of  the  quantic — this  result  being  a  consequence 
of  a  theorem  proved  that  every  quatemariant  is  expressible  as  an  aggregate  of  symbolic 
factors  of  some  of  five  forms. 

The  number  of  quatemariants  in  an  algebraically  complete  system  is  iV— 5,  where 
N  is  the  number  of  coefficients  in  the  most  general  form  of  the  quantic  (or  of  the  set 
of  simultaneous  quantics)  with  which  the  system  is  associated.  A  method  is  indicated 
by  which  the  leading  coefficients  of  these  JV"  —  6  quatemariants  can  be  obtained  as  com- 
binations of  binariants,  which  belong  to  binary  quantics  derivable  from  the  original 
quantic.  And  for  those  quatemariants,  which  do  not  involve  line-variables  and  which 
belong  to  unipartite  quantics  in  point-variables,  it  is  shewn  that  their  leading  coefficients 
can  be  expressed  as  contravariants  (and  invariants)  of  ternary  quantics  derivable  from  the 
original  quantic. 

The  general  theory  thus  indicated  is  applied  to  obtain  the  special  results  for  the 
following  cases :  (i)  a  quadratic,  and  (ii)  two  quadratics,  in  point-variables ;  (iii)  a  quantic 
lineo-linear    in    point-    and    plane-variables;    (iv)    a  linear  complex;    (v)   a  congmence    of 

*  "  Systems  of  Ternariants  that  are  algebraically  com-      generic  concomitant  of  the  quaternary  quantic  instead  of  its 
plete",  Amer.  Joum.  of  Math.,  vol.  xii.  (1889).  leading  coefficient,  as  suggested  by  Sylvester,  Anier,  Journ, 

t  I  have  used  the  word  quatemariant  to  denote  the      of  Math. ,  vol.  v.,  p.  81. 
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two  linear  complexes;    (vi)   a    regulus   of  three  linear    complexes;    and   (vii)   a  quadratic 
complex. 

In  regard  to  quatemariants  which  are  pure  invariants  or  pure  covariants  Salmon's 
Geometry  of  Three  Dimensions  may  be  consulted,  in  which  there  are  frequent  references 
to  Sylvester  and  Clebsch;  but  except  the  quaternariant  which  is  the  complex  of  lines 
touching  a  surface  there  are  hitherto,  I  think,  few  cases  of  quatemariants  which  involve 
line- variables.  The  bibliography  of  the  lineo-linear  quantic  is  given  elsewhere*.  For 
complexes  the  most  important  references,  in  addition  to  the  investigations  of  Cay  ley  and 
Pllicker,  are  to  be  found  at  the  end  of  Klein's  memoir  (all  cited  in  the  note  to  §  1 
of  this  memoir) ;  most  of  the  results,  so  far  as  they  concern  the  theory  of  forms,  relate 
to  the  canonisation  of  the  complex  of  the  second  grade. 


GENERAL  THEORY. 

The  Differential  Equations  of  the  Concomitants. 

1.  In  the  discussion  of  the  concomitants  of  quaternary  quantics  the  ordinaiy  (point) 
variables  will  be  denoted  by  x^,  a?,,  a:,,  a?^;  the  linear  transformations  to  which  they  are 
subject  will  be  taken  to  be 

^1.  ^„  ^».  ^4  =  (  1 »  h*  h>  h  ^^v  ^t*  -3r,,  X^. 

m^y    1,   m,,  m^ 

The  variables   (plane)  contragredient  to  these  will  be  denoted  by  w^,  «,,  m,,  u^\  and  they 
are  subject  to  the  transformations 

f^„   ^„  U^,  17^  =  (  1,  w„  n„  k^  $M„  M,,  M3,  u^. 

The   coefficients   in    the   unit  power  of  the  symbolical  quantity  a,  =  [a^x^  +  ajc^  +  ajc^  +  a^^ 
are  transformed  by  the  same  relations  as  the  quantities  u. 

The  six  line-variables  wiU  be  denoted  by  p,,  p^,  p,,  p^,  p^,  p^.  If  y^,  y,,  y^,  y^; 
z^,  5„  5g,  z^  be  two  sets  of  point-variables,  that  is,  variables  cogredient  with  the  variables  x, 
the  line-variables  are  defined  by  the  equations 

Pi  =  2/A  -  yA.       P^  =  yA  -  ^4^,. 

P8«yA-yA>     ;^4=yA-y4^s» 

*  **  Systems  of  Tefnariants  "  (already  cited),  §  CO. 
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connected  by  a  permanent  relation 

The  transformations,  to  which  the  line-variables  are  subject  in  consequence  of  the  variations 
of  the  point-variables,  are  not  linear,  being 

Pi»  i>t'  Ps»  Pa>  Pb^  />«  = 

(      l-mjn,,  -mj+m,nj,  -n.  +  m^rij,  -w^-|-m,n^,      n^-mji^,  ^i^4-^W4$A»  -P,»  -P,,  ^4»  ^6»  A)- 

-  Z3  +  Z,m,,  -m,  +  ZgWij ,      1  -  m,Z„   Z,w^  -  f^m„  -f^  +  f,m^,      m^  -mj,^ 

k^-mje^,  kjn^-mjc^,  -k^-^-mJc^,      m^—kjn^,      l-mjc^,     m^-k^m^ 
^A-^A. -*8  +  ^A>     K-hK^      h-hks»     h-hK'      1-^4*1 

This  is  not  the   only   definition    of    the   line- variables ;    for  they  can  be  constructed 
from  two  sets  of  plane- variables  v^,  v,,  v,,  v^  and  w^,  w,,  w^,  w^  in  the  forms 

Px  =  ^1^4  -  ^A^x^  Pe  =  V.W»  -  ^s^'.* 

1>8  =  V8^4-V8»  ;>4  =  Vl^.-^8«'l» 

these  being  connected  by  the  same  permanent  relation  as  before. 

*  The  following  table  gives  a  ooioparison  between  some  of  the  notations  most  frequently  used  for  line  variables :— 


p 

« 

r 

u 

t 

9 

Cayley,  Quart,  Jowm.  Math.^  yoI  iii.,  pp.  225—236. 

I 

m 

n 

r 

9 

P 

Gayley,  Proe.  Lond.  Math,  Soc.,  vol.  iv.,  p.  16. 

a 

b 

e 

h 

9 

f 

Cayley,  Camb,  Phil.  Trant.,  vol.  xi.,  pp.  290—323. 

*s 

-«8 

*i 

'a 

-'5 

«8 

Luroth,  CreUe,  t.  Ixvii.,  pp.  130—152. 

P^ 

-P18 

Pii 

Pu 

-1»« 

Pu 

Weiler,  Math.  Ann.,  t.  vii.,  pp.  146—207. 

Ps 

-P2 

Pi 

Pa 

-Pi 

Pz 

V0B8,  Math.  Ann.,  t.  x.,  p.  169. 

Pfi 

-P% 

Pi 

Pa 

-Ps 

Pi 

Klein,  Math.  Ann.,  t.  xxiii.,  pp.  539—578. 

Pi 

Pi 

Pi 

Pa 

Pa 

Ps 

Notation  used  in  this  paper.. 

Since  only  the  ratios  of  the  six  coordinates  are  necessary 
to  determine  any  line,  the  given  definitions  imply  the 
existence  of  an  unspecified  factor  common  to  all  the  co- 
ordinates. Instead  of  six,  Plficker  (in  his  "New  Geometry 
of  Space",  Phil.  Trans.  1865,  pp.  725—791,  and  his  "Neue 
Geometric  des  Baumes"  1868)  takes  the  quantities 

(«•=  -Pi-^,  P=Pi-^,  »=l>6-5-,  r^p^-i-,  i?=ft-5-)l>4 
the  common  denominator  being  p^;  and  the  permanent 
relation  is  •ij=ra-  sp. 

The  introduction  of  Plticker's  quantities  into  concomi- 


tants would  leave  only  a  partial  symmetry  and  would 
destroy  the  homogeneity :  so  that  for  the  present  purpose  it 
is  preferable  to  retain  some  set  of  six  quantities.  I  should 
have  adopted  the  set  (a,  h,  e,  f,  g,  h)  as  these  occur  very 
frequently :  but,  as  there  is  the  disadvantage  that  all  these 
symbols  occur  in  the  usual  notation  for  quadratics,  I  adopted 
the  system  {PiiPtiPttPsi  Pa^PiJ  the  permanent  relation 
being  homogeneous  in  subscript  indices)  in  the  text,  so  as 
to  have  the  leading  term  of  a  concomitant  that  which 
involves  Xi,  u^,  and  pi. 
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Strictly,  only  the  ratios  of  the  last  six  quantities  are  equal  to  the  same  ratios  of 
the  first  six  quantities.  But,  as  will  be  seen  in  §  5,  we  only  retain  in  the  variational 
equations  terms  which  are  of  the  first  order  in  the  coefficients  of  transformation;  and  as, 
up  to  this  order,  the  six  quantities  in  the  first  definition  are  equal  to  the  six  quantities 
in  the  second  save  as  to  a  factor  which  is  unvarying,  we  are  justified  for  the  present 
purpose  in  making  the  corresponding  quantities  equal,  instead  of  merely  proportional,  to 
one  another. 

2.  The  fundamental  quantic,  when  taken  to  be  unipartite  and  of  order  /i  in  the 
point-variables,  may  be  represented  in  the  symbolical  form  a/  or  in  the  explicit  form 

with  the  condition  q  +  r  +  8  +  t  =  fi;  and  the  real  coefficients  are 

when  expressed  in  terms  of  the  umbral  coefficients.  From  the  last  equation  the  co- 
efficients of  the  new  quantic  are  deduced  when  the  linear  transformations  in  the  variables 
are  applied. 

3.  The  most  general  concomitant  possible  is  a  function  <f>  of  the  coefficients  of  the 
quantic  and  of  the  dififerent  kinds  of  variables  such  that,  when  the  same  function  <I>  is 
formed  in  the  transformed  coefficients  and  in  the  transformed  variables,  the  equation 

is  satisfied,  A  being  the  determinant  of  transformation  and  0  an  integer  which  is  the 
index  of  the  concomitant. 

When  in  this  equation  we  substitute  for  A  and  U  in  terms  of  a  and  u  and  for 
X  and  p  in  terms  of  X  and  P,  it  comes  to  be  an  identity;  and,  when  the  two  sides 
are  expanded  in  the  coefficients  of  the  transformation,  the  terms  involving  the  same  com- 
binations of  those  coefficients  on  the  two  sides  are  equal  to  one  another.  Using  the 
expansion  by  Taylor^s  theorem,  we  thus  obtain  from  each  such  combination  a  differential 
equation  satisfied  by  the  function  '<}>  of  a,  X,  P,  u  identically ;  after  it  has  been  obtained, 
we  may  replace  X  and  P  by  ^  and  p  respectively.    Also  since 

A=      1,    h;    /,,    /, 
Wj,   n,,     1  ,.   n^ 

there  are  no  terms  in  A  of  the  first  order  in  the  coefficients  of  the  linear  transforma- 
tion, and   the  only  terms  of  the  second  order  are   those  which  involve  the  combinations 

^8^«»    K^x*    ^i^a»    ^A»    ^^*a»    ^A* 

4.  Taking  then  the  coefficients  of  the  various  combinations  of  the  coefficients  in  the 
covariantive   equation,  we  have   ^  =  ^   as  derived  firom  the  terms  which  are  independent 
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of    those  coefiScients;    and   from   the   tenns   which    are    of   the  first  order  ve  have  the 
following  twelve  characteristic  equations: 

From  the  coefficient  of 

/.     the  equation    L, -^  u,^^  =  x,^^- p,^^  + p,^^ 


r  d  d  d    ,        d 

d         d         8         d 


I. 


M-^       9  8  8^8 


*» 


.        '9^.   ^*9^."-^*9/'. 
»r  9  8  8.8 

^'+"»8«.=*'8^.-^»8^  +  ^«^, 
»r  ^       9  8  9^8 

V  3  8  8  8 


'8«. 


'8a;. 


'8p.--^»8p. 


„   .        a  8  9  8 


I.  c^3  9  9^8 

*•  '^•+"'95j;=*«8^r^^/^'¥. 

I.  ir  ^       9  8  8.8 


'8u, 


'9i>.     -^'8p. 


the  literal  operators  L,  M,  N,  K  being 

3     ^ 


A-2^^«+i.r-i.f.<9^ 


i,  -  tsa^^^  ^^  ,_i^  ^ 


QTWt 

d 


da 


A-2to^+i.r,*,<-iga 


9 


(prtt 


8a 


d 


da. 


^<  =  '^Kr^l.».t-l^ 


'qr§t 

8 


N,='Xqa^.^,^,^,^tK-, 


■^«-2**<»,.r-i,.+i.<9o 


8 


^*''^Kr.s*l,t-l 


'qr§t 

8 


9o, 


^nt. 


K.^tqa^.  .  ..<+! 


3 


i,>        ^V«« 


3a 


3 


3a 


'ffri* 


.(I). 


in  which  the  summations  extend  to  all   integral    combinations  such  that   g  +  r  +  «  +  <  =  yiA, 
the  order  of  the  fundamental  quantic. 
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5.  Since  the  transformations  which  are  applied  to  the  a;-variables  are  linear,  it  is 
to  be  expected  that  the  foregoing  twelve  equations  arising  from  the  linear  terms  in  the 
covariantive  relation  will  be  sufficient  for  the  determination  of  the  concomitant  as  a 
function  of  x  (and  also  of  v).  But  because  the  transformations  which  are  applied  to 
the  j9-variables  are  not  linear,  it  at  first  appears  as  if  the  foregoing  equations  would  not 
be  sufficient  for  the  determination  of  the  concomitant  as  a  function  of  p ;  for  the  full 
variation  of  the  variables  p  is  not  given  by  the  linear  coefficient-combinations.  This 
inference  as  to  insufficiency  is  not  however  justified ;  for,  though  those  linear  coefficient- 
combinations  do  not  give  the  full  variation  of  the  quantities  p,  they  determine  it  uniquely. 
And,  when  the  equations  derived  from  a  comparison  of  the  terms  in  coefficient-combi- 
nations of  the  second  order  are  formed,  they  are  found  to  be  either  quasi-homogeneous 
equations — satisfied  in  virtue  of  the  isobaric  homogeneity  of  the  concomitants — or 
equations  which  are  derivable  from  the  twelve  characteristic  equations  earlier  obtained. 
The  verification  of  these  statements  is  not  difficult:  thus  for  instance  the  equation 
which  arises  from  a  comparison  of  the  terms  involving  m^n^  can  easily  be  derived  from 
the  two  equations  which  arise  from  the  terms  involving  ni^  and  n^. 

The  general  result  therefore  is  that  the  twelve  equations  arising  from  the  terms  of 
the  first  order  in  the  coeficients  of  transformation  in  the  covariantive  relation  form  an  im- 
plicitly complete  set  of  characteristic  equations  *. 

6.  Though  all  the  characteristic  equations  can  bo  derived  from  the  set  of  twelve 
retained,  it  does  not  follow  that  these  twelve  are  independent  of  one  another.  As  a 
matter  of  fact,  they  can  easily  be  reduced  to  six  equations  in  the  following  manner. 

Let  any  one  of  the   equations  be  written  in  the   form  P^P\   so  that  for  instance 

^«'=^-3^r^3ir.~^^3;7/^-3^' 

and  let  any  other  be  written  in  the  form  Q^Q',  it  being  evident  that  any  one  of  the 
twelve  literal  operators  is  commutative  with  any  one  of  the  twelve  variable-operators. 
Thus  for  any  function  <^  which  satisfies  both  equations,  we  have 

Hence  (QP  -PQ)4>^  {QF  -  PQO  * 

=  (P'Q-QT)4> 
=  iFQ^-Q'F)4>. 

In  every  case  therefore  in  which  P  and  Q  are  not  commutative  operators,  this  last  equation 
is  different  in  form  from  either  of  the  preceding  equations  and  is  not  evanescent;  and  it  is 
satisfied  in  virtue  of  those  two  equations. 

On  forming  these  equations  for  the  different  combinations,  it  appears  that  the  operators 
Z,,  ^4,  i^,,  JV4,  K^,  K^  are  all  commutative  with  L^  and  similarly  for  the  variable-operators; 
the  corresponding  derived  equations  are  therefore  evanescent.    The  equation  constructed  firom 

*  The  eqaationB  agree  with  those  given  in  a  paper  by  the  author  in  the  Proe>  Loud,  Math.  Soc.,  vol.  xli. 
(1887),  p.  42. 


Digitized  by 


Google 


THAT  ARE  ALGEBRAICALLY   COMPLETE. 


415 


L,  =  L^,  M^  =  M(  is  a  quasi-homogeneous  equation  satisfied  in  virtue  of   the  isobaric  homo- 
geneity of  the  concomitant.    But  for  the  others 


Mm-LiUi^K 


l:k:-k;l:=k;; 

80  that  four  of  the  equations  can  be  derived  by  combining  in  the  above  manner  the  equa- 
tion i,  =  i/  with  others  of  the  equations. 


The  aggregate  of  these  relations*  is : 

M,  =  M^,  -  N.M^"  M,L,  -  L,M^ 
i\r,  =  J^,Jlf,  -  M^N^^  N^,  -  K,N, 
N,  =  i\r,i,  -  X^,  =  iV,Jr,  -  KJf, 

K,  =  K,L,-L^^  =  K^,-N^, 


l; = N:Li  -  i.'i\r;  =  k^l;  -  l:k; 
l;  -  Mm  -  LiMi  =  ir.'i;  -  l^k- 
x;  =  mm  -  L^Ni  =  Nm  -  l;n; 
m;  =  n;m;-  m;n;=  k,'M,'-  m^k,' 

M,'  =  L,'M,'  -  M,'L,'  =  K,'M:  -  M:k; 
M;  =  N.'Mi  -  M^N,'^  L.'Mi  -  Mm 

N,'  =  M,'N,'  -  n,'m;=  K.'Ni  -  n^k; 
N,'  =  L,'N,'  -  Nm  =  k;n;  -  nik; 

N;  =  i/i^,'  -  Nm  =  M,'Ni  -  iV.'Af; 

K,' = m,'k;  -  KiM,'=  n;k;  -  k^n; 

k;  =*  l:k:  -  Km = n,'k:  -  k:n; 


k:=l:k:  -Km  ^m:k:-k;m;  j 

From  these  it  follows  that  the  twelve  equations  can  be  reduced  to  six,  for  example  the 
set  of  six  constituted  by 

i.=4'.  Jf,-if,', 

It  is  not  difficult  to  see  the  analytical  origin  of  such  a  result     The  six  equations  which 
remain  correspond  to  the  changes  in  the  variables  caused  by  the  transformations 

a?4=  k^X^  +  X^. 
A  combination  of  any  two  of  these  transformations,  as  for  example 

a?,  =  m^Z,  +  (1  +  Ijfti^  Z,  +  ^i^aZg  +  mJi^X^, 
introduces  into  x^  terms  corresponding  to  m^,  and  m^X^  which  in  the  covariantive  relation 

*  The  other  similar  combinationB  of  the  twelve  operators  Those  of  the  operators,  which  are  not  lineo-commntative 

do  not  lead  to  any  new  forms,  the  operators  in  snoh  cases  are  qQadrato-oommutative  according  to  laws  of  the  form 
being  lineo-commntative ;  thus  for  instance  i^  3f a  -  21^  JJf,  L, + JJf,  Lf = 0, 

I.jL,=I.jLj.  LsAf,«-21f,LjAf8  +  Jlfg«L2=0. 
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lead  to  two  characteristic  equations,  M^^M^  and  M^  —  M^  shewn  to  be  dependent  respec- 
tively upon  M^^M^  and  L^-L^\  and  upon  M^  =  M^   and  L^  =  Ll. 

7.  This  dependence  of  six  equations  upon  the  other  six  is  however  of  a  different 
kind  from  the  dependence  of  the  characteristic  equations  derived  through  terms  of  the 
second  order  in  the  coefficients  of  'transformation.  There,  the  characteristic  equations  arise 
merely  from  successive  application  of  the  operators  which  occur  in  the  set  of  twelve;  and 
they  furnish  no  equation  new  in  form.  Here,  the  six  dependeht  equations  arise  from  a 
functional  combination  of  the  operators  in  the  other  six;  they  are  similar  equations,  but 
are  new  in  form. 

Since  then  by  means  of  the  twelve  all  other  characteristic  equations  can  be  imme- 
diately deduced,  merely  by  the  successive  application  of  the  operators  they  contain  and 
without  the  introduction  of  any  new  operator  through  combinations,  it  is  desirable  to 
retain  the  full  system  of  twelve.  It  will  appear  immediately  that  they  suffice  for  the 
complete  explicit  development  of  a  concomitant  in  point-variables  and  in  plane-variables; 
but  for  the  full  development  by  this  method  in  line-variables  certain  combinations  will 
need  to  be  taken.  Such  combinations  are  not  however  here  given  as  the  present  purpose 
does  not  hold  in  special  view  the  tabulation  of  the  concomitants. 

8.  The  Jacobian  conditions  that  the  coexistent  equations  shall  possess  common  solutions 
are  all  satisfied  either  (i)  identically  or  (ii)  in  virtue  of  equations  in  the  set  of  twelve  or 
(iii)  in  virtue  of  quasi-homogeneous  equations. 


Symbolical  Representation  of  Concomitants. 

9.  Before  proceeding  further  it  is  necessary  to  shew  that  every  quatemariant  can 
be  exhibited  in  a  symbolical  form.  The  following  is  an  outline  of  the  proof,  being  similar 
to  the  one  ordinarily  applying  in  the  case  of  binariants  and  to  that  given  by  Clebsch* 
as  applied  to  ternariants. 

(i)  Denoting  the  quatemariant  by  <f>  (a,  %  sc,  p)  and  introducing  five  new  linear  forms 
^x>  ^»»  f«>  Vaf  Si  8^ch  that  (§  1)  we  may  take 

p,=^v,w,-v,w,  [ 

from   the  coefficients  of  two  of  them  t;^,  w^;  and  from  the  coefficients  of  the  other  three 
f„  fjg,  f,  the  relations 


P,  =  v,w,  -  v,w^,  p^^  v^w^  -  v.w. 


—  a?j  a?,  —  ^4 


2±f.i7.?4     S±f,i7,&     2±f,i7.&     2±f.97.S;' 

the  concomitant  changes  into  <^  (a,  u,  {,  17,  (^,  v^  w),  that  is,  into  an  invariant  of  the  simul- 
taneous system  a,,  w„  g,,  17,,  f,,  v^,  w^. 

*  Crelle,  t  Iviii.,  p.  118 ;  see  also  Crelle,  t.  liz.,  pp.  1— G2. 
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(ii)  Every  invariant  of  this  sjBtem  is  an  aggr^^ate  of  products  of  the  determinants  of 
every  four  of  them,  the  member  a»  being  repeated  any  number  of  times. 

(iii)    The  di£ferent  forms  of  determinant  that  may  arise  are : — 

(1)  (dbcd)\ 

(2)  (i)  (abcul 

(ii)  (abcv),  which  is  merely  a  'polar'  of  (abeu)  and  so  is  not  different  in  nature, 
and  similarly  for  all  the  others  involving  only  one  of  the  six  sets 
of  quantities  u,  {,  17,  ^,  v,  w; 

(3)  (i)  (ahvwl 

(ii)  (abuv),  which  is  merely  a  'polar'  of  (dbmu)  and  so  is  not  different  in 
nature:  similarly  for  all  the  others  involving  two  of  the  six  sets  of 
quantities ; 

(4)  (i)  (af.,0. 

(ii)  (auff^),  which  is  merely  a  *  polar '  of  (a^^  and  so  is  not  different  in 
nature:  similarly  for  all  the  others  involving  three  of  the  six  sets 
of  quantities; 

(5)  (i)  {u^^, 

(ii)  (vfi/f),  which  is  merely  a  'polar'  of  (vfrf^  and  so  is  not  different  in 
nature:  similarly  for  all  the  others  involving  four  of  the  six  sets 
of  quantities. 

Hence  every  invariant  is  an  aggregate  of  products  of  determinants  of  the  five  different 
natures  given  by  (abed),  {abcu),  (abvw),  {a^^  and  (ufi/j;),  and  of  polars  of  these  determi- 
nants. 

(iv)  When  we  replace  the  coefficients  in  these  invariants  by  their  values  in  terms 
of  the  variables  as  already  substituted,  the  invariants  are  changed  into  concomitants:  and 
hence  concomitants  are  sums  of  products  of  the  transformed  values  of  the  five  different 
kinds  of  fftctors.    These  tactoiB  now  are: 

(1)  (abed); 

(2)  {abcu)\ 

(3)  (aA  -  ^A)  Pi  +  (flA  -  «i*s)  ft  +  (<hK  -  «A)  A  +  («A  -  «A)  p, 

+  (aA-  »A)  Pb + («A  -  «A)ft 

which  we  shall  denote  by  (abp):  it  is  also  the  equivalent  of  ajb^-^ajby 
where  the  variables  y  and  z  are  cogredient  with  w; 

(4)  a«; 

(5)  Uf,,  the  universal  concomitant. 

Vol.  XIV.  Pabt  IV.  54 
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*  [Hence  the  five  different  hinds  of  factore  which  enter  into  the  symbolioal  expreseion 
of  a  concomitant  are  of  the  forms  u„,  a.,  (flbp),  (abcu)  and  (aJbcd). 

(v)    It  is  now  necessary  to  consider  the  polars  of  these. 

(a)    Some  of  the  polar  variables  which  occur,   as  in    (iii)  (4),  can  be   expressed 

in  terms  of  the  variables  x,  p,  u,  and  therefore  must  be  retained. 

Thus  one  of  the  determinants  is 

(auvw)  =  a,', 

where  a^' ^     (^.^4)=  «J>,-t^tP« +  «*«?•» 

a  new  set  of  point«varia1>les,  being  those  of  the  intersection  of  the  line  p  and  the 
plane  u.  Hence,  when  we  have  a  concomitant  which  involves  the  point-variables  x,  other 
concomitants  can  be  derived  by  means  of  the  polar  operator 

^•*'''  a^+*«  dx,-^'*  a^/*'*  a^' 

repeated  any  number  of  times.  Thus  for  instance  if  Z7  be  a  quadratic,  U  =  0  is  the 
condition  that  the  point  x  lies  on  a  quadric  surface;  d^U^O  is  the  condition  that  the 
points  X  and  a/  are  conjugate  with  regard  to  the  quadric  surface;  and  i^dJU^O^  U  is 
the  condition  that  the  point  x'  lies  on  the  quadric  surface. 

The  preceding  proof,  given  in  outline,  is  limited  to  a  quantic  of  the  form  a.*;  but 
it  is  similar  in  the  case  of  a  quantic  of  the  form  u^^  as  well  as  in  the  case  of  a 
quantic  in  line-variables  which  is  separately  discussed  in  §  51.  In  the  former  of  these 
there  arises  similarly  a  set  of  plane-variables  which  must  be  retained:   they  are 

<=--(«iyf^4)  =  -a^lP4  +«?J>«  +  ^4Pt' 

being  the  coordinates  of  the  plane  which  passes  through  the  point  x  and  the  line  p. 
Hence  when  we  have  a  concomitant  which  involves  the  plane-variables  u,  other  con- 
comitants can  be  derived  by  means  of  the  polar  operator 

repeated  any  number  of  times.  Thus,  for  instance,  in  the  case  of  the  same  quadratic 
as  before,  there  is  (§  20)    a    concomitant  S   such    that    2 « 0  is  the  condition  that  the 

*  (11  March,  1889.)  The  remainder  of  this  artiole  and  §  10  have,  in  oonsequenoe  of  some  remarks  kindly 
made  to  me  by  Professor  Cayley,  been  considerably  amplified  from  the  form  in  which  they  existed  at  the  time 
the  paper  was  read,  with  the  purpose  of  rendering  more  explicit  the  disonssion  of  the  polar  variables. 
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plane  u  touches  the  former  quadric  surface;  dJZ^O  is  the  condition  that  the  planes  u 
and  u  are  conjugate  with  respect  to  the  quadric  surfietce;  and  j^d.*2  — 0»S'  is  the 
condition  that  the  plane  u   touches  the  quadric  surface. 

Similarly,  because   we  have    two    points    x  and  x^   we  have  a  line  p'  other  than  p 
such  that  its  coordinates  are 

P%  =  ^^i  -  ^A'»         Pb  =  ^^^Z  -  ^.'^4. 

Pi  =  *A'  "  ^*^/»        Pi  =  ^t^/  -  ^/^4» 

being  the  line  joining  x  and  a/.  And  because  we  have  two  planes  u  and  u  we  have 
a  line  p'  other  than  p  and  p'  such  that  its  coordinates  are 

P"  =  <^4  -  wX,        p;'  =  wX  -^  wX» 
p,"  =  <ti,  -  uXf        pi'  =  w>i  -  «,<. 

being  the  intersection  of  the  planes  u  and  t^'.     But  it  is  easy  to  prove  that 

^  mm.     C4 


l>i  i>i 


6 


SO  that,  even  from  the  point  of  view  of  asyzygetic  concomitants,  it  is  sufficient  to  retain 
only  the  coordinates  of  the  line  p\  Hence,  when  we  have  a  concomitant  which  involves 
the  line-variables  p,  other  concomitants  can  be  derived  by  means  of  the  polar  operator 

f%  »9  ;9  /9  #9  /9  /3 

^'=^'  ^/^»  ^.+^»  ^.+^'  ^/^«  ^+p«  ^.' 

repeated  any  number  of  times. 

Thus  for  instance  in  the  case  of  the  same  quadratic  as  before  there  is  a  concomi- 
tant T  such  that  T^^O  is  the  condition  that  the  line  p  touches. the  former  quadric 
surface;  d,T=0  is  the  condition  that  the  lines  p  and  p*  are  conjugate  with  respect  to 
the  quadric  surface;  and  \'b^T^^^T  is  the  condition  that  the  line  p'  touches  the 
quadric  surface. 

(/3)  Some  of  the  polar  variables  which  occur,  as  in  (2),  (3),  (4),  cannot  be  expressed 
in  terms  of  the  sets  of  given  variables,  and  therefore  are  not  to  be  retained.  Thus,  for 
instance,  if  y  be  the  point  which  is  the  intersection  of  the  planes  u,  17,  %^  and  if  ;  be 
the  line  which  joins  x  and  y,  the  value  of  the  concomitant 

a.(a6p)(6wi70 
of  the  former  quadratic  is 

(ahp)aj)^ 

=  i{ahp)(aj>,-afi^) 
=  i(a6p)(a6gr), 
a  polar  of  T  by  means  of  variables  extraneous  to  the  given  system. 

54—2 
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Hence  aU  the  polar  variables  thai  require  to  be  retained  are  those  of  the  point  x  ^ 
the  line  p\  and  the  plane  u\ 

(vi)  All  functions  derived  from  concomitants,  which  involve  only  the  variables  of 
the  point  x,  the  line  p  and  the  plane  u  as  given  in  (iv.),  by  means  of  any  combinations 
of  the  polar  operators  9„  dp,  3.  we  call  polar  derivatives;  and  evidently 

3, .  a,  =  a,', 
d,  {ahp)  =  {abp'), 
3.  (ahcu)  —  (ahcu'). 

Hence  we  have  as  the  general  theorem  : 

Even/  conwmitant  of  the  quantic  a/  can  be  represented  as  an  aggregate  of  products 
of  factors  of  the  forms  a„,  aj;  {ahp),  (ahp);  (ahcu),  (ahcu');  (ahcd),  together  toith  u^, 

(vii)  But  conversely  when  we  have  obtained  a  concomitant  which  involves  not  only 
the  variables  of  the  original  system  a,  u,  p,  but  also  the  derived  polar  variables  of,  u',  p\ 
we  can  pass,  uniquely  and  by  a  reversible  process,  to  a  concomitant  which  involves  only 
the  variables  of  the  original  system.  For  this  purpose  we  merely  need  to  employ  the 
operators  which  are  reverse  to  3„  3,,  3«,  viz. 

^,  3,3^3^3 

^•='^*3<'^'^>3<'^'^«3<"*''^^3^" 

^,  3.        3.        3.        3^3.        3 

.,  3^3^3^3 

each  operating  as  many  times  as  the  variables  jt',  tt',  p  occur  respectively ;  and  we 
obtain  a  concomitant,  the  same  in  literal  coefficients  and  involving  only  the  Variables 
X,  u,  p  alone. 

If,  then,  we  have  obtained  all  the  concomitants  which  can  be  represented  as  aggre- 
gates of  products  of  factors  of  Ihe  form  a«,  (ahp),  (ahcu),  (ahcd),  u„  all  the  concomitants 
of  the  system  associated  with  the  quantic  under  consideration  can  be  derived  from  them 
as  polar  derivatives  by  means  of  the  operators  3^,  3«,  3,;  and  all  concomitants  which  have 
the  same  literal  coefficients  can  be  derived  from  a  concomitant  with  those  leading 
coefficients  and  involving  in  its  symbolical  expression   only  factors  of  the   form 

w.,   a.,   (ahp),  (ahcu),  (ahcd). 

We  shall  therefore  speak  of  these  concomitants  as  the  system,  of  fwndamental  con- 
comitants  appertaining  to  the  quantic;  and  it  is  to  be  understood  that  with  the  system  must 
always  be  associated  all  those  polar  derivatives  which  are  derivable  by  means  of  any 
combinations  of  (he  operators  3„  3,,  3.. 
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10.  It  follows,  then,  from  the  preceding  investigation,  that  the  fundamental  con- 
comitants of  the  system  appertaining  to  a  quantic  are  unique  in  their  expression  in  terms 
of  the  symbolic  fiactors;  and  therefore  that,  when  these  factors  are  expanded  in  powers 
of  the  variables,  the  leading  coefficient  is  unique,  the  leading  coefficient  being  the  co- 
efficient of  the  term  which  involves  the  highest  power  of  a?,,  the  highest  power  of  p^ 
and  the  highest  power  of  u^.  And  it  follows  also,  from  the  preceding  investigation,  that 
no  variables  other  than  x^y  u^,  p^  occur  in  that  leading  term  of  a  fundamental  con- 
comitant. 

Conversely,  also,  when  the  coefficient  of  the  leading  term  of  a  fundamental  con- 
comitant is  known  as  a  frtnction  of  the  coefficients  of  the  quantic,  we  have  one  simple 
method  of  obtaining  the  concomitant  by  expressing  that  leading  coefficient  in  terms  of 
the  umbral  elements  of  the  quantic  and  completing  the  umbral  expression  by  proper 
association  of  the  variables.  When  the  frmdamental  concomitant,  thus  determined  by  a 
leading  coefficient,  is  known,  all  the  polar  derivatives  can  be  obtained.] 

11.  When  the  symbolisation  of  the  leading  coefficient  has  been  efifected,  the  degree 
of  the  concomitant  in  a — say  its  order,  its  degree  in  p — say  its  grade,  and  its  degree 
in  u — say  its  class,  are  immediately  evident;  a  partial  verification  of  these  can  be  derived 
from  the  isobaric  property  of  the  concomitant. 

We  assign  the  following  weights: — 

to  a?j  the  weight  <r  +  p  +  1, 

^.  f>  +  l» 

a?,  1, 

^4 ^; 

and  therefore,  since  a.  and  u,  are  isobaric, 

to  a^  and  u^  the  weight  0, 

a,  and  u^ a, 

a,  and  w,* ...a  +  p, 

a^  and  u^ <r +  p  +  l ; 

and  the  weights  to  be  assigned  to  the  quantities  p  are : 

to  p^  the  weight  2  +  p, 

ft 2  +  p  +  a, 

ft 2-h2p  +  <r, 

ft 1, 

ft 1+P. 

ft l+p  +  <r. 
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Here  p  and  a  may  be  any  magnitudes  we  please.  And  it  may  be  noted  that,  if 
desirable,  an  arbitrary  magnitude  (the  same  for  all)  may  be  added  to  the  weights  of  the 
variables  u]  and  similarly  for  the  variables  p.  For  the  present  purpose  there  is  no  advan- 
tage in  this,  as  we  shall  be  concerned  only  with  dijSerences  of  weights. 

Let  the  leading  term  of  a  concomitant  be  a^p^u*A ;    then  another  term  must  be 

+  x^p^u^A\  whore  A'  is  the   value    of   A    when   the    substitutions  x^  =  JT,,  a?,  =  X^  are 

effected  on  the  quantic;  and  another  term  must  be  ±x^p^ulA'\  where  A"  is  the  value 

of  A  when  the  substitutions  a?j  =  X^,  x^^X^  are  effected  on  the  quantic.    Let  W,  W\  W" 

be  the  respective  weights  of  -4.,  A\  A",  which  can  be  determined  by  the  inspection  of 

any  term  in   each  of  them.    Because  the  concomitant  is  isobaric,  we  have  the  common 

weight 

=  n  (o-  +  f)  +  1)  +  m  (2  +  p)  +  F 

=r  n  (/>  +  1)  +  w  (2  +  p  +  0-)  +  Zcr  +  Tf' 
==m  (2 +  p) +  i  (<r  +  p  + 1)  +  Tf''; 

and  therefore  n-m^-l^^ , 

,     W"-W 

two  equations  determining  m  and  n  —  l,  the  values  of  which  should  agree  with  the  values 
derived  from  the  symbolical  expression. 


EquaiionB  which  determine  Leading  Coefficienta. 

12.     Li  the  equations  (I)  let  (L^   denote  A  +  Pi  aT  ""  Ps  ST    ^^^  ^^  ^^^  *^^  others ; 

let   (L^  +  u^^  be  denoted  by   {£,},  and  so    for  the   others;    thus  the  equations  can  be 
written  in  the  form 

Let  if>  be  any    fundamental  concomitant  of  order  n,  grade  m,  class  I;  and  consider 
first  its  expression  in  powers  of  x,  so  that  we  may  write 

X.  X^    X.    X. 


When  this  value  is  substituted  in  the  equations  (I)  we  have 
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from  three  of   them.      Hence  if   ^^^^^    and  n  be  known,  the  full   development  of  the 
concomitant  can  be  obtained;  for 

and  the  value  of  n  can  be  obtained  from  any  of  the  equations 
The  remaining  nine  equations  give 

(A)  4>r.,.  ,  =  (n-  r  -«  -«  +  1)  ,0^  ,_,,  A  . 
W  ^r.  *  «  =  »*r+l.  ,-1. «  I  W  4>r. ..  «  =  ^'Pr-l,  .+1. «  1  {^.}  *r. ..  «  =  ''^r-l.  ..  <+!  1 

Hence  '^^^q^q^o  s^^^^^  ^^^  ^^^^  equations 

{jif.l=o  =  {If J,   {iV'.}=o=w.  {ir.}=o  =  {ir.}. 

each  of  these  being  of  the  form 

and  the  only  variables  which  can  enter  into  '^  are  u  and  p. 

Now  let  -^  be  arranged  in  powers  of  u,  so  that  we  may  writ« 


When  this  value  is  substituted  in  the  foregoing  nine  equations,  we  have 

from  three  of  them.      Hence  if  ifi,^o  '''^^  ^  ^  known  the  full  development  of  '^,00  ^° 
be  obtained  for 

and  the  value  of  I  can  be  obtained  from  any  of  the  equations 
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The  remaining  six  eqnations  give 

Hence  X^i^o,o,o  satisfies  the  six  equations 

and  the  only  variables  which  can  occur  in  x  ^^^  ^^^  variables  p. 
Now  let  X  ^  arranged  in  powers  of  p,  so  that  we  may  write 

When  this  series  is  substituted  in  the  six  equations,  they  must  be  satisfied  and  relations 
among  coefficients  will  be  obtained;  but  in  this  regard  we  must  take  account  of  the 
permanent  relation  PtP^+p^Ps+PtPA^^f  «^d  therefore  instead  of  putting  the  coefficient 
of  every  term  equal  to  zero  we  make  it  equal  to  the  coefficient  of  the  same  variable- 
combination  in 

where  JT,^  is  an  arbitrary  homogeneous  function  of  order  m  —  2  in  the  variables  p.  This 
equality  we  shall  indicate  by  the  congruence  symbol,  and  shall  leave  the  coefficient  un- 
specified; and  it  is  to  be  remembered  that  in  some  cases,  e.g.  for  the  coefficient  of  p^, 
the  congruence  is  an  equality.    We  thus  have 

'^zXiJ,  t,  r,  #,  < ~  '^XiJ,  t,  r- 1,  f+l,  t^iXiJ^i, »+i,  r, »,  <» 

4^»,/.  if,  r,  f,  «  —  *X<,i,  *+l,  r,  #,  t"! ""  O^'f  1, i, »,  r-1,  #.  V 

-"iXiJ,  k,  r,9,t-  ^J,  k,  r+1,  t-l,t  "  ^X»,i+1. 4-1,  r,  #,  P 

^^XiJ, »,  r,  »,  *  =  ^<+l,/,  *,  r,  f-1.  t  "  *X<,y+i,  t,  r,  #,  t-1' 

^sXs  y,  *,  r. »,  <  -  *Xi, y,  ft-1.  r, «,  «+l  "■  *X»-1,  i, ».  r+1, «, «' 

'*^sXf,y,t,r,»,e  =  *X»-i,y,if,r,  f+l,  «""-/X<,i-i,»,r,  #,<+!» 
with  the  limitation  i  +  j'  +  A?  +  r  +  «  +  ^  =  ?n. 

These  congruences  and  equations  are  not,  in  their  present  form>  sufficient  to  give  the 
complete  development  of  x  •  others  would  be  derived  from  them  for  that  purpose,  but 
no  essentially  new  equation  would  (§  6)  be  introduced  But  our  present  aim  is  the 
derivation  of  the  independent  characteristic  equations  satisfied  by  the  leading  coefficient 
Xi.o,o,o.o,o»   ^^y   ^>   ^^^  since   all   the   equations   which  in  form  are  independent  of   one 
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another  have  been  retained,  the  foregoing  system  is  sufficient  Making  then  j,  k,  r,  8,  t 
all  zero  (and  i  therefore  equal  to  I)  and  bearing  in  mind  that  for  these  values  the 
congruences  are  equations,  we  find  that  0  satisfies  the  four  equations 

while  the  two  remaining  equations  are  easily  seen  to  give  the  complete  expression  of  that 
part  of  X  which  involves  only  p^,  p^  and  ft. 

But  of  the  four  equations  satisfied  by  0  only  three  are  independent;  for  by  §  6 
we  have 

and  therefore  any  solution  common  to  N^^O  and  M^^O  necessarily  satisfies  If^^O. 
Hence  we  have  the  result:— 

The  leading  coefficient  of  every  fundamental  concomitant,  that  is  the  coefficient  of  the 
highest  power  of  x^,  the  highest  power  of  p^  and  the  highest  power  of  u^,  satisfies  Uie  three 
(independent)  linear  partial  differential  equations 

Jf,=  0,    Jf,  =  0,    J^,«0. 

And  as  in  the  corresponding  cases  of  binariants  and  temariants,  it  follows  that  every 
solution,  which  is  common  to  the  foregoing  three  equations  and  is  homogeneous  and  isobaric 
in  the  coefficients  of  the  quantio,  is  a  leading  coefficient  of  some  fmdamiental  concomita/nt 
of  the  quantic. 

13.  The  following  results  relative  to  the  leading  coefficients  of  the  eight  different 
kinds  of  fundamental  concomitants  can  easily  be  verified: — 

(i)      The    independent    characteristic   equations    satisfied   by   the   coefficient   of 
x^p^u^  in  a  point-line-plane  covariant  are 

(ii)     The    independent    characteristic    equations   satisfied    by  the    coefficient  of 
x^ul  in  a  point-plane  covariant  are 

(iii)    The    independent   characteristic   equations    satisfied    by   the   coefficient  of 
p^ul  in  a  line-plane  covariant  are 

(iv)     The    independent    characteristic   equations   satisfied   by    the  coefficient  of 
x^p^  in  a  point-line  covariant  are 

Jlf,  =  if,  =  jy,=  Z,«0. 
Vol.  XIV.  Pabt  IV.  55 
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(v)     The    independent   cbaracteriBtic  equations   satisfied   by  the  coefficient    of 
u^  in  a  plane  oovariant  are 

(yi)     The    independent  characteristic    equations   satisfied    by  the  coefficient  of 
p^  in  a  line  covariant  are 

(vii)    The   independent  characteristic   equations   satisfied    by  the   coefficient  of 
x^  in  a  point  covariant  are 

(viii)  The  independent  characteristic  equations  satisfied  by  a  pure  invariant  are 
i(f,-i(f,«J^,  =  i,-ir,  =  Z;  =  0. 

14.  The  foregoing  ib  an  outline  of  the  general  theory;  we  now  proceed  to  apply 
it  to  a  few  cases  of  quantics  taken  (with  one  exception)  to  be  unipartite.  The  sole 
difference,  when  the  concomitants  of  bipartite  or  tripartite  quantics  are  desired,  lies  in 
the  forms  of  the  literal  operators. 

The  first  step  necessary  is  the  derivation  of  common  solutions  of  the  three  charac- 
teristic equations.  In  this  regard  a  limitation"^  will  be  assigned  so  that,  for  the  most 
part,  only  those  which  are  algebraically  independent  of  one  another  will  be  obtained;  no 
attempt  will  be  made  to  obtain   the  aggregate  of  'irreducible'   concomitants. 

Since  the  partial  differential  equations  are  all  linear,  it  is  a  consequence  (from  the 
theory  of  such  equations)  that  all  their  solutions  can  be  expressed  in  terms  of  a  finite 
number  of  common  and  algebraically  independent  solutiona  And,  as  will  be  seen  from 
the  process  of  solution  and  firom  §  18,  this  finite  number  is  five  for  a  quadratic,  is  fifteen 
for  a  cubic  and  fifteen  for  a  system  of  two  quadratics,  is  thirty  for  a  quartic ;  and  for 
the  n**  the  finite  number  is  J  (w  + 1)  (n  +  2)  (n  +  8)  -  5* 

15.  It  is  convenient  to  arrange  the  notation  for  quantics  of  different  orders  so  that 
the  operators  of  the  characteristic  equations  are  the  same  so  far  as  common  letters  occur 
in  them.    Thus  the  quadratic  will  be  taken  in  the  form 

ajv*    +  2a^w^x^  +  a^*  +  2a^\x^  +  2a^'x^^  +  a/V ; 

+  26^,a?,  +  26j«^,  +  26/a?^4 


the  cubic  in  the  form 


^  o^x; 


+dx; 


+a;v, 
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and  80  on ;  the  general  law  being  that  in  the  literal  coefficienti  associated  with  any 
variable-combination  and  the  inroper  multinomial  coefficient,  the  subscript  indicates  the 
power  of  «?3,  the  number  of  dashes  the  power  of  x^,  and  the  position  in  the  sequence 
a,  b,  c, ...  the  power  of  x^.  Thus  in  the  quaternary  octavic,  the  literal  coefficient  of 
»i*x*x*x*  is  c/':  the  multinomial  coefficient  associated  with  it  being  8! 4- (2 1)*. 

With  this  notation,  the  operators  in  the  characteristic  equations  are: — 

+«^l;"'*'4''-^  +*''^'+-    +...)+ 3(0.^+...+...)+... 

16.    When  the  fundamental  quantic  is  not  onipartite  the  <mly  diffareni^  is,  as  already 
remarked,  in  the  literal  operatofs. 

Taking  for  example  a  bipartite    quantic,    of   order  fjt  ia   w   and  class  v  in  u,  sym- 
bolically representable  by  aj^uj',  we  may  denote  the  literal  coefficient  of 

x^9x;'x^*x^%'Hi/u/u/  by  agrtuf^ 

(wibh  the  limitations  q  +  r  +  s-^i  —  fi^  ic  +  /»  +  <r-i-ray)  and  it  is  assumed  that  the  cor- 
responding multinomial  coefficient  is  associated  with  it;  the  literal  operators  are  then  of 
the  form 

X,  =  Sra^+i,  r-l,  #,  t,  K,  p,  «r,  T  ^  ■  —  2#cag,  r,  #,  I,  ic-1,  p+1.  «r,  r  ^  • 

The  9omB  laws  hold  of  thes$  operators  as  in  %  6;  and  hence  all  the  foregoing  theory 
applies,  and  the  independent  characteristic  equations  determining  leading  coefficients  are 

J\r,=  2  (rag,  r-l,  #+l.tJt,  p.  <r,T-<'««,r.  #,«,«.  p+1,  <r-l,*)g^ =0. 
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Kuniber  of  Independent  CmcomitantB, 

17.  The  following  is  a  general  summary  of  the  process  of  solution.  We  first  find 
the  independent  solutions  of  M^^sQ^  being  one  less  in  number  than  the  number  of 
coefficients  ^  (n+  1)  (n  +  2)  (n  +  3)  of  the  quantic:  let  these  solutions  he  \  fiy  p,  p,  — 

We  now  require  the  functional  combinations  ot  \,  fi,  v,  p,.,.  which  are  such  as  to 
satisfy  i\r,  =  0:   let  one  of  them  be/(X,  ft,  v,  p,...)-    Then 

that  iB.  |jr.x+.|i^^+|i(r^+|i^^+...=o. 

the  subsidiary  equations  for  which  are 

dk  ^  dfjk  ^  dv  ^dp_^ 

being  one  less  in  number  than  the  number  of  the  quantities  \  fi,  v,  />,....    But  it  does 

not  follow  that  the  number   of   independent   integrals   of   the  equations  is  the  same  as 

the  number  of   the   equations;    for,  as  will  be  seen   in  the  special  cases,  the  quantities 

N^  Nji,  N^v,  Nj},...   are  not  fuuctions  of  X,  /i,  i/,  p, ...  alone.    To  obtain  integrals  it  is 

necessary    to    take    linear    combinations    of   the  form  XN^a  —  kaN^   {k  an  integer  which 

varies  from  one  combination  to  another);  and  solutions  can  then  be  obtained.    The  effect 

of  this  is  to  diminish  the  number  of  equations  by  one  unit;  and  therefore  the  number 

of  their  independent  solutions  is  less  by   2  than  the  number  of  functions  X,  fi,  v,  p,..., 

that  is,  it  is 

i(n  +  l)(n  +  2)(n  +  8)--3. 

Let  these  solutions,  independent  of   one  another   and  common  to  the  two  equations,  be 

\f     f     f     f 

In  finding  the  functional  combinations  of  these  which  satisfy  M^^O  we  have  a  similar 
process  to  carry  out,  it  being  sometimes  convenient  for  purposes  of  integration  to  introduce 
algebraical  combinations  of  X^  /a,  v\  p', ...;  and  the  result  is  that  the  number  of  solutions 
is  again  reduced  by  2,  so  that  the  number  of  independent  solutions  is 

i(n  +  l)(n  +  2)(n  +  3)-5. 

In  terms  of  these  every  solution  can  be  expressed,  though  not  necessarily  nor  generally  as 
an  integral  function. 

For  a  system  of  quantics,  containing  implicitly  in  their  most  general  form  N  co- 
efficients in  the  aggregate,  the  algebraical  system  of  solutions  is  similarly  indicated  to 
contain  N—h  members. 

18.  That  the  number  of  functions,  thus  indicated  as  JT  — 5  by  the  process  of  solution, 
is  the  complete  number  of  algebraically  independent  solutions,  may  be  seen  by  the 
following  considerations. 
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(i)  When  the  general  linear  transfonnation  is  effected,  the  number  of  equations 
connecting  the  new  coefficients  with  the  old  is  N,  the  number  of  coefficients  occurring 
in  the  most  general  forms  of  the  quantics  that  are  in  question;  thus  for  one  quadratic 
the  value  of  i\r  is  10,  for  two  quadratics  the  value  of  iV  is  20,  and  so  on.  All  these 
N  equations  contain  the  coefficients  of  transformation. 

In  addition  to  these  we  have  the  following  equations:  four  connecting  the  variables 
X  with  X,  six  connecting  p  with  P,  and  four  connecting  U  with  u ;  viz.  fourteen  in  alL 

And  there  is  one  more  equation,  viz., 

A  =  determinant  of  transformation. 

Thus    the    total    number    of   equations  is  JV-f  14  +  1  =  JV'+16,  all  of   which   involve  the 
coefficients  of  transformation. 

(ii)  These  equations  are  not  all  independent;  in  order  to  obtain  the  number  of 
independent  equations  to  which  they  can  be  reduced,  it  is  necessary  to  diminish  their 
number  by  an  integer  equal  to  the  number  of  relations  which  subsist  among  the  quantities. 
These  are  two,  viz., 

p,p,+p,p.  +p,p,  =  0.  PA + PA  +  PA  -  0. 

Hence  the  number  of  independent  equations  in  the  system  is  N+IS. 

(iii)  These  equations  involve  a  certain  number  of  quantities  which  do  not  occur  in 
covariantive  relations,  viz.,  the  16*  coefficients  of  the  transformation. 

When,  therefore,  the  16  quantities  are  eliminated  between  the  iV'+lS  equations,  the 
number  of  independent  equations  left  is  2V— 3.  These  relations  we  otherwise  know  are 
in  general  of  the  type 

<I>(AZ,  P,  I7)=AV(a,  ^,i>,  ti); 

every  such  relation  determining  a  concomitant. 

But  there  are  two  of  these  N—S  equations  which  are  independent  of  the  coefficients 
of  the  quautic ;  they  are 

and  (§  1)  l>.A  +  ftA+i>.P4  =  A(^i^.  +  ^^.  +  ^a^J. 

by  the  equations  of  transformation.     Hence  the  number  of  independent  concomitants  which 

involve  the  coefficients  of  the  quantics  is  j!V— 5. 

(The  complementary  form  of  the  last  results  can  be  at  once  derived  from  the  differential 
equations  It  is  easy  to  prove  that  every  solution  of  these  equations  which  does  not  involve 
the  coefficients  of  the  quantic  can  be  expressed  as  a  function  of 

(a)     u^w^-^u^^  +  ujD^  +  ujs,, 

ifi)   PiPa+APs  +  AA; 
and  these  would,   from   this  point  of  view,  be  added  to  the  other  jST— 5  solutions  of  the 
equations.) 

^  In  the  introductoxy  paragraphs  {^ ,  m,,  n|,  k^  were  aU  taken  to  be  onity,  for  the  purpose  of  sunplifying  the  forma- 
tion of  the  characteristic  equations. 
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The  general  result  thus  i»: — 

The  number  of  Jimdamental  concomitants,  algebraically  independent  of  one  anothm'  and 
involving  the  coefficients  of  the  quantics,  is  N  —  6  a/nd  every  fmdamental  concomita/nt  can  be 
expressed  in  terms  of  Ihose  N—  5  together  with  the  adjoint  form  u^  and  in  virtus  of  the 
relation  l>jP«-f  ftP5+i'J>4  =  0;  where  N  is  the  number  of  coefficients  in  the  most  general 
forms  of  the.  quantios  with  which  the  concomitants  are  associated. 

With  the  fundamental  concomitants  their  polar  derivatives  must  be  associated,  to  form 
the  algebraically  complete  system  of  concomitants. 


APPLICATIONS  TO  PARTICULAR  QUANTICS. 

I.    A  sifigle  gwcjr^fic. 

19.    With  the  notation  suggested,  the  characteristic  equations  are 

and  we  have  to  find  the  simultaneous  solutions  of  these  three  equations. 

The  simultaneous  solutious  of  if,  =  0  and  ^,^0,  which  are  independent  of  one 
another,  can  at  once  be  obtained;  for  those  equations  are  the  differential  equations 
satisfied  by  the  concomitants,  in  the  two  sets  of  variables  a^,  —  b^  and  a/,  —  b^,  of  a  binary 
quadratic  with  c^,  b^,  a^  as  literal  coefficients :  and  every  simultaneous  solution  is  one  of 
the  system  of  concomitants.    The  system  of  algebraically  independent  solutions  is  thus 

^  =  (Co,  K,  a;$a,,^b;)\ 
t  =  a^c^  -  b^\ 

and  the  irreducible  system  of  binariants  is  compos^  Qf  $,  %  t,  j  and  ^  where 
with  the  algebraical  relation 
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To  the  set  of  four  solutions^  independent  of  one  anotiier,  must  be  added  those  the 
variables  of  which  do  not  enter  into  eitiier  Jf,  a  0  or  Jf,  "b  0 ;  these  are 


t*  =a, 


Hence  an  algebraically  complete  eystem  qf  independent  solutiona  common  to  M^  =  0  and 
i\r,  =  0  iff  constituted  by  u,  u\  u'\  6,  %  t,j;  and  an  irreducible  system — ihai  is  a  system 
such  thai  every  solution  of  the  egtuUion^  is  an  integral  rational  Junction  of  its  members — 
is  constituted  by  u,  u\  u'\  6,  %  ff,  *,  j. 

We  now  require  the  functional  combinations  of  the  independent  solutions  which  are 
such  as  to  satisfy  Jf^^'O,  say  6  =  0.     Carrying  out  the  process  indicated  in  §  17,  we  have 

ett  =  o,  8^=0,  et=o, 

80  that  t»,  d,  t  are  simultaneous  solutions  of  all  the  three  equations ;  and  we  have 
with  either  of  the  equations 

for  j  and  ff  can  be  expressed  algebraically,  each  in  terms  of  the  other  by  means  of  the 

other  functions.    We  require  two  solutions  (§  17)  of  this  set  of  equations;  they  are  most 

easily  obtained  in  the  forms 

%{u't  -*)*0, 

Hence  we  have  five  solutions,  viz,, 

«,  t,  0,  u't'^%  u"t-ff\ 

and  in  terms  of  these  every  simultcmeous  solution  of  the  three  equations  can  be  expressed. 

20.  Each  of  these  five  is  a  leading  coefficient:  we  proceed  to  obtain  the  concomi- 
tants.   Taking  the  quadratic  in  the  symbolical  form  a^,  we  have 

^nce  this  is  the  coefficient  of   the  highest   power   of  w^,  the  highest  power  of  Up  and 
the  highest  power  of  p^,  it  follows  that  the  concomitant  is 

being  in  fact  the  original  quadratic. 

Next,  we  have  t  =5  ajD^  -  V  =  i  (^t ""  ^J'  > 

and  the  concomitant  determined  by  this  coefficient  is 

The  value  of  0  being  c/»,*  — 26,a,6, +a^,*,  w©  have 
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or  since  y^i-^hh^^A-^A^^A^n)* 

we  have  0  =  fi,y^  (o?^,)  (0,7.)  I 

and  the  corresponding  concomitant  is 

Next,  denoting  u't  —  ^  by  p,  we  have 

^o',   V>  ^/ 

This  is  the  leading  coefficient :  the  completed  form  of  (^,74)   ^  evidently   (o^yu) ; 
and  that  of  {^fi^y^,  viz.  of 

«.09.7.)+^i(7.«J+7i(^.) 
is  evidently  a,  O87P)  +  i8.  (7(9))  +  7.  {afip), 

it  being  remembered  that  powers  of  x^,  of  u^,  and  of  |>j  only  may  be  associated  with 
the  leading  coefficient    Hence  the  concomitant  is 

P  =  i  (a^7u)  K  ()»yp)  +  A  (7«p)  +  7.  («^i>)} 

«  K  («^7w)  (^7P)  =  />«?i^ii>i  +•••  • 

Lastly,  denoting  u"t-ff  by  <r,  we  have 

K>  «i>  < 

=  ^S74(«|^,74) 

=  i(«^.74)'; 

and  the  corresponding  concomitant  is  evidently 

2=i(a^87u)*«(n*,«+.... 

Hence  aZZ  the  fmdamerUal  concomitants  appertaining  to  the  unipartUe  quaternary  quad- 
ratic U  can  be  expressed  in  terms  of  U,  T,  6,  P,  t,;  to  which  must  be  added  Uke  universal 
concomitant  ti«,  and  (§  18)  the  polar  derivatives  of  the  fundamental  concomitants,  to  form  the 
complete  algebraical  system. 

21.  Since  d^-^  is  divisible  by  t,  it  follows  that  if  we  take  p*  +  crd  we  have  a 
reducible  combination;  and  by  actual  substitution  it  is  easy  to  shew  that 

t 

^^•1     &o»     ^l>     ^0 

K»  %»  ^»  *o' 

«!»     &!»     ««>     a/ 

C^e',    6o'»    */>    V 


Digitized  by 


Google 


THAT  ARE  ALGEBRAICALLY  COMPLETE.  433 

the  discriminant  of  the  quadratic.  This  function  will  be  otherwise  obtained  immediately; 
but  we  meanwhile  have  an  illustration  of  the  result  of  §  19,  for 

If  it  seemed  desirable,  this  equation  could  be  used  to  replace  P^  by  A;  for  P  is  deter- 
minate, save  as  to  sign,  as  the  square  root  of 

And  then  every  fundamental  concomitant  appertaining  to  the  quadratic  could  be  expressed 
in  terms  of  U,  T,  8,  2,  A. 

22.  As  a  single  illustration  of  the  equations  of  §  13  and  to  shew  how  the  dis- 
criminant arises,  independently  of  the  possibility  of  making  a  reducible  combination  of 
the  concomitants  in  §  18,  we  shall  determine  those  concomitants  into  which  no  u-variable 
may  enter.    Their  leading  coeflScients  must  satisfy  JE'^ «  0,  where 

We  must  take  such  functional  combinations  of  it,  t,  6,  p,  a  9a  will  satisfy  if, » 0.  Using 
the  process  of  §  17  we  have 

£■,«  =2«'; 

Kf   -0; 

Kfi  =»; 

K,u'  =«", 

ir>  -^, 

SO  that  Kj>  =o-; 

and  iry'»o, 

so  that  KjT  «  0. 

Hence  t  and  <r  are  solutions ;  and  we  must  obtain  solutions  (if  any  exist)  of 

K;a^2u\    Kfi^^,    K^^c. 
From  the  first  two  we  easily  have       K^iyJt-^ff)^ 2p, 
which,  when  combined  with  the  third,  gives 

so  that  a  new  solution  is  a(ut-0)-p\  being  in  fact  fA.  That  A  is  an  invariant  (were 
it  not  otherwise  known)  may  at  once  be  seen  by  symbolizing  the  determinant  A  into 
the  form  ij(a/3yB)\ 

Vol.  XIV.  Part  IV.  56 
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II.    A  system  of  two  quadrates. 

23.    One  of  the   quadratics  may  be  taken  to  be  that  which  has  just  been  discussed ; 
the  other  will  be  taken  in  the  form 

U;  =         ^^,»  +  2A^x^x^  +  Ajc;  +  2^,V,  +  iA^x^x^  +  -4; V- 

+  tBjc^x^  +  iB^xjc^  +  iB^xjc^ 

+  c^r 

The  characteristic  equations  which  determine  leading  coefficients  are 

and  we  have  to  find  the  simultaneous  solutions  of  these  three  equations. 

We  proceed  as  in  §  19.  The  equations  M^=^0  and  N^^O  are  the  differential 
equations  of  the  system  of  concomitants  of  two  binaiy  quadratics  with  c^,  6^,  a,  and 
G^,  B^,  -4,  as  literal  coefficients  and  in  four  sets  of  variables^  viz.,  a^,  -6^;  a/,  —  Vj 
A^,  —Bf^]  J./,  ^B^\  To  this  set  of  solutions  must  be  added  those,  the  variables  of 
which   do  not  enter  into  either  if j  ==  0  or  JV,  =  0. 

The  latter  are 

<  =^0',  <  «-4;  , 

<'  =  <';       V  =  ^". 

For  the  system  of  simultaneous  binariants,  we  take 

i,  =  iK<^. - B,c^ a* - (a,C, - c.^^ afi,  +  (aJS, -  A,b,)  b*, 
where  j^  is  the  Jacobian  of  6^  and  ^,;    and  the  polars   of  these  in  the  different  com- 
binations of  the  binary  variables  are  denoted  by 

e,  =  c,a..l,  -   &,  (a,B,  +  .1.6.)  +  a,6.B.,        tf,  -  c^,'  -  2b,A,B,  +  a.B,*. 

0,  =  c.a.^,'  -  J.  ia,B:+A,\)  +  a^^.',       (?,  =  c^,A,'  -  \  {Afi:  +  A^B^,  +  a^^'. 

^.  =  cfl;*.  -  2\a;b:  +  a,v.  e^  =  c.^,"  -  26.4.'B; + o^.-. 

with  ^,,  ...,  ^„,  and  j,,  ••' ,  jy,,  for  the  similar  polars  of  ^,  and  of  j,  respectively. 
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The  invariaat  of  d^  we  denote  by 

that  of  ^,  we  denote  by  t^  =  Afi^—B^-^ 

and  the  intermediate  invariant  of  6^  and  ^^  we  denote  by 

Lastly,  the  determinants  of  the  variables  we  represent  by 

e, «  0,6;  -  <  &•,      €.  =  a,B;  -  \a;, 

with  the  evident  relation  e^e^  +  €,e^  =  €,€, . 

These  39  (—3.10+3  +  6)  constitute  the  'irreducible'  system  for  the  two  binary  quad- 
ratics in  the  four  sets  of  variables. 

24.  Oue  set,  algebraically  'complete',  of  solutions — that  is,  such  that  every  solution 
can  be  algebraically  expressed  in  terms  of  the  members  of  the  set — is  found  by  the  process 
of  §  17  to  be  constituted  by 

This  set  is  unsymmetrical ;  and  it  can  be  modified,  by  means  of  algebraical  relations 
among  the  irreducible  solutions,  so  as  to  be  symmetrical  Thus  for  instance  from  the 
equations 

we  can  in  tiie  'complete'  system  replace  0,  by  d,  and  <j>,  by  <f>^. 
From  the  equations 

^A  +  V.  =  ^A )  M  +  *.«.  =  M) 

and,  remembering  that  0,  and  ^,  have  been  replaced,  we  can   in   the  '  complete '  system 
replace  €,  and  e,  by  0^  and  <f>^. 

From  the  equations 


A  +  ^A  =  ^'aI  *i  «5  +  M  =  <^A1 


and  remembering  that  d,,   ^,  and  e^  have  all  been  replaced,  we  can   in   the  'complete' 
system  replace  e^  and  e^  by  0^  and  ^j^. 

56—2 
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The  'complete'  system  is  now  composed  of 

K^  «.; 

which  is  symmetrical  so  far  as    the    two    quadratics    are   concerned.       Other  symmetrical 
systems,  'complete'  and  therefore  equivalent  to  the  foregoing,  could  similarly  be  deduced. 

The  remaining  solutions  may  be  regarded  as  subsidiary  to  the  complete  system. 

25.  In  order  to  obtain  as  many  distinct  concomitants  as  possible  of  the  two  qua- 
ternary quadratics,  we  proceed  to  find  the  simplest  combinations  of  the  preceding  'irre- 
ducible' system  which  satisfy  0=^0;  and  we  shall  select  from  them  those  which  form 
an  algebraically  'complete'  system. 

We  have 


e<,  =  o. 

e«.= 

0. 

©«„ 

,  =  0; 

%e. 

=  0] 

®^»  = 

0 

ee. 

=  o>. 

«*.= 

o-> 

etf. 

=  oJ 

e^.- 

0. 

e»,  =  0,    ( 

9t;.  =  0, 

e..= 

=  0; 

e<  = 

6.] 

et,;  = 

B,] 

e^.= 

<A  ' 

e^.- 

«A    5 

e^,= 

W 

e^,= 

tAl 

er."= 

■■  26,' 1 

=  2«A'3 ' 

et,." 

=  25; 

se,  - 

©*H 

,=  2«.5. 

ee,  =  (a,C,  -  6.5.)  h  +  M,  -  ^Cf.) «. . 

(  ©<^.  =  (^.c.-5.6J6. +((7.6.-5.0^0,. 
1  ie^,  =  (4^,  -  5.6  J  6;  +  (CA  -  5.C.)  a.'. 
I  e^.  =  (A,c,  -  5.6.)  5,  +  (C.6.  -  5,0  ^. . 
(  e^,  =  (^.c.-5.6.)5;+(C.6.-5.c.)2l,'  +  <.6;. 

From  combinations  of  the  last  eight  equations,  we  have 

e(^«+*.)  =  <.A        )  ©(^,+^.)  =  <.A        ) 
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In  addition   to  the  quantities  which  are  at  once  seen  to  be  solutions  of  0  =  0,  viz., 

<i»  *,»  *„;   Vj,  v^]   €,;    ^i»  ^«>  ^«;    0i»  <^«»  ^eJ 

other  solutions  are  given  by 

p,^-0,  +  t,v^  «•,  -  -  d.  +  <.».1  <^.  =  -  ^,  +  «.».") 

26.  One  algebraically  complete  system  for  two  simultaneous  quaternary  quadratics 
is  constituted  by  the  fifteen  concomitants  which  have  as  their  leading  coefficients  the 
fifteen  quantities 


».. 

».; 

t^. 

«.; 

«t 

• 
1 

»^> 

4>.; 

6„ 

*.; 

ft. 

ft; 

«^i. 

«^.; 

This  set  is  symmetrical  so  fiar  as  the  two  quadratics  are  concerned;  and  every  lead- 
ing coe£Bcient  of  a  concomitant  of  the  irreducible  system  for  the  two  quaternary  quadratics 
can  be  expressed  algebraically  in  terms  of  the  foregoing  fifteen  leading  coefficients. 

In  addition  to  these  fifteen,  we  have  obtained  other  seven,  viz. 

^m5    ^»>   ^8?    ^i»  ^tJ    \»  \f 

and  we  have  not  yet  considered  the  series  of  Jacobians  j^  j,,  ...,  j^^.  Of  these  we  find  at 
once  that  j^,  j^,  js  all  satisfy  8  =  0;  but  the  remainder,  as  well  as  e^  €,,  €^,  e^,  e^  do  not 
lead  to  equations  admitting,  as  do  those  of  §  23,  of  immediate  integration.  We  thus  have 
ten  simple  leading  coefficients 

*ii»   ^8»  ^sJ   ^i»  ^.5  \>  \>  it'  is'  is. 
subsidiary  to  the  algebraically  complete  system  of  fifteen. 

27.  One  remark  may  be  made  before  passing  on  to  give  the  full  symbolical  ex- 
pression of  the  concomitants  determined  by  the  leading  coefficients  which  have  been 
obtained.  Denoting  by  t7i(=t;^i*  +  ...)  and  U^(^vjc*-\- ...)  the  two  quadratics,  we  have 
U^  +  \U^  also  a  quadratic  for  every  value  of  X.  Hence  when  we  form  the  five  con- 
comitants, which  constitute  the  complete  system  for  U^  +  \U^,  the  coefficients  of  the  various 
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powers  of  \  in  each  of  the  fire  miut  be  simultaneous  concomitants  of  the  system  made 
up  of  Z7',  and  IT,. 

Adopting  the  notation  of  §  18,  it  is  easy  to  shew  that 

e  {U.+w;^  ^e^  +  x(2d,+^j + x*  (^,+2^,) + x*^, 

p{U^  +  Xig  =  p,  +  X  (ir,  +  X,)  +  X*  (ir,+  \)    +  X^,. 
<r  ( IT,  +  Xig  =  «r.  +  Xf,  +  \%  +  XV., 

thus  verifying  the  statement.  And  by  means  of  these  we  can  find  expressions  equivalent 
to  the  five  simultaneous  invariants  similar  to  that  which  is  equivalent  to  the  discriminant 
of  a  single  quadratic ;  for  we  have 

t  A  =  M<rt  —  p'—  <r0, 

and  all  that  is  necessary  is  to  replace  each  of  these  quantities  by  the  corresponding  quantity 
for  U^  +  XU^  and  then  equate  coefBdents  of  X. 

28.    The  full  symbolical  expressions  of  which  the  foregoing  are  the  leadii^;  coefficients 
are  as   follow: — 

©. = fi.y,(<^p)  (»rp)     =  ^aV  + . .  . 

e.-a.'i8.'Kj))(a/9»  =<'^.V  +  - 
*.  =  aj8.  (««'!>)  (/8<p)  =^,«,v  +  - 
^,  =  OA.'  (alS'p)  (o'^p)  =  VX  +  •  •  • 

*. =)9;7;(«'^p)(«'yp)=MV + - 

■^,='«W.'(«'ap)  =e««,!Pi  +•  •• 

■P.  =  K  («/37«)  (^)  =  P.«.WA+  ••  • 
P,  =K(«'/9''/«)08'</p)=P^.«J).+ ... 
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n,  =  ^'  (o'a^u)  (9fip)    =ir,«,«,p,+ . . . 
n,-K(««'/8'«)(«'/8'p)  =ir^,ttii».+  ... 

A,  =  «.  (o'^p)  K^u)  =  V,tt,p,  + . .  . 

A,  =  a.'  (c^p)  {olaffu)  =  Vi«./'i  +  •  •  • 

B,=i(«'«;9«)»  =f.V+... 

B.=i(aa'/9'tt)»  =?.«/+.- 

J,  =  Ay.  (a'ap)  («^)  («'rp)  -7>,  V  +  •  •  • 

^.  =  i/3A'  («''9')  {('^J>)  («i9p)  +  (f^)  (Slffp)]  =  j^.V  +  . .  . 
./.  -  i8.V  («'«P)  («'W  (--/p)  ->. V  + . .  . 

Further  J,  +  \Tj:^ = a.<  (ai9p)  (o'yS'p)  {fiffp), 

J,-\TJB,>^ajz:ia^p)  {a'pp)  (fiffp); 
and  the  symholical  values  of  the  five  simultaneous  invariants  referred  to  in  §  25  are 
^(-^y.  i{<^»fiy)\  W^«fff.  l(«'/8''/«)'.  A(«'/9''/8')*. 
Hence  we  have  the  theorem: — 

AU  the  fundamental  concomitants  appertaining  to  the  system  composed  of  two  unipartite 
quaternary  quadratics  can  be  caressed  alg^aicaUy  in  terms  of  the  members  of  the  set  of 
fifteen  algdyraicaUy  independent  concomitants  constituted  by 

U.^  f^.;    T,,  T,i   E,;  e„  *„  e„  <P,;  P„  p.;   2„  2,;  H„  B,; 

and  to  these  must  be  added  the  universal  concomitant  u.,  and  (§  18)  the  polar  denvatives 
of  the  fundamental  concomitants,  to  form  the  complete  algebraical  system. 

29.  The  operators  of  §  13,  aDuihilation  of  leading  coefficients  by  which  implies  the 
absence  of  variables  of  some  class,  are : — 


a©;^  "^^  at;  ^  •  ao.'  ^   •  aa,"  ^   •  a^i,'  ^  •  as;  ^   •  a^i/  ^*^''  a^i," ' 


0 


annihilation  by  Z<  implying  the  absence  of  u,  by  -ff,  of  p,  by  -ffi  of  a:. 
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Thus,  to  find  concomitants  which  involve  at  the  utmost  only  x  and  |>,  we  require  to 
find  combinations  of  p^,  p,,  o-^  cr,,  ir^,  v^,  \,  \,  f^,  f,  which  will  satisfy  ^4  =  0;  all  the 
other  concomitants  obtained  being  evidently  such  as  already  satisfy  L^^O.    We  have 


^4^,  =  2pJ  Af,  =  2(^,  +  XjJ 


all  the  quantities  on  the   right-hand  sides  of  the  last  three  sets  of  equations  being  solu- 
tions of  L^  =  0.     Thus  we  have  as  solutions 

which  are  all  reducible ;  there  is  a  similar  set  connecting  the  f*s,  tt's  and  X's ;  and  there 
is  the  set  of  integrals  of  the  last  six  equations  of  the  same   form  as 

which   is  reducible,  being  divisible  by  ^.     Similarly  for  the  other  classes  of  concomitants. 

30.  All  the  preceding  investigations  have  connected  the  leading  coefficients  of  con- 
comitants with  the  theory  of  simultaneous  binarianta  Some  of  these  leading  coefficients 
may,  however,  be  similarly  connected  with  the  theory  of  simultaneous  temariants;  and 
an  easy  illustration  is  afforded  by  the  present  system  of  two  quaternary  quadratics. 

Thus  let  it  be  required  to  find  quatemariants  of  the  system  of  two  quadratics  which 
shall  not  involve  Une-coordinates ;  it  is  not  difficult  to  prove  that  their  leading  coefficients 
must  satisfy  the  six  equations  if^='0,   M^^O,   jBr,  =  0  (already  used), 

and 


K.  =  aJ 


.  /    9     .  ^  //   9     .0^/9 


da, 


-+^''8i:+<<+2«/a^+^«'M:  +  ^'a5;+^-'8Z7+2A'a3;=«' 


of  which,  as  indicated  in  §  6,  If^  and  K^  are  derivable  from  the  other  four :   they  are  how- 
ever retained  here  in  order  to  make  the  set  of  equations  complete  in  form. 

Now  on  comparing  these  six  equations  with  the  six  equations  which  determine  temariants* 
and  associating  the  six  operators  2),,  2),,  2),,  D^,  D^,  D^  {L  c.)  with  JT.,  M^^  N^,  M^,  K^,  N^ 
respectively,  it  appears  that  the  preceding  six  equations  are  the  differential  equations  of 
pure  contravariants  (including  invariants)  of  a  system  of  the  two  simultaneous  ternary 
quadratics 

*  See  the  memoir  on  "Temariants"  (§  1),  before  referred  to. 
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a.r + 2B.f, + A,v' + 2B;ff  +  24/1,?+  ii;r. 

the  variables  of  the  contravariants  being  two  sets,  viz.  \,  a^,  a^';  and  B^,  A^,  A^.  (It 
must  be  borne  in  mind  that  there  are,  in  addition,  the  leading  coefficients  a^,  A^  of  the 
fundamental  quaternary  quadratics;    they  do   not    enter  into  any  of  the   six  equations.) 

Hence  then  we  take  all  the  pure  contravariants  in  the  two  sets  of  variables  b^,  a^,  a/ 
and  B^y  A^,  A^  of  the  two  ternary  qv/idratice.    These  will  consist  of 

(i)  pure  contravariants  (including  invariants)  of  the  two  ternary  quadratics  in 
fro»  ^1'  ^9  ^  contragredient  variables: 

(ii)  all  polars  of  pure  contravariants,  of  the  set  (i),  with  B^,  A^,  A^  as  polar- 
ising variables : 

(iii)  pure  covariants  of  the  two  ternary  quadratics  in 

f«a,j;-<A.    V-=<B,^A:b..    f=Mt-«A 
as  ordinary  variables: 

(iv)  mixed  concomitants  in  both  sets  of  contragredient  variables  and  in  the 
ordinary  variables  of  (iii) : 

the  last  two  arising  from  the  well-known  property  that,  from  two  sets  of  variables  co- 
gredient  with  one  another,  a  third  set  contragredient  with  them  can  be  formed.  For 
instance,  by  means  of  the  equations 

MJt  =  -v,    Jf,f  =  -r;    N»v^-^.    Nj,^-K\    K,K=-l    K,^=-r,. 
(the  other  combinations  of  operator  and  variable  giving  zero),  it  is  easy  to  verify  that  the 
quadratics  satisfy  all  the  six  equations. 

31.  Oordan  has  given*  the  complete  irreducible  system  of  concomitants  of  two  ternary 
quadratics  in  a  single  set  of  contragredient  variables.  If  then  we  take  these,  bearing  in 
mind  the  special  values  of  the  variables  in  the  present  case,  and  add  to  the  system  the 
concomitants  arising  from  polarisation  by  the  second  set  of  contragredient  variables,  we 
shall  have  all  the  leading  coefficients  which  are  irreducible  without  the  introduction  of  a^  and 
il^,  the  leading  coefficients  of  the  two  quaternary  quadratics. 

Taking  then  Qordan's  system  and  notation  for  the  concomitants  and  retaining  the  sym- 
bolical notation  for  the  quaternary  quadratic,  the  fundamental  ternary  quadratics  are 

we  shall  denote  the  ternary  contragredient  variables  by 

Wj,  w,,  w,  (=6„  a„  a/), 
and  F„  TF,,  TT,  {^B,,  A^,  A;i 

30  that  J'„  =  («i8w)*  =  w,*, 

and  similarly  for  the  other  frmctions. 

*  Glebecb,  VorUtungen  Uber  Oeometrie,  p.  291. 

Vol.  XIV.  Pabt  IV.  57 
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These  functions  have  to  be  transformed  so  as  to  contain  only  the  umbnd  elements  of 
the  quaternary  quadratics;  they  are  then  leading  coefficients  of  quatemariants.     We  have 

j:  =  6^,  -  aA  =  PA  (PJ3:  -  ISA'I 

80  that  «f  =  )9A'(«v9A')» 

and  therefore  f  =  ^ A'7i7;  («^A')  Kt.t/)- 

This  being  a  leading  coefficient,  the  concomitant  determined  by  it  is 

Similarly  we  have,  for  -F„, 


w$  = 


h>     «i>     ^d 


=  7,(«A74X 


*a»      *8»       *4 

A>        ^8»        ^4 

SO  that  F^  =7A (a^.yj  (a^.SJ, 

and  the  concomitant  thence  determined  is 

7A(a^7")(a)9Stt), 
which  can  easily  be  proved  equal  to 

«/0S78«)*-K*(«/87«)'. 
The  first  polar  of  F^^  is  =  w,F» 

=7.(«A707.'(«A'y4'). 

the  corresponding  concomitant  being 
which  can  easily  be  proved  equal  to 

The  second  polar  of  i*,,  is  =  F,' 

=  aX(<V9,a,')(a./8;3,'). 
and  the  concomitant  thence  determined  is 

The  other  functions  are  similarly  obtained  with  the  following  results,  the  (Gordau) 
symbol  on  the  left-hand  side  being  used,  for  convenience,  to  denote  the  concomitant  as 
well  as  its  leading  coefficient. 

32.     The  aggregate  is: — 

f  =  )9J9;7.7;  (a'iS/S't*)  (a V^) j  ' 

J^n  =  7A  (afiyu)  (afiSu)' 

♦first  'polar'  of  F,,  =  y^yJ  (afiyu)  {afiy'u)  ■ . 

second  'polar'  of  F^^  =  yJSJ(al3y'u){al3Bu)^ 

•  These  'polars'  are  polars  of  the  leading  coeffioients  by  means  of  the  literal  elements  in  §  30,  (ii);  there  are, 
in  addition,  aU  the  ooncomitants  giyen  as  polars  of  the  eoncomitants,  here  determined,  by  means  of  the  variables 
in  §  9. 
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and  the  combination    F^^  (second  polar)  —  (first   polar)',   being  in  fact   {0<l>^f,  produces  no 
new  concomitant; 

first  'polar'  of  F^^y.y.' {c^^yu)  («'/9'yw)[; 
second  'polar'  of  .P^  =  y.'S.' (o'/S'^a) (a'/S'8'u) J 

^m  =  («/87«)*  ^ 
^.„  =  (a')9Ytt)« 

^.«  =  («'i8'7«)' 

B,  =  y,B^:{a0a:u)  (a/Syu)  (a'8/8'«) 
'  polar  •  of  B,  =  8,aJ8J  (a/fty'u)  {«0a'u)  (y'8S^u) , 

■B,  =  «.«A'  («'/9'r«)  («'/3'aw)  (7S'8tt) ' 
'polar'  of  B,  =  7;S;/8.(a'/8'7'«)(a'/8'a«)(aS'/8«) 

iV^  =  )9.7A7A'  (aa'y8tt)(a77'«)(a'S8'M)| 

'polar'  of  JV"=/8;7A7.'8.'(««'/9'«)(«ry'«) («'««'«) j  ' 

a, = /8.6.XJ9;  (ato'^M)  (o'ySu)  (7M  (aXi8'«)\ 
first  'polar'  of  (7,  is)  ^     «,,,,«,.,,»  x ,»    v  >•„,  J 

congruent  to       |         ^'*-^"'y'  <""^«)  ^^ ''^"^  ^'^^^'^  ("^"y")    ' 
second  'polar'   of     C,=0^JyJB,'iaa'^u)(afyiu){yhS^u){afiy'u)j 

C'.  =  i8.7.ej3;  (««'i9«)  («7'«'«)  {7S'««)  («'y/3'«)\ 

'"'dCent'to  *  1        '^"'•^•' '-'  ^'"''^"^  ^"^'^"^  ^•''^"^  ^"'"^''"^    ■ 
second   'polar'   of     0,='y^.'e,'\J(aa'ffu)(a'/B'u)iy'S^e'u){a.'y\'u), 

I>  =  )8^A  (aa')9«)  (ay'S'tt)  (aV^u)  (7S6«)  (7'S'XM)  v 
first  'polar'  of  D  is) 
to      ) 


congruent 


i8.'eA(«a'/9'«)  (a^S'tt)  (a'^Sw)  (7Se«)  (ySOtu) 


second  'polar'  of  2)  is)  .     ...    ,„  .,    „>,  v,  ,  »  . ,  »  ,  , ,  ,»^,  v 

congruent  to       j  0.^.\'(^<^M(<^y'^u){ayBu)iyBe'u){'/^'u) 

third  'polar'  of  D  is       =^,'£,V(«a'/9'«)(«y«'«)(a'7S«)(7^'«)(7'^'w) 
-f.,  =  /8.7.  (aa'/9«)  (ao'Tu)  \ 
first  'polar'  of  F„  =  fi^J  (aa'^u)  (ao'/S'w)  l ; 
second  'polar'  of  F^,  =  fi,'yj {aa'^u)  {aa'y'u)j 


>■' 


first  *  polar'  of  J\r  is)  ^  .c.  ^  /  /  «^  n  ,  ^^z  x  I 


congruent 
second  'polar* of  N 


n^y,yJB:e:{afiS!u)  (a^e'u) 
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*  polar '  of  r,  =  n^y^yJeJKXj  (a'/S'Sw)  (afie'u)  (SXVw))  ' 

r,  =  n^7.7^.>^A'  («/8S'^)  K/S'eu)  {BW'u)]  ^ 
'polar'  of  r,  =  n^7,7;€;\,x;(a^M(a'/3'€u)(8'XVu))  ' 

A  =  fta^y7,7.V.XV  (a/38'u)  (a'/9'«w)  («€€  w)  {STKX'u)  ; 

where  Xl^=  (a^STw)  (a'i8'7  w)  -  {afiy'u)  id'Pyu), 

the  value  of   Gordan's   quantity    {aa'x)    being   the    product   of  7,7/   by   the   coefficient  of 
<  in   Xl^. 

This  is  the  system  of  fundameTital  concomitants  of  the  two  quaternary  quadratics ;  with 
them  must  he  associated  (§  18)  their  polar  derivatives. 

Many  of  the  concomitants  just  obtained  might  be  reduced;  the  reduction  however 
is  not  an  essential  part  of  the  present  purpose  which  has  been  (§  31)  to  connect  the 
class   of  quatemariants   involving  x    and   u  with   the   concomitants  of  ternary  quantics. 

33.  (a)  In  regard  to  the  general  unipartite  quantic  of  order  n  in  point-variables 
the  process  ef  solution  of  the  three  characteristic  equations  of  §  15  is  simplified  by  the 
following  theorem,  evident  from  the  forms  of  those  equations : — 

The  simultaneous  solutions  of  the  two  equations  Jlf,  =  0,  N^=^0  are  binariants  of  the 
simultaneous  binary  quantics 

(Co,  &..«.$  )-,         (Cft;,  <$  )',         (cv.<i  )•. 

K,  c,,6.,  aj   )•,       K',  <,&;,<$   )\       


in  sets  of  variables  a^  —  6^,;  a/,  -&/;  a/',  -  fto";  a/'',  —  6o'''5---     To  these  must  be  added 
flto»  ^o',  ^0'',  *o'"»  flto"''»*"  which  do  not  enter  into  either  of  the  two  equations  mentioned. 

To  have  leading  coefficients,  which  satisfy  Jf^  =  0  in  addition  to  the  two  preceding 
equations,  it  is  therefore  necessary  merely  to  form  such  functional  combinations  of  the 
preceding  binariant  system  (with  ^o,  ao',  V»  ^/"»  cf/'",...)  as  satisfy  M^  —  0. 

(6)  To  obtain  leading  coefficients  of  quatemariants,  which  do  not  involve  line-variables, 
associated  with  the  unipartite  quantic  of  order  n,  the  following  theorem  is  useful  being 
derivable  from  the  characteristic  equations  satisfied.  These  equations,  as  in  §  30,  are,  in 
addition  to  Jlfj^O,  Jf^  =  0,  N^^O,  the  three 
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and,  as  in  §  30,  it  follows  that  the  concomitants,  which  do  not  involve  line  variables,  have 
as  their  leading  coefficients  the  pure  contravariants  (including  invariants)  in  6^,  a^,  a/ 
(=iy  Vf  0  ^  variables  of  the  simultaneous  ternary  system 

(c^  6,,  a,$X,  7y+  2  (V,  <$Z,  7)Z  +  a:Z\ 
(do,  c„  6^  aJX,  F)»  +  3  (o;,  6/,  <$Z,  F)'^+3(6;',  a/'$Z,  F)Z-+  a;"^-. 


^  bipartite  lineo-linear  qwanUc. 
34.     Taking  the  quantic  in  the  form 


r^l 


the  characteristic  equations  satisfied  by  the  leading  coefficients  are,  by  §  16, 

^iiri.3.t3.r3.,9  9      ,9  9      j9      ^ 

35.    To    obtain   the    independent    simultaneous  solutions  of   these   equations,  we  first 
form  the  usual  set  of  equations  subsidiary  to  Jlf,,  which  are 

do,  _  ^j  __  dCj  _  ddj  __  da,  _  db^  __    dc,    _  dd, 
0  ■"  0  "■  6j  "   0  ^-at~-68""frg-c,""-d, 

_^3_d&3_dCj_d€^__da4   _^  _dc^       _^ 
""0  ""O""  6,  "■  0   "■  0     '"  0    "6,        ""0' 

sixteen  in  number;  of  these,  fifteen  independent  integrals  are  required. 

We  adopt  the  process  already  used,  and  we  have  as  immediate  integrals 

the  latter  of  which  is  taken  as  a  'variable  of  reference'; 

^,  =  d,,        ^,  =  0,,        ^t-^t,        ^4=^8»         ^6=^4»        ^«  =  ^4'        ^T  =  ^4J 

<^  =  6,  +  c,. 
Further,  we  have 

M53-.2^,A^=     25., 
<?A<?,-   53A<^=     u„ 
0M,-   5,A5  =  -.e„ 
5A5.-   tf.A<?=     e., 
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where  €,  =  ajb^  +  a^c,,  tf^  =  i  (^s  -  K)  K  -  Vi » 

€,  =  6,d,  +  c^d^.  u,  =  6,c,»  -  (c,  -  5.)  V,  -  c,6,*, 

all  being  solutions  of  the  equations  subsidiary  to  M^\  and  the  fifteen  necessary  independent 
solutions  are   u,  0;  0^,  tf,,  ^„  0^,  0^,  0^,  0,;  0;  6„  e^,  e^;  5,,  t/,. 

Of  these  fifteen  solutions,  nine,  viz.  u,  0^,  0^,  0^,  ^,  c,,  e,,  e^,  w,  all  satisfy  A=:0. 

Of  the  set  of  five  equations  as  given  above,  subsidiary  to  the  determination  of  the 
combinations  of  0,  0^,  ^,,  ^4,  ^g,  0^  which  satisfy  A  =  0,  we  require  four  independent  integrals; 
these  we  take  in  the  form 

4«  =  4?^M    =(c.-6^»  +  4cA, 
0je.  +  0.€,  ,      , 

and  M,  =  -   '^'g    '^'  =  6sC,a,  -  K^,  -  fc,)(6A  -  c.o^)  +  0,6,03. 

The  thirteen  quantities 

^;  ^i»  ^5»  ^i>  ^;  «i>  «t'  «8»  ^5»  ^eJ  ^;  «i»  ^« 

are  a  system  of  simultaneous  solutions  of  M^  =  0  and  i\r,  =  0;  and  every  simultaneous 
solution  of  those  two  equations  can  be  algebraically,  expressed  in  terms  of  these  thirteen. 

36.     If  we  write  ^a ""  ^a  ~  ^^» 

,  3       3.3 

^^'^^^^  3T.  =  3-0'"*3fc' 

and  then  the  equations  Jf,  =:  0  and  i\r,  =  0  become 

that  is,  tAey  are  the  differential  equatione  of  the  concomitants  of  a  binary  quadratic  having 
literal  coefficients  5,,  k,  —  c,  and  in  four  sets  of  variables,  viz.  c^,  —  6^;  a,,  a,;  d,,  d^;  c^,  —6^: 
and  since  u,  0^,  0^  0^  and  <t>  do  not  enter  into  the  eqiiotions  they  must  be  regarded  in  the 
complete  set  of  solutions. 

From  this  result  it  is  easy  to  see  the  constitution  of  the  set  of  thirteen  solutions. 
Five  of  them — u,  0^,  0^  0^  and  <f> — are  already  accounted  for;  five  of  the  remainder,  viz. 
6p  €,,  63,  63,  6„,  are  determinants  of  variables;  one,  t,  is  the  discriminant  of  the  quadratic; 
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Wj  is  the  quadratic  in  one  set  of  variables  c^  and  —  6^;   and  the  last  one,  m,,  is  the  first 
polar  of  tt,  by  the  variables  a,  and  a,. 

In  terms  of  the  last  eight  every  binariant  of  the  system  can  be  algebraically  ex- 
pressed; and  the  remaining  binariants,  helping  to  constitute  the  complete  irreducible 
system  of  binariants,  are  easily  seen  to  be 

«*.  =  (&•»  *>  -  cj[d„  (2,$c,,  -  6,), 

37.  It  is  convenient,  for  the  purpose  of  finding  ftinctional  combinations  which  shall 
satisfy   0«O,  to  modify  the  system  of  thirteen   algebraically  independent  solutions.    We 

have  V«  =  V5"V4' 

so  that  we  may  replace  €^  by  e^  in  the  system.    We  have 

so  that  we  may  replace  ii,  by  u^  in  the  system.    We  have 

so  that  we  may  replace  e,  by  u^  in  the  system.     And  we  have 

so  that  we  may  replace  t  hy  u^  in  the  system.    Hence  a  system  of  independent  solutions 
is  u;  e^,  e^  e,\  4>\  c,,  €„  6„  e.;  w^,  u^  u^  u^. 

We  now  proceed  to  obtain  the  algebraically  independent  combinations  of  these  thirteen 
quantities  which  are  such  as  to  satisfy  6  =  0.  The  process  is  that  indicated  in  §  17;  and 
there  must  be  obtained  eleven  such  combinations.  There  will  then  finally  be  eleven 
solutions  which  are  common  to  the  three  characteristic  equations;  they  are  independent 
of  one  another  and  are  such  that  every  solution  common  to  the  three  equations  can  be 
expressed  in  terms  of  them. 

In  order  to  obtain  these  eleven  solutions  it  proves  to  be  desirable  to  consider  some 
of  the  other  solutions  of  the  irreducible  binariant  system  given  in  §  36  and  to  introduce 
a  quantity 

But   all    the    equations   used    in    this  connection  are  subsidiary  to   the   equations   in  the 
above  thirteen  quantities. 
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38.  We  have  e«  =  0.     e^,  =  0,     ee,  =  0,    e«„  =  0; 

®«i  =  V.  J  ®«,  =  -  M, 

for  the  thirteen  principal  quantities;  and  for  a  subsidiary  equation 

others  being  useful  for  other  solutions  as  given  afterwards. 
As  solutions  we  have  u,  9^,  c^  «„; 

which  are  immediately  obtainable.    For  the  remaining  two  which  are  necessary,  ve  have 

e(p  +  ej  =  6,(^-5,), 
80  that  4e(p  +  €j  =  -2(^-d,)e(^-d,), 

and  therefore  an  integral  is  4ip  +  4x^  +  (^  -  6^f\ 

and  lastly  ®  («,  -  i  e*^)  =  6«p  +  ^,Op  =  ©  (p^,), 

and  therefore  an  integral  is  '^t~h^t^~P^v 

It  follows  then  from  the  theory  that  every  nmultaneo'ut  tolution  of  the  three  character- 
istic equationa  can  be  eapressed  in  terms  of  the  eleven  solutions,  (evidently  independent  from 
the  method  of  integration),  given  by 

39.  Other  solutions  obtainable  by  the  use  of  other  subsidiary  equations  are 

X  =  Je,^  +  tt.  +  e,0,  +  e,(e,  +  6,6,),       u,  +  i^,6,  -  <?,«  +  iOfi,*, 
and  so  for  others;  thus 
a^%'c:  =  tt»  +  3«  (6.  +  0fi;)  +  SX+  lie,  +  ^)«  +  3  (0,  +  4>)  {e,  +p  +  i(if>  -  0,)*]  +  3(tt,  -  ie,^  -p0,). 
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40.     In  order   to  obtain   the  fundamental  concomitants   determined   by  the   foregoing 
leading  coefficients,  we  turn  the  expressions  of  these  leading  coefficients  into  umbral  forms. 

The  quantic   itself  we   take   in  the  form   a/tta  =  V^=---   (using  a',  6',  ...   instead  of 
a,  by  ...   to  avoid  confusion   with  the  real  coefficients).    Then 


and  therefore  U  =  aju^  =  ux^u^  +  ... 

Next,  we  have  tfg  =  a^  =  a/a^.  The  completed  form  of  a/  is  evidently  aj.  To  complete  a^ 
we  notice  that  a^  in  transformation  is  congruent  with  the  point  variables,  so  that  S  ±  a:j/^^a^ 
is  a  covariantive  determinant ;  one  term  of  it  is  a>^p^a^,  and  it  may  be  conveniently  denoted 

by  (ay«)-     Hence  0^  =  a  J  (ocpa)  =  a^*p^  +  . . . 

Next  we  have  €,  =  b,c,  -  b.c,  =  J  (a,V  -  a^b^')  {a^fi,  -  a^8,). 

The  completed  expression  of  the  first  feu^tor  is  (a'Vp).  The  second  factor  is  the  coefficient 
in  vjiv^  —  Vfflo^  of  v^w^  —  v^w,,  that  is,  of  p^  in  plane  variables ;  hence  we  may  write  the 
completed  expression  in  the  form  (oifip),  and  therefore 

The  remaining  leading  coefficients  may  be  modified  with  proper  combinations  of  the  orders 
so  as  to  diminish  the  order,  the  grade,  or  the  class,  as  the  case  may  be.    We  take 

U^'  =  c:(aVp)(xpfi)(wpy)^u^x,'p,'^ ... 
<  =  ^.  +  ^A  +  ti" 

i,  =  ^,  +  <^  +  w 
*,  =  a.  =  aj  +  6,+  c,+d^, 

u; = c:u,uy  {a'Vp) = u;p,u,'-^... 

U^  =  c.\  {a'Vp)  {xpfi)  =  u^(v^p\  +  . . . 
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and  therefore 
We  take 

and  therefore 
We  take 

and  therefore 
We  take 

viz.  we  have 
an  invariant. 

and  therefore 
We  take 


and  therefore 
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<"«.-K*-M 


■HWOC-A-r*). 


and  therefore 
We  take 

viz.,  we  have 

an  invariant.     Hence 


il  system  of  fu/ndamentai  concomitants  of  the  lineo-linear  quantic  is  given  by  the  eleven 
algtbraicdlVy  independent  concomitants  U;  u^\  t^,  t,;  E^,  E^,  E^\  0^;  P/,  U^,  U^\  Uy^\  and, 
in  order  to  form  an  aigebraieally  complete  system,  their  polar  derivatives  (§  18)  mutA  he 
associated  with  them, 

41.     The  canonical  form  of   U  is 

To  reduce  U  to  this  form  we  first  find  Zj,  Z,,  /,,  l^.    We  have 

i>Z,  +  ?,  +  Z,  +  Z,. 


Next  we  have  an  invariant 


•^«  ^  *  (aa^.aw,  "*■  aor.au,  "*"  ao^.a^,  "*"  3a:>J  ^*^~  ^-^ 


which  for  the  canonical  form  gives 
We  have  another  invariant 


•     \3a?j3w,      3a?,3w,      S^sS^a      3a?/3uJ     *' 


which  for  the  canonical  form  gives 

Lastly  we  have  an  invariant 

».=    a,.  6„  c„  d,    =fAV4 

«a,    6a>    ^f    ^* 
^s*    *»»     ^8»     ^8 

04*  ^4>  C4,   d^ 
for  the  canonical  form.     Hence  l^,  /,,  l^,  l^  are  the  roots  of  the  equation 

^-^P+;/-».^+»4=o, 

so  that  the  coefficients  of  the  canonical  form  are  known. 
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To  find  the  variables,  we  have  in  the  canonical  form 

i*xjj,  +  c^.i7,  +  i:xjj,  +  i:xjj,  =  e;, 
irx,u,+i,-'x,u, + v*x,  u, + irxjj, = U.V. 

XJT,  +    Z.U.  +    XJJ,  +    XJJ,  =«.. 

When  these  are  solved  to  give  X,Z7,,  X,I/,,  X,i7,,  XJI^  all  that  is  necessary  is  to  re- 
solve the  right-hand  sides,  which  must  be  the  product  of  a  linear  d>-factor  and  a  linear 
M-factor;  and  the  variables  for  the  canonical  form  are  then  obtained. 

42.  As  in  §  33  we  may  obtain  those  concomitants  of  the  quantic  which  involve  only 
point-  and  plane-variables,  as  and  u.  Their  leading  coefficients  satisfy  the  three  equations 
lf,=  0,  i*r,  =  0,  M^^=(i  as  given  in  §  34,  and  the  three 

^*'='^dd,-^''*dd^'m^''*ur''*^r^^r''K~  '^,  ' 

of  which  N^  is  derivable  from  the  former  three,  and  K^  firom  K^  and  the  earlier  equations. 

On  comparing  these  with  the  differential  equations  of  the  temariants  of  a  lineo-linear 
bipartite  ternary  quantic,  it  appears  that  they  are  the  differential  equations  of  the  con- 
comitants of  a  ternary  quantic 

{b,X  +  c,r+d/)  17'+  (6^  +  0,7+  d,Z)  V^(b^-^c,Y-\- d,Z)  F, 
mik  a,,  a,,  a^  as  point-variahles  (=X,  F,  Z)  and  6j,  Cj,  d  as  line-variables  (=  U,  V,  W). 

To  the  system  we  must  add  a^,  which  is  a  solution  of  all  the  equations.  When  we 
take  the  'irreducible'  system  in  the  foregoing  variables  for  the  ternary  quantic,  we  have 
all  the  concomitants  which  if  'reducible'  can  be  reduced  only  by  means  of  the  quantic. 

Now  these  are  given  by  Clebsch  and  Qordan*.  First,  the  universal  ternary  con- 
comitant XU+7V+ZW  is  for  the  present  case 

^  A  +  ^8^1  +  Ml 
=  ^.  +  <'l^5. 

so  that  the  quatemariant  may  be  taken  as  in  §  40  to   be 

Next  for  the  ternary  form  itself,  we  may  write  it 

(Z;Z  +  1,'Y-^  i:Z)  {\U^\V+  \W) 

(taking  the  quaternary  quantic  as  IJu^)- 

*  Math.  Arm.  t.  i.  p.  878. 
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Taking  then   the  irreducible   system    of    ternariants  as  given    (2.  c.)    by   Clebsch   and 
Gordan,  we  have  for  their  Ainctions  in  order 

i- 2/ =  6, +  03  +  ^4  =  ^,  +  0, 
so  that  the  corresponding  concomitant  is 

with  the  notation  of  §  40  for  the  quatemariants.    Next  we  have 

=  o/AU'-W(6a'-6.\) 

=  a;/3,i.V-2<  +  u', 
SO  that  we  have  a  new  concomitant  which  we  may  take 

Similarly  we  have        i,  =  i/mx' 

=  (  Vm.  +  Vm.  +  V/*4)  K\  +  <\  +  ^,\) 
=  (a/-<)9,)(6.'-.V«,) 

in  the  previous  notation,  so  that   the   temariant   \  practically  leads  to  the  quatemariant 
\,  which  is  an  invariant. 

Similarly  we  find        /  =  a^^byC^d^' -  3tt/+  SuV" «** 

(where  f  is  the  leading  coefficient  of  F')  and  we  therefore  have  a  new  concomitant 

F^  =  byC^d^'axUfi, 

Instead  of  \  we  may  conveniently  take  i"  defined  (Z.c.  p.  385)  by 

=  i(V«)(Vs^.) 

80  that  the  concomitant  thus  determined  is   U^\ 

In  the  same  way,  it  is   not  difficult  to  prove   that  the  new   concomitant  determined 
by  0  is  ^'  ^^da'e^kp'ajbjcj  (yeicx), 

and  that  the  new  concomitant  determined  by  '^  is 

^'  =  aid^b^u^UfiUy  (ceku). 
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Complexes  in  line-variables, 

43.  The  differential  equations  of  the  concomitants  of  a  quaternary  quantic  in  line- 
variables  are  similar  to  those  for  other  quantics,  the  difference  being  in  the  values  of  the 
literal  operators.     If  any  such  complex  be  denoted  by 

n! 


=  2: 


^n  i^n  ^n  f^nJ^nJ . 


.(^^parPr^Pj'V^P^P.'Pi 


X!  ii\  ]/!  pier!  t! 

(with  the  condition  X  +  /iA  +  y+p  +  cr  +  T  =  7i),  the  laws  of  transformation  of  the  umbral 
coefficients  q  are  derivable  from  those  in  §  I  for  the  variables  p  by  the  relation  0,  =  ?^; 
and  so  far  as  quantities  of  the  first  order  in  the  coefficients  of  transformation,  being  all 
that  are  necessary  (§  5),  are  concerned  they  may  be  taken  in  the  form 

0,  =-?A  +  ?»^  +  ?»  -  ?5*i  +  9A 

Q4  =  -?1^4  +  ?A  +?4        +95^3+96^8 

Q.=         91^4  -9s^4      +94^^1+95  +96^S 

06=  -9.^4+9.^4+94^   +95^^1  +  96 

from  which  the  variation  of  axMiv<rT(=9i^9t'*98''94''95'9e0  ^^  ^  derived.  The  result  is  that 
the  characteristic  equations  Jf,  =  0,  N^^O,  M^^O  are  given  by 

-^8  -  2  (■"  t^K  f*-l,  »'+l,  <>.  «r,  T  +  pax,  ^,  K,  p- 1,  a+1.  r)  g^^ =  0 


}> 


and 


y. 


-^4  =  2  (—  pttx+l,  i»,  F.  p-1,  «r,  T  +  Tttx,  ^  „+l,  p,  a,  T- 1) 


SttA/iVi 


the  summation  being  in  every  case  for  values  of  X,  fi.^  v,  p,  <r,  r  such  that 

X  + /LA  +  y  +  p  +  cr  +  T 
is  equal  to  n,  the  grade  of  the  complex. 

When  the  leading  coefficients  of  concomitants,  obtained  as  simultaneous  solutions  of 
these  three  equations,  are  to  be  changed  into  a  symbolical  form,  with  a  view  to  the 
deduction  of  the  expressions  for  the  concomitant,  it  will  sometimes  be  convenient  to 
regard  the  coefficients  q  as  similar  to  compositions  of  the  umbral  elements  of  two  linear 
powers  a^  and  6„  so  that  we  may  take 

9i  =  <^A  -  «8^»  9.  =  <^J>4  -  o.aK 

9.  =  «8^  -  ^A,  q,  =  aj>,  -  a^, 

9f  =  «A-«A»  qA^o^A-^iK 
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only  however  as  an  indication  of  the  completion  of  the  umbral  forms  and  not  as  neces- 
sarily implying  the  relation  q^q^  +  qjq^  +  qj]^^  =  0.  We  proceed  now  to  obtain  the  con- 
comitants of  some  special  complexes. 

I.    The  linear  complex, 

44.  We  may  take  the  complex  in  the  form 

=  {ahvw)  =  {ahp)  =  {cdp)  =  ...  =  2, 
sjrmboUcally.    The  characteristic  equations  are 

It  is  easy  to  shew  that  every  simultaneous  solution  of  if,=»0  and  N^^O  can  be  expressed 
in  terms  of  the  three  independent  simultaneous  solutions 

To  find  the  combinations  of  these  which  satisfy  6  =  0  we  have 

SO  that  the  solutions  can  all  be  expressed  in  terms  of  q^  and  q^q^  +  qji^  -\-  q^q^. 

The  first  of  these  evidently  determines  fl;  the  second  is  an  invariant,  being  ^(abcd). 
The  signification  of  this  invariant  is  given  by  PlUcker*. 

II.    A  congruence  of  two  linear  complexes, 

45.  The  two  complexes  we  take  to  be 

«  =  2p>       «'  =  «,'; 
the  characteristic  equations,  which  determine  leading  coefficients,  are 

*  The  qnantitieB  ^i,  q^,  g,,  q^,  q^,  q^,  are  the  same  as  Pltloker's  D,  E,  F,  C,  B^  A\  see  hie  Neue  Oeometrit  des 
Raumes,  p.  26. 
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All  the  simultaneous  solutions  of  the  first  two  of  these  are  expressible  in  terms  of  the 
set  of  nine  simultaneous  solutions 

'   («=)?„       K=)g/,       ?..       9.'; 

the  only  remaining  solution  necessary  to  render  the  set  irreducible  being 

with  the  relation  ^x  ^  ^hk' ""  ^^* 

For  the  combinations  of  the  set  of  nine  which  satisfy  8  =  0  we  have,  by  the  ordinary 
method  of  proceeding,  the  equations 

e©=o,      e©'  =  o,      60=0; 

©?•=?•.  ®9«'=9/» 

e^  =-?3«),       ©^'=--g>, 

and  therefore  the  seven  independent  solutions  may  be  taken  in  the  form 

%  ^0   +«?,  =?A  +q,q,  +?A, 

i'  =  ^  +  a>'?; = ?/g; + ?;?; + ?;?;, 

/n  ferww  o/  «A6«e  «ewn  «o?tt*u)rw  et>ery  iimultaneous  solution  of  the  three  eqtiations  can  be 


46.    The  fundamental  concomitants  thence  determined  are 
n  =  Q)Pj  -^...^^idbp); 
n'  =  o)>,+  ...  =  (a'6»; 
i  =  ?i?6  +  ?«?6  +  ?8?4>    ^  invariant  =  J  (ofccd) ; 
i'  =  ff/?/  +  ?«'?»'  +  ?a'?4'»  a^  invariant  =  i  ((t'6VdO ; 
*  =  a  job  J  (bVp)  +  6 A'  (<^'P)  "  <^X  (P^'P)  -  « A'  {ha'p) 

=  ^,"l>,+...; 
A  =  a.  (6a'6'w)  -  6.  (aa'6'w)  =  X«,ttj+. . . ; 
A'  =  a/  {Vabu)  -  6/  (a'ofew)  =  X Vi+-  •  •  5 
and  it  may  be  remarked  that  A+A'  =  (a6o'6')«^x> 

so  that  we  have  an  invariant 

«X  +  «/^«  +  ^A'  +  <^5  +  «8<  -»-  <»8\ 

intermediate  between  %  and  t'- 

With  these  fundamental  concomitants  their  polar  derivatives  (§  18)  must  be  associated. 


Digitized  by 


Google 


456  Mb  FOBSYTH,  SYSTEMS  OF  QUATEBNABIANTS 

III.    A  regulus  of  three  linear  complexes. 

47.  We  take  them  in  the  forms 

and  then  the  three  characteristic  equations  are 

N,=-q.^^-^q.^-q,^r+q.^>-q.  ^>+q.  ^>-o. 

48.  Of  the  complete  set  of  solutions  some  will  be,  as  in  the  preceding  case,  quantities 
which  involve  coefficients  of  only  one  of  the  three :   these  are 

»  =y„  i  =(jr,g,    +jrf,    +g,5,    ; 

Some  involve  coefficients  of  imo  of  the  three :  these  are 

*« = ?.V  -  9.V;        x«  -  ?/ ?;  +  ?/?;  +  ?;'?.';       V  =  ?/?."  +  ?.V  +  ?.V; 
*«  =  ?."?.  -?."?. ;        \i-?A"  +?5?;'  +?A" ;       V  =  ?"?.  +«/'?.  +?;'?. • 

And  from  these  we  have  three  invariants,  viz. 

Xjj  +  Xj,; 

For  functions  which  involve  the  coefficient  of  oil  three  of  the  congruences  we  have  as 
simultaneous  solutions  of  M^  =  0,  JV,  s  0 

x« =?/'?.  -?&"• 

Now  we  have  »X..  =  "  ?.?.'  +  ?.'?.. 

and  so  for  the  other  two,  so  that 
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so  that  we  have 


S  = 


which  is  a  solution  new  in  form.    And  we  also  have 

®a.=?..      »?.=?.'.      %."=?.". 


SO  that 

and  thus  we  have 


a   solution   new   in    form.     The    last   two   are  of  course  expressible,  after  our  theory,   in 
terms  of  the  earlier  solutions :   thus 

(which  reduce  the  fifteen  solutions  a»,  »',  »";  t,  4',  4";  ^,^,  ^^,,  ^j^;  X„,  \/;  Xj,,  X^';  X„,  X^/ 
to  thirteen  algebraically  independent  solutions,  being  the  proper  number);  and  similarly 


S' 


(?A VS'  -  ?i '?!>«  -  Ml'iK  -  Mi'^'^t.)- 


The  system  of  seventeen  solutions  forms  an  irreducible  system  of  solutions,  that  is, 
every  other  solution  can  be  expressed  as  an  integral  algebraical  function  of  these  seventeen. 
But  it  does  not  therefore  follow  that  combinations  of  the  concomitants  determined  by 
these  are  not  reducible;  reducible  examples  will  actually  be  found,  the  reduction  taking 
place  owing  to  a  possibility  of  removal  of  a  factor  u«,  which  for  the  present  purpose  l«< 
determined  by  its  leading  coefficient  1. 

49.  It  is  now  necessary  to  determine  variables  to  be  associated  with  these  leading 
coefficients,  so  as  to  have  the  fundamental  concomitants.     We  take 

^  =*?#  =  (ofttw)    ^(cdwiS)     «... 
XI'  =  2^'  =  (a'6'tni;)  =  (c'dW)  =  .  .. 
ft"  =  ?/  =  {Q;'h"wi))  =  (c 'rf'W)  = . .  . 
Then  we  have 

ft)'  =5/  =(a,V  -a/fc,')  ,  BO  that  n'  =  »>j  + ... 
» '  =  9/'  ^  ifltK  -  < V0»  80  that  a' « <0"p^  +  . . . 
Vol.  XIV.    Pabt  IV.  59 
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t  =i (abed)  ,  an  invariant, 
*'  =^(fl'b'c'd')  ,  an  invariant, 
t"  =  i(o"6"c"rf").  an  invariant. 
^„  =  a,a/(6A')  -  0/6.  (i.'aj  -  aA'«6J  +  6.6/  («.<) 


\„  =  o.(6,a.'6;)-6.(a.<6.') 


V=a.'(6;o,6^-6/(a.'a.6J 
A^'=X^'a!,«, +... 


Also  \„  +  \„'  =  (a6a'6'),  an  invariant;  ao  that  A„  +  A„'  ia  reducible,  being  divisible  by  «,. 
Similarly  for  A^  +  A„'  and  A„  +  A„'. 

Next  we  have  S  =  (0X6,)  {\W")  -  i«K")  (6,'aA) 

and  therefore  A  =  {a' aim)  (b'a"b"u)  -  (a'a'Tu)  (b'abu) 

=  &»,*+•••• 
Lastly  we  have 

80  that  A'  ==  S'a?,\  +  . . . 

With  these  fundamental  concomitants  their  polar  derivatives  (§  18)  must  be  associated 
to  form  an  algebraically  complete  system. 

50.  When  we  consider  more  than  three  linear  complexes,  no  functions  new  in  form 
are  obtained  beyond  those  already  given ;  and  any  new  functions  which  occur  are  reducible 
to  combinations  of  those  which  precede.  Thus  for  instance  the  eliminant  of  six  linear 
complexes,  viz.  2  +  ?.?;?, VVV''' 

can  be  expressed  as  a  sum  of  products  of  the  form 

that  is,  of  the  form  B^B^.    Similarly  for  others. 

Symbolical  Expressions  of  Concomitants  of  Complexes, 

51.  We  are  now  in  a  position  to  derive  an  important  inference  as  to  the  forms  of 
factors  that  may  enter  into  the  symbolical  expressions  of  concomitants  of  q,\  These  sym- 
bolical expressions  give,  in  accordance  with  the  usual  forms,  concomitants  of  a  set  of 
simultaneous  linear  complexes  q,,   q,\  q,",...   each  being  represented  n  times  in  the  ex- 
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preesion.  Hence,  when  the  leading  coefficients  are  formed,  they  are  leading  coefficients 
of  the  concomitants  of  that  simultaneous  system. 

We  have  seen  the  kinds  of  factors  that  can  occur  in  these  leading  coefficients:  they 
are  of  one  or  other  of  the  eight  types 

«»  =  ?i' 

'  =  ?A  +  ?rf. +  ?.?«. 
'^'-ffA'  +  JA'  +  JA'. 
'^  =  ?,'?.  + 9.'?, +  ?«'?.. 
j  =  X  +  V  =  },?;  +  q^q;  +  g,g;  +  q^q^  +  q^;  +  g,g/, 

«=(?.9;?."), 

«'=(?.?.V). 

Hence  every  leading  coefficient  of  a  concomitant  of  a  complex  of  the  n^^  grade  is  an 
aggregate  of  powers  and  products  of  factors  of  the  eight  types;  there  being  the  necessary 
restriction  that  each  umbral  symbol  shall  occur  exactly  n  times  in  any  product  or  power, 
constituting  a  term  in  the  umbral  expression. 

To  complete  the  expression  of  the  leading  coefficient  so  as  to  give  the  fundamental 
concomitant  we  have  seen,  in  the  preceding  investigation,  the  combinations  of  variables  that 
must  be  associated  with  the  several  factors,  the  respective  degrees  being  as  in  the  following 
table : — 


FAOTOB. 

OKDn 
IX 

X. 

OBADB 
RC 
J"- 

OLAM 

ni 

<» 

0 

1 

0 

t 

0 

0 

0 

X' 

1 

0 

1 

X 

1 

0 

1 

3 

0 

0 

0 

* 

2 

1 

0 

i 

0 

0 

2 

S 

3 

0 

1 

In  addition  to  this  it  must  be  borne  in  mind  that  certain  combinations  of  factors  of 
the  types  S  and  S'  are  reducible,  that  is,  the  completed  expression  contains  some  power 
of  t^^  as  a  factor. 

These  results  will  be  used  in  obtaining  the  concomitants  of  a  complex  of  the  second  grade. 

59—2 
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IV.    A  oomfilsx  of  the  second  grade. 
52.    Taking  the  same  coefficients  as  PlUcker  (l.c.  p.  149),  the  complex  may  be  written 
a  =  Dp*  +  Ep*      +Fp*      +Cp*      +Bp,'     +Ap,* 

+  2Mp,p,  +  2Lpj},  +  2Tpj>,  +  28pj>,  +  2Np^p, 

+  2Kp,p,  +  2  Upj>,  +  20p.p,  +  2Ppj>, 

+  2Fap«  +  2Bpj>,  +  2Qpj>. 

+  20pj!>,  +  2Epj>, 

=  (?J>.  +  9J>,  +  9J>»  +  ?.P4  +  9.P.  +  9J>^*  =  ?»'• 
If  instead  of  taking  O  we  take 

n  -  i  (JV+  0  +  7)  {pj>,+pj>,  +pj>;} 
the  complex  may  be  considered  as  in  its  'normal'  form,  according  to  Clebsch;    we  shall 
however  retain  the  above  more  general  form,  for  the  sake  of  symmetry. 

The  three  differential  equations  which  determine  leading  coefficients  are: — 


'^m'^dP'^'^m'^^dT 


^.  =  <^^  +  2^.Vj^.V2^aV(^-0).4  + 


dR 


^\do   dv) 


-M—-P—+H-+T  — 


• 


B^M,^F^^2Q^-dI^-2T^^HV-N)^^l{^-^) 


"^aF-^aG+^ap+^87 


/ 


53.  The  equations  if,  — 0,  J\r,  =  0  admit  of  a  transformation  the  effect  of  which 
enables  us  at  once  to  write  down  the  qrstem  of  simultaneous  solutions.  Let  new  quantities 
/  and   W  be  defined  by  the  relations 

0-F=2/,        0  +  r=2W, 

so  tn»t  SO~dV~dl'' 

the  first  two  equations  then  become 

K-Bi,  +  2Ql-F^-2K,^-Rf,+  ^^-L,%-Q^  +  J^  +  8l 


dG 


dC    ^  dK 


dE        dl^     dU       dM     ^dP^    dH^"dT 


''•-^m*^iE-'^m-'^ip*''a-K-''rL-^si*'h*^m 
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These  are  the  differeatial  equations  of  the  ooncomitants  of  a  system  of  three  binary 
quadratics,  the  literal  coefficients  of  which  are 

C.      G.     B: 
V  E.-K,     F: 

U.     I,  -R; 
the  variables  being  the  four  sets 

J,    -H:    S,    -Tx  Q,    P:  L,    M. 

To  this  system  of  solutions  must  be  added  those,  which  are  simultaneous  solutions  in 
virtue  of  the  &ct  that  certain  quantities,  viz.  D,  A,  N  and  W,  do  not  enter  into  either 
of  the  equations;  these  quantities  themselves  are  the  proper  solutions  to  take. 

Among   these    solutions    the   following   occur   (they  do  not  constitute  the  irreducible 
system,  Jaoobians  for  instance  being  omitted): — 

e,  =  Q2'+SP,  e,  =  PL-QM\ 

e,^QH  +  JP,  e,~LT+MS 

e,  =  H8-TJ.  €,  =  HL  +  SM 
with  the  usual  relation                           <A  =  V«  +  V»> 

f,  =  (0,  0,  B^J.  -  Hy,  f.  -  (O,  &,  ffJiS.  -  TIQ,  py 

?.  =  {C,  G,  BJJ,  -  Em  -  n  f,  =  (C,  G,  S$S,  -  r$Z.  Jlf ) 

i,  =  {G,G,BliJ,-H\Q,P),  S,  =-{0.  G.  BM  py  }' 

f,  =  (C,  G.  BTiJ,  -H\L,  M),  f,  =(0,  G,  BJiQ.  Pl^L,  M) 

f.  =  (C.  G,  BJiS,  -  T)\  f..=  (C,  G,  BT^L,  M)* 

4>t»  '"t  ^10  functions  the  same  as  ^^  in 
coefficients  and  the  same  as  f,,  ...,  f,o 
in  variables  ' 

6%>  ••->  ^10  functions  the  same  as  $^  in 

coefficients  and  the  same  as  ^, f,, 

in  variables. 


t^  =  BO  -G*, 
t,  =  EF-K*, 


t„~CF  +BE  +  2GK, 
t„^GR-BU  +  2IG, 
t„  =  FU-ER+iKI, 

0,      G.     B 

E,-K.     F 

U,     I,-R 
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being  the  full  set  of  irreducible  inyariants  of  the  system  of  three  binary  quadratics. 
Among  the  irreducible  members  omitted  are^  as  already  remarked,  all  Jacobians ;  of  which 
there  are  ten,  involving  the  coefficients  of  ^^  and  ^j,  ten  others,  involving  the  co- 
efficients of  ^^  and  O^y  and  ten  others,  involving  the  coefficients  of  6^  and  f^.  As  is 
well  known,  the  square  of  each  Jacobian  can  be  expressed  as  an  integral  function  of 
the  foregoing  quantities;  and  that  square  is  therefore  a  reducible  function. 

An  algebraically  complete  set — that  is  one  such  that  every  solution  can  be  ex- 
pressed as  a  function  of  the  constituents  of  the  set — ^is  obtainable  by  the  method  of  §  17 
as  composed  of  i).  A,  N,  W;  t^,  t^,  e,;  f^,  f,;  <f>^,  <f>^;  0^,  0^;  €j,  e„  e„  e,,  €..  By  means 
of  the  relations  which  subsist  among  the  irreducible  binariants,  this  set  can  be  changed 
so  as  to  become  the  equivalent  algebraically  complete  system  composed  of 

D,  A,  N,  W]  <„  e„  e,;   f„  f,,;  <f>,,  4>^,  <f>,^;  0,,  0,^;  €„  e„  €„  €.. 

54.  In  order  to  find  the  functional  combinations  of  these  quantities  which  are  such 
as  satisfy  6  ^  0  we  use  the  process  of  §  15 ;  and  to  obtain  the  simplest  form  of  solutions 
it  is  convenient  to  retain  other  members  of  the  system  of  irreducible  binariants,  always 
considered  as  subsidiary  to  the  algebraically  complete  system. 

I  do  not  reproduce  the  analytical  details;  the  following  are  a  set  of  sixteen  inde- 
pendent quantities,  in  terms  of  which  all  the  simultaneous  solutions  of  the  three  charac- 
teristic equations  can  be  expressed  : — 

c  =2W+N 

e;^  0^  -F6,-i)^,  +  z)if 


u 


K 


e;=2€,  +  «„  -^t  AD 

tf;=    0^^  W€,^N%  +  NW' 
Other  solutions  of  a  simple  form  are 

4>:^4>s  +  ^e,D  +  A]y, 
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55.  In  order  to  obtain  the  fundamental  concomitants  determined  by  these  leading 
coefficients,  we  turn  their  explicit  expression  into  one  which  is  umbral,  and  then  complete 
the  latter  by  means  of  the  variables  as  in  §  61.    The  results  are  as  follow : — 

I  ft    =wp*+... 

t    =  9i?6  +  ?A  +  ?.?4 .  *°  invariant 

I  ♦  f / = ?."  (?A V)  (?.?; + ?.?/ + ?.?.') 

f  *,'=(M.'3.")(?.9.V) 

f  <?;  =-(M.V)(?A'0 

I «;  =  (ft?;?.")' 

( «i  =(?.?;-?.?.')* 

( «;  =  (ft?.' + ?.?.' + Mt)  (ft'?. + ?«'?. + ft'jo 

f  </  =  (ft?.' + ?*?.' + ?.?.')* + (?l'?» + 9:9* + ?.'?.)• 

tE/  =  e>X+... 
Evidently  2<,'  +  e,'  is  an  invariant;  and  thus  2r,'  +  E,'  is  divisible  by  u,\ 
(  <  =  (?,?.'  -  ?.?.')  (?.'?.  +  ?«'?.  +  ?.'?«)  =  (2>?«'  +  **«»'  +  ^'««')  ^*»'*'  ~  ^«'''^ 

f «.'  =  ft?.'  (ft'?. + ?.'ft + ?.'?« + ?!?•' + ?a' + ?•?»') 

f  0:  =  (ft?;?.")  (ft?;?.") 

I  e;  =  *»;+.. . 

•  In  eveiy  ease  •  numerical  factor,  if  it  occur  on  the  right-hand  side,  i»  omitted. 
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A  system  of  futiJamental  concomitants  of  the  complex  of  the  second  grade  is  composed 
of  the  preceding  sixteen  concomitcmts ;  and  with  them  must  he  associated  their  polar  derivatives 
(§  18)  to  form  an  algebraically  complete  system. 

56.  Tlie  expressions  for  the  other  three  are : — 
Two  invariants  have  been  obtained,  viz. 

2^  +  «t'  =  4  (?.?; + Ms'  +  Mi  +  ?«?•' + Mi + ?.?/)•; 

and  others  will  be  obtained  explicitly  for  a   canonical   form.     The   discriminant   of  H   is 
(save  as  to  a  numerical  factor) 

(Mi9s9a  9b   9.    ) 
A   M,    i,    T,    S,    N 

Jf,  JF,  A-,  U,  0,  P 

Z,  ir,  F,  F,  12,  Q 

T,  i/,  F,  C,  (?,  i?  I 

iS,  0,  E,  G,  B,  J  I 

J\r,  P,  Q,  ^,  J,  il  I 

57.  The  alteraative  canonical  forms  of  the  complex  of  the  second  grade,  dependent 
upon  relations  among  its  coefficients,  are  given  by  Weiler*.  The  most  general  of  all 
is  the  first,  in   the   case   of  which  there  is  no  relation  among  its  coefficients. 

When  we  apply  the  transformations  as  given  in  §  1,  there  are  twelve  constants  at  our 
disposal ;  with  these  it  is  possible  to  make  twelve  of  the  terms  in  the  complex  dis- 
appear. Nine  terms  will  thus  be  left«  the  aggregate  of  which  may,  on  account  of  the 
symmetry,  be  in  general  assumed  to  be  of  the  form 

Dp,''^Ep^'  +  Fp,'  +  Cp:  +  Bp,'  +  Ap,'  +  2Np,p,  +  20pj>,  +  2Vpj>,, 

which  includes  the  !■*,  2°*,  4*^  6^,  7^  and  S^  of  WeiWs  forms. 

The  further  transformations  possible  on  the  introduction  of  coefficients  \  fi,  v,  p 
(instead  of  the  unities  of  §  1)  do  not  essentially  modify  this  form;  they  merely  give  new 
coefficients  of  the  complex 

D/iV,    Ei^\    F\y,    Ci^p\    Bfiy,    A\V,    2N\fivp,    iOKf^vp,    2rkfivp. 

The  preceding  form  will  therefore  be  taken  as  the  canonical  form  of  the  most  general 
complex. 

^*  Math,  Ann.  t.  Tn.,  pp.  145—207. 
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58.     To  obtain  the  invaiiants,  we  might  proceed  as  follows.     We  know,  from  §  51,  that 
every  invariant  is  an  aggregate  of  products  of  umbral  quantities  which  have  the  form 

(m.  n)  =  y.'-'g.'"'  +  j.'-'g-,'"'  +  q^q^  +  J*'"'?.'"'  +  J.'"'?.'"  +  <?.'"'3.'"'. 
each  product  containing  umbral  quantities  the  proper  number  of  times. 

We  have  invariants  in  umbral  and  canonical  forms  as  follow: 
/,  =  i(0.  0) 
=  N+0+r; 

/.  =  i(0.  !)• 
^m  +  AD  +  O'+BE+V'  +  CF; 

/.  =  i(0,  1)(0.  2)(1.  2) 
=  N*  +  MDN  +  0*+  SBEO  +V+  ZCFV ; 

/«  =  H0,  1)(0.  2)0,  3)  (2.  3) 
=  N'-{-  6ADN*  +  A*If  +  0*  +  ^BEC^  +  ffE*  +  F*  +  ^GFV  +  C^F' ; 

/.  =  i(0.  1)(0,  2)(1.  3)(2,  4)  (3,  4) 

and     /,=i(0,  1)(0.  2)(1.  4)  (3.  4)  (2,  5)  (3,  5) 

=  JV^'  +  16ili)^■♦  +  \hA*I^N*  +  A*]y  +  0»  + 155^0*  +  lbffE*Q^  +  ffE* 

+  F»  +  UCFV*  +  15C»i"  P  +  C*F*. 

The  expressions  for  these  can  be  modified.     When  new  quantities  ^^,  {,,  {,,  ^^,  f,,  ^,   are 
introduced,  defined  by 


so  that  they  are  the  roots  of  the  equation 

((f  -  NY  -  AD]  {(f  -  Of  -  BE}  {(f  -  F)«  -CF}  =  0; 
then  the  tnvan'anfo  are  given  hy 

2/,=  2V  (^  =  1,2,3.4,6,6). 

And  further  the  coefficients  of  the  foregoing  sextic  are  rational  integral  functions  of  the  six 
invariants. 

59.    When  we  take  the   further  transformation  indicated   in  §  57,   so  as  to  give   the 
complex  the  most  simple  explicit  form  possible,  we  may  take 

X/ii/p  =  1 
Vol.  XIV.  Part  IV.  60 
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and  then  the  coefficients  of  the  implicitly  general  complex  are 

AD,  BE,  OF,  1,  1,  1,  2N,  20,  2F* 
Hence  every  invariant  of  the  complex  is  a  function  of  -42),  BE,  CF,  N,  0,  V, 

By  means  of  the  substitutions  which  interchange  p^  and  p^,  p^  and  p^,  and  which 
leave  p^  and  p^  unaltered,  it  follows  that  BE  and  0  enter  into  the  invariant  in  a  manner 
similar  to  that  in  which  AD  and  N  enter.     Similarly  for  CF  and   F.     Since 

it  therefore  follows  that  when  the  invariant  is  expressed  in  terms  of  the  six  quantities  f 
it  is  in  the  first  place  a  function  symmetric  in  f,  and  f, ;  in  f,  and  f^;  in  f^  and  f^;  that 
is,  any  interchange  of  the  two  members  in  each  of  these  three  pairs  does  not  affect  the 
function.  And  secondly,  since  it  is  symmetric  in  the  three  pairs,  it  follows  that  the  invariant 
is  a  symmetric  function  of  the  six  quantities  f ;  and  hence  every  invariant  is  a  rational 
integral  function  of  the  six  invariants  /j,  /,,  /,,  Z^,  I^,  /,,  which  thus  constitute  the  irredndhle 
system  of  invariants  of  the  quadratic  complex. 

For  example,  the  discriminant  is,  for  the  canonical  fonn, 

=  {AD^N')  {BE-  0^(CF-  F») 

the  integral  expression  for  which  in  terms  of  1$  is  immediately  obtainable  from  well- 
known  formulae  in  the  theory  of  equations. 

60.     Further,  if  we  write 
so  that  the  permanent  relation  among  the  line-variables  is   Q  =  0  we  have 

/,(n-h2xQ)  =  (/,.  7,-1,  ...,  /,,  3$i,  xy. 

For  fl  +  2XQ  differs  from  SI  only  in  having  N+\  O  +  X,  T  +  X  instead  of  A',  0,  F, 
i.e.   in   having   f +  X  instead  of  X.     Hence   the  theorem. 

The  two  conditions  necessary  that  the  complex  should  reduce  to  the  canonical  form 
adopted  by   Battaglinif  which  is  without  the  terms  in  p^p^,  p^p^,  p^p^  are   evidently 

/,(n+*^\Q)  =  o,  /,(n  +  2xQ)=o,  /.(n-h2xQ)  =  o, 

equivalent   to   the   two   conditions 

(/,.  /..  /..  3$1,  -i/.)'  =  0, 
(/..  /,.  7„  /..  /..  3$1.  -i//  =  0. 

*  Weiler's  (Le.)  first  and  most  general  canonical  form  would  be  obtained  by  taking 

D/iV=-4XV,  Ev^*=B/iy,  F\^y?^CvY. 
His  coefficients  X  are  then  the  quantities  (. 

t  For  references,  see  Klein,  Math,  Ann,  t.  xxiii.,  p.  578,  Segre  et  Loria,  ib.  p.  213. 
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XVI.     On  the  stresses  in  rotating  spherical  shells.     By  C.  Chree,  M.A.,  Fellow 
of  King's  College. 

[Bead  Feb.   11,  1889.] 

In  a  paper  recently  printed  in  the  Society's  Transactions  I  considered  amongst  other 
problems  the  case  of  a  rotating  spherical  shell  of  isotropic  material  A  solution  was  there 
obtained  involving  six  arbitrary  constants  which  were  completely  determined.  The  solution 
was  however  given  explicitly  only  for  the  case  of  a  thin  shell,  which  was  examined  in 
detail.  The  object  of  the  present  communication  is  to  deal  with  the  general  case  in 
isotropic  materials  when  the  ratio  of  the  radii  of  the  bounding  surfaces  may  be  any 
whatever,  and  specially  to  examine  into  the  equilibrium  form  of  the  bounding  surfeu^es 
and  the  tendency  to  rupture. 

In  obtaining  the  solution  the  surfiice  conditions  determining  the  arbitrary  constants 
were  supposed  to  hold  over  the  truly  spherical  surfaces  existent  prior  to  the  strain  con- 
sidered. This  introduces  a  deviation  from  strict  accuracy,  and  in  order  that  this  may  be 
negligible  it  is  essential  that  the  forms  of  the  equilibrium  surfaces  do  not  differ  much 
from  the  spherical.  Since  in  the  cases  considered  here  the  surfaces  are  practically  spheroids 
of  small  eccentricity  this  condition  is  secured. 

In  the  paper  mentioned  above  two  theories  as  to  tendency  to  rupture  were  mainly 
considered.  In  one  it  is  supposed  that  if  a  value  be  obtained  for  the  difference  between 
the  greatest  and  least  principal  stresses  which  exceeds  a  certain  value  found  by  ex- 
periment then  the  body  will  sooner  or  later  rupture.  On  the  other  theory,  if  the  greatest 
strain  exceed  a  certain  positive  value,  rupture  will  ensue. 

In  both  theories  the  stresses  and  strains  are  supposed  to  be  calculated  on  the  hypo- 
thesis that  the  laws  of  perfect  elasticity  are  strictly  followed.  This  does  not  however 
necessarily  presuppose  that  the  body  will  remain  truly  elastic  up  to  the  point  of  rupture. 
Doubtless  in  approaching  the  point  of  rupture  most,  if  not  all,  materials  cease  to  follow 
the  laws  of  elasticity,  but  there  seems  reason  to  believe  that  in  the  case  of  many  solids 
when  the  limit  of  perfect  elasticity  is  passed  eventual  rupture  is  merely  a  question  of 
time.  If  then  the  experimental  values  introduced  in  the  above  theories  be  those  answering 
to  the  limit  of  perfect  elasticity,  it  follows  that  rupture  will  eventually  follow  the  appli- 
cation of  external  forces  which  would  call  forth,  on  the  theory  of  perfect  elasticity,  values 
for  the  stress-difference  or  greatest  strain  exceeding  these  critical  values. 

60—2 
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In  materials  in  which  the  limit  of  perfect  elasticity  can  be  safely  passed,  the  stress- 
difference  and  greatest  strain  merely  indicate  the  limits  within  which  the  application  of 
the  equations  of  elasticity  should  be  confined.  For  brevity  the  term  "tendency  to  rupture" 
will  be  used  here,  but  strictly  it  must  be  interpreted  to  mean  "approach  to  limits  of 
perfect  elasticity." 

On  what  Professor  Pearson  terms  the  **  biconstant "  theory  of  isotropic  elasticity, 
with  its  two  constants  m  and  n,  the  expressions  occurring  for  the  strains  and  stresses 
are  so  complicated  that  without  assigning  special  values  to  the  ratio  m  :  n  it  would  be 
well  nigh  impossible  to  apply  our  results  practically.  To  tabulate  all  the  expressions  for 
a  variety  of  values  of  m  :  n  would  be  very  tedious  and  seems  scarcely  worth  the  labour, 
as  the  general  features  of  the  case  seem  pretty  much  the  same  for  all  reasonable  values 
of  this  ratio.  I  have  thus  mainly  confined  myself  to  the  special  case  m  =  2n, — the  only 
case  on  the  "uniconstant"  hypothesis, — which  at  all  events  represents  an  average  state  of 
things,  and  is  unquestionably  nearly  true  in  some  of  the  commoner  metals. 

A  complete  analysis  of  the  principal  strains  and  stresses  and  of  the  tendency  to 
rupture  has  been  found  possible  only  over  the  bounding  surfaces,  which  are  fortunately 
the  places  where  the  comparison  of  theory  and  experiment  can  best  be  effected.  It  has 
also  been  found  that  the  tendency  to  rupture  is  greatest  for  a  solid  sphere  at  the  centre 
and  for  a  thin  shell  at  the  inner  surface.  This  lends  considerable  support  to  the  view 
that  the  bounding  surfaces  are  in  general  the  places  most  exposed  to  mpture,  and  further 
corroborative  evidence  will  presently  be  found  to  present  itself.  It  must  be  distinctly 
understood  however  that  this  does  not  amount  to  a  proof.  Thus  it  might  not  be  quite 
safe  to  assume  that  the  shell  would  not  rupture  when  the  greatest  values  we  find  for  the 
tendency  to  rupture  are  less  than  the  critical  values,  though  if  they  exceed  the  critical 
values  the  shell  is  certain  to  break  up. 

Denote  by  a  and  a'  the  radii  of  the  bounding  surfaces  of  the  shell.  Let  u  and  v 
denote  the  strains  along  the  radius  vector  and  perpendicular  to  it  in  the  meridian  plane 
through  the  axis  about  which  rotation  takes  place,  and  let  p  and  a>  denote  the  density 
and  the  angular  velocity  of  the  shell. 

Then   if  P, ,   = ^ »  denote  the  second   zonal   harmouic  with   reference  to  the 

axis  of  rotation,  the   following  are   the  values  for  the  strains  as  calculated  from  the  values 
of  the  constants  given  in  my  former  paper.  Section  VI.,  pp.  295 — 6  *, 

u  =  ^^-»  r|24 w  (m  -  2n)  {aaJia'  -  a  J  +  i  (3m  -  n)  (9m  +  on)  (a»  -  a")  (a'  -  0^)1  / 

-  f  (4m  -  n)  |(9m  +  5n)  (a*  -  a'')  (a'  -  a'')  r  +  5  (3m  +  2n)  (aa')'  (a«  -  a")  (a'  -  a'^  r^ 
-  9m  (oa'/  (a'  -  oT)  (a»  -  a')  r"*}] 

*  See  also  footnote  on  p.  301. 
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^^tt.*p8in^co8gr     |i2m(5m+4n)(oa')'(a»-o'')»+J(5TO-»)(9m-H6n)(a»-o'^(o'-o'')}r' 
+  (im  -  n)  j(9m  +  5»)  (o"  -  a")  (o'  -a'^r  +  lOn  (aaj  {a*  -  o")  (a'  -  a'O  r"* 

+  6m(ao')*(o»-a'^(a»-o'*)r-'|l (2), 

where  i>  s  (9»»  +  6n)  (19m  -  on)  (o»  -  a")  (o'  -  a")  -  504m*  (oa')'  (o*  -  a'*)* (3). 

Also  the  dilatation 

^  =  i;;.  +  -:ir+-Jii+z^ote (4), 


dr      r      r  dd     r 
is  given  by 


V 


a  =  I'^V^i  r_  |84to  (oa')'  (a*  -  a^f  +  i(9»»  +  5n)  (a"  -  a'»)  (a»  -  oT) 

+  5  (4m  -  n)  (aa')*  (a»  -  o")  (a'  -  a")  rA 

j.yp    i     ,^  .     5m  +  n      ff'-g") 

■^m  +  nr**^"*'5(3m-n)  a'"^^!?*]  ^^^• 

In  the  special  case  ms:2n,  writing  z  for  a/a',  we  have 
M  =  I  ^^»  [115  (z»  - 1)  (/  - 1)  r»  -  322  (/  -!)(/- 1)  ^-aV 

-  560  (^  -  I)  (^  -  I)  z-*c/'r-*  +  252  (a*  - 1)  («•  - 1)  «-»oV-*  1 

"  =  ^2^-4''-°-  [-  {672«'  (^*  -  I)*  +  207  (/  - 1)  (/  -  1)1  r*  +  322  (V  -  1)  (z'  - 1) «" Vr 

+  140  (^ -  1)(/  -  1) «-»oV-»  +  168  (^-  1)  (e»  -  1)  z-'aW*]  (2a), 

n-i)  =  759  (^» -1)(^' -I)- 201 6a«(^-l)' (3a), 

S  =  ^^»  [- 1  {lOOaz*  (^  -  1)'  +  23  (^  -  1)  (^  -  l)j  >■»  + 140  (^  -  1)  (/  -  1)  z-'oV"*! 

+$[-j^-^«.-J^«-] (-)• 

The  equilibrium  surfaces  of  the  shell  being  of  the  form 

where  c  and  c^  are  constants  and  cjc  is  small,  we  may  treat  each  surface  as  very  ap- 
proximately a  spheroid,  whose  ellipticity  may  be  regarded  as  the  ratio  of  the  difference 
between  the  equatorial  and  polar  radii  afler  displacement  to  the  radius  of  the  un- 
disturbed   spherical    surface.       As    a    clearer    idea    of   the   nature  and   magnitude   of  the 
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phenomena  may  be  obtained  from  the  consideration  of  a  particular  case,  we  shall  apply 
our  results  to  a  shell  whose  outer  radius  is  4000  miles  and  which  rotates  with  the 
Earth's  angular  velocity.  Supposing  we  take  w^pa^jE ^006,  where  E  denotes  Youngs 
modulus,  then  if  p  were  the  Earth's  mean  density  the  material  would  have  the  same 
elasticity  as  an  average  specimen  of  iron. 

If  r^   and  Vp  denote  equatorial  and   polar  radii,  the   ellipticities  of   the   two  bounding 
surfaces  may  be  taken  as 

e  =(r.-r^)/a1  ,. 

e'  =  (r,.r,)M ^^^' 

putting  r  =  a  in  the  first  expression  and  r=^a   in  the  second. 

The  following,  Table  I.,  is  calculated  from  (1),  noticing  that 
r^  —  rp  **  —  I  [coefficient  of  P,  in  (1)]. 

We   have   replaced   n  by  ^E  when   m=^2n,  and  by    J^  when   n/m  is  negligible;  and 
6  is  supposed  so  small  that  6*  is  negligible. 

Table  I. 


Value  of  t/^' 
on  the  outer  surfooe 

Value  of  t'l'^f- 
on  the  inner  surface 

Particular  case  when 

Diffnrenoe  in  miles 

between  the  equatorial 

and  polar  diameters 

outer                  inner 
surface              surface 

a=4000  mUes, 
£=•006 

EUiptic 

and 

when 

when 
in=2n 

when 
—  negligible 

when 
m=2n 

ity 

—  negligible 

outer 
surface 

inner 
surfftoe 

•39 

•341 

1636 

-00205 

•341 

1^04 

16-36 

-5 

-00205 

•00624 

•39 

•343 

l-Off 

1-034 

16-47 

4-96 

-00206 

-00621 

•359 

1-038 

17-25 

9-97 

•00216 

•0O623 

•376 

1^050 

18-06 

12-60 

•00226 

-00630 

•47 

•423 

112 

1^085 

20-31 

17-36 

•00254 

•0065 

•482 

113 

2316 

21-78 

•00289 

•0068 

•67 

•62 

1-31 

125 

29-70 

30-06 

-0037 

•0075 

•82 

143 

39-33 

41-10 

•0049 

-0086 

l-Ol 

1-57 

48^57 

50-32 

•0061 

-0094 

1-48 

190 

7112 

72-81 

•0089 

-0114 

2-12 

1-88 

2-34 

211 

90^06 

91-11 

•0113 

-0127 

2-5 

2-25 

108- 

•0135 

Valae  of 
a'la 

0 

•01 

•1 

•2 

•25 

•3 

•4 

•5 

•c 
•6 

•8 
•9 

l-€ 

In  the  calculations  on  which  the  tables  are  based  a  closer  degree  of  approximation 
was  usually  aimed  at  than  appears  in  the  tables.  In  eacH  case  in  the  tables  the  last 
figure  is  selected  so  as  to  make  the  result  stated  as  near  the  closer  approximation  as 
possible,  but  the  number  of  figures  retained  has  been  varied  according  as  the  rate  of 
change   with   a'/a  of  the   quantity  considered   is  more   or  less  rapid. 

It  will  be  observed  how  very  similar  are  the  conclusions  derived  from  the  widely 
different   hypotheses   as   to   the   value   of  m/n ;    thus   the   results   deduced  from   the   hypo- 
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thesis  m  =  2n  apply  doubtless    with    considerable   accuracy  to    the    case    of   any  ordinary 
isotropic  material. 

Another  important  conclusion  is  that  the  existence  of  a  concentric  spherical  cavity 
has  extremely  little  influence  on  the  form  of  the  outer  surface  so  long  as  the  radius  of 
the  inner  surface  does  not  exceed  one  quarter  that  of  the  outer.  The  practical  constancy 
in  the  ellipticity  of  the  inner  surface  until  this  limit  is  reached  is  also  worthy  of  notice. 
Some  interest  may  also  attach  to  the  fact  that  in  the  particulai*  case,  even  when  the  sphere 
is  solid  to  the  centre,  the  difference  between  the  equatorial  and  polar  diameters  exceeds 
three-fifths   of  what    is  found   in  the  case   of  the   Earth. 

Besides  converting  the  spherical  surfaces  into  spheroids  of  small  eccentricity,  the 
rotation  increases  the  mean  radii  of  the  bounding  surfaces.  These  increases  are  given  in 
the  following  table. 


Part 


<i 


b^pa? 


Table  II. 


which  is  independent  of  P^ 


Particular  case  when 
a=4000  miles,  and  ta^pa^jE-'QlO^ 


Outer  surfoce 

Inner  surface 

Value  of 
a'la 

-  negligible 

m=2n 

M 

-  negligible 

m=2n 

0 

0 

•06 

•01 

negligible 

•oc 

•25 

•275 

1 

negligible 

•067 

•2475 

■273 

•2 

•002 

•069 

•242 

•269 

•3 

•076 

•261 

•4 

•0825 

•257 

•5 

•027 

•096 

•214 

•252 

•6 

•131 

■247 

•8 

•094 

171 

•183 

•246 

•9 

•207 

•247 

1-6 

•16 

-25 

Increase,  in 
miles,  in 

mean  radius 
of  outer 

surface,  Aa 

Increase,  in 
miles,  in 

mean  radius 
of  inner 

Burfiace,  Aa' 

1-6 

16 

•066 

1608 

•66 

1-65 

1-29 

1-83 

209 

198 

2-47 

231 

303 

314 

395 

409 

472 

497 

533 

60 

The  small  effect  on  the  radius  of  the  outer  surface  produced  by  the  presence  of  an 
internal  cavity  until  the  diameter  of  the  cavity  approaches  to  one  quarter  of  that  of  the 
outer  surface  calls  for  remark.  A  similar  phenomenon  has  been  already  pointed  out  ni 
treating  of  the  ellipticity.  It  may  also  be  noticed  that  on  the  inner  surfece  the  increase 
of  the   mean   radius   bears  to  that  radius  a  ratio  which   is  not  far  from  constant. 

On  the  outer  surface,  especially  for  small  values  of  a'/a,  there  is  a  very  decided 
difference  between  the  results  answering  to  the  two  values  of  n/m.  This  may  seem  to 
contradict  previous  statements  as  to  the  representative  character  of  the  hypothesis  vi^2u] 
but  a  comparison  of  Tables  11.  and  I.  will  shew  that  the  displacement  dealt  with  in 
Table  II.  is  a  comparatively  small  one.  This  will  be  most  clearly  seen  from  the  columns 
in  each  which  deal   with  the  particular  case.     It  will    be    observed  that  for  no  value  of 
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aja  does  the  increase   of  the  mean  radius  of  the  outer  surface  reach  a  fifth  part  of  the 
diflference  between  the  equatorial  and  polar  radii. 

A  complete  investigation  of  the  state  of  strain  and  stress  at  the  bounding  surfaces 
requires  the  position  of  the  principal  axes  there  to  be  known.  It  will  thus  be  best  to 
consider  briefly  some  points  connected   with  the   determination   of  these  axes. 

Let  us  take,  as  in  my  former  paper,  the  radius  vector,  the  perpendicular  to  it  in 
the  meridian,  and  the  perpendicular  to  the  meridian  at  every  point  as  fundamental  axes. 
Then  the  strains  and   stresses  are  given  by  the  following  scheme. 


Components  of 
the  strain 

du 

Tr 

u     \dv 

rrdd 

r     r 

r     Idu 

Components  of  the 


du 


If 


iJ  =  (m  -  w)  S  -h  271  ^ 

e.(»-,)8+2»(H*l|) 

0=(m-n)S  +  2nf-  +  -cot  e\ 


Planes  of 

which  relative 

motion,  or 

across  which 

force  ia 

measured 


0r 
r0 


Direction  of 

relative 

motion,  or 

force 


0 


d."- 


1  du 


IT^rddi 


■CI), 


then  it  is  proved  in  Section  III.   of  my  previous  paper  that  the  three  principal  stresses 
at  any  point  are 


je.= 


ie+e  +  /Sf 


e.= 


iz+e-flf 


<i>. 


2         '     -«-  2 

Similarly  the  three  principal  strains  are 

lidu     u     1  dv      8\     1  {du     u     \  dv      8\     u     v       ^ 

It   is   supposed  that  the  sign  is  taken  so  that  S  is   always  a   positive  quantity,  or 
zero,  and  so 

If^     M      1  d»      S^1>1  frfu     «     1  dM_8\ 
l\dr'^r^r  dd     2n)'=^2\drr^r  dd     2nJ  " 
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Consequently  R^  is  the  greatest  stress  and 

1 
2 


du 
dr 


u     1  dv      S] 

r'^r  d0'^2n] 


the  greatest  strain   in    the  meridian  plane;    and  the  corresponding  principal  axis  makes 
with  the  radius  vector  drawn  outwards  the  angle 


tan' 


i^-^} • («>• 


Since  the  expressions  for  the  normal  strains  and  stresses  referred  to  the  fundamental 
axes  are  all  of  the  general  type 

a,+a,r^+a,r"»+a,r^  +  (a;  +  a,V  +  a,V"'  +  a/r"*)P, (9), 

where  a^,  a^  etc.  are  constants  which  differ  for  the  several  strains  and  stresses,  it  is 
obvious  that  a  complete  determination  of  the  principal  strains  and  stresses  throughout 
the  shell  would  be  a  difficult  matter. 

As  depending  on  P,  all  the  principal  strains  and  stresses  will  have  maximum  or 
minimum  values  in   the  equator  and   at  the  poles;  and    the   principal   strain 

r      r 
and  the  corresponding    principal    stress  <I>,   which    are  linear  functions  of   P,,  can    have 
maximum  or  minimum  values  nowhere  else. 

For  values  of  r  for  which  8  vanishes  or  is  a  linear  function  of  P,  the  same  is 
true  of  the  other  principal  strains  and  stresses;  but  for  other  values  of  r  we  should 
get  a  quadratic  equation  in  cos'd  determining  polar  distances  at  which  additional 
maxima  or  minima  might  exist.  The  probability  of  a  quadratic  equation  having  roots 
which  lie  between  0  and  1  is  of  course  very  small,  but  as  the  quadratic  in  question 
contains  the  quantities  m  and  n  it  may  not  improbably  supply  possible  values  of  0  for 
particular  kinds  of  material  for  most  values  of  a'/a. 

Referring  to  (7)  it  will  be  noticed  that  fi>,  as  given  by  the  square  root  of  the  sum 
of  two  squares,  can  be  linear  in  P,  only  when  one  of  the  squares — that  depending  on 
Ite — vanishes,  and  can  be  zero  only  when  both  squares  vanish. 

Now   i2  —  ©,   or  its  equivalent 

is  given  by  an  expression  of  the  type  (9)  and  so  could  vanish,  for  all  values  of  0,  only 
for  values  of  r  satisfying  simultaneously  two  independent  equations  of  the  seventh 
degree.  Further,  to  have  any  bearing  on  our  problem  such  common  roots  would  require 
to  lie  between  a'  and  a.      Except  for  the  special  case  of  a  very  thin  shell  when  terms 

in  are  negligible,   in  which  case  R  and  6  both   vanish   to  this  degree  of  approxi- 
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mation  throughout  the  entire  shell,  this  contingency  is  so  unlikely  to  arise  except  for 
some  chance  value  of  mjn  that  it  need  not  be  further  considered. 

It   is   different  in  the  case   of 

^         J      >     1  dttf 

It  IS  not  very  difficult  to  prove  from  (1)  and  (2)  that 

(d-  \ 

>     1  da  I _  2ft)'p  {4fm -  n)  sin  0 cosd(a  -  a) (r  —  a')  (a  - r) 

X  [(Om  +  6n)  5^^^-^  |r^  (a'  + c«o' +  a'*) +r»  (a  + a^ 

+  (r  +  ^^)(a*  +  aV  +  a'a'«  +  aa'»  +  a'*)|1 (10). 

A  glance  will  shew  that  the  expression  inside  the  square  bracket  is  necessarily 
positive  for  all  values  of  r  whatever  may  be  the  value  of  m/n.  Thus  R^  vanishes  when 
r^a  and  when  r^a'  for  all  possible  values  of  0, — this  is  in  fact  one  of  the  surface- 
conditions; — but  for  no  other  value  of  r  can  R$  vanish  unless  in  the  polar  axis  or  in  the 
equator,  where  it  vanishes  for  all  values  of  r.  Thus  /S  is  a  linear  function  of  P,  over 
the  surfaces  of  the  shell,  and  can  vanish  at  no  other  central  distance  except  in  the 
polar  axis  or  the  equator.  Consequently  the  greatest  strain  and  the  maximum  stress- 
difference  over  the  bounding  surfaces  must  have  their  absolutely  greatest  values  either 
at  the  poles  or  in  the  equator;  but  for  intermediate  values  of  r  this  is  not  necessarily 
the  case. 

It  should  also  be  noticed  that  when  R^  vanishes  the  ftindamental  axes  are  all  three 
principal  axes.  This  is  accordingly  the  case  over  both  surfaces  of  the  shell  for  all  values 
of  0^  and  also  along  the  polar  axis  and  in  the  equatorial  plane  for  all  values  of  r\  but 
it  can  occur  nowhere  else. 

Referring  to  (10)  it  will  be  seen   that  R^   must    have   the  same   sign  as  — ^— ,  for 

m  cannot  well  be  less  than  n,  and  so  41m'-' n  is  positive*.  Now  if  D  could  vanish  for 
any  such  value  of  m/n  as  occurs  in  real  materials,  we  should  have  a  shell  of  such  material 
suffering  infinite  displacements  when  rotated  however  slowly.  We  may  thus  regard  D  as 
necessarily  of  one  sign  for  all  real  materials,  and  it  may  in  fact  be  found  by  trial  that 
D  is  essentially  positive.  Also,  referring  to  (7),  it  is  apparent  that,  excepting  the  bounding 
surfaces,  the  polar  diameter  and  the  equatorial  plane,  /S  — iJ  +  8  must  be  positive;  hence 
it  follows  from  (8)  that  tan  a  has  the  same  sign  as  sin  20.  We  are  thus  in  a  position  to 
assert  that  the  only  regions  where  the  fundamentai  axes  are  ail  three  principal  axes  are  the 

*  PoisBon's  ratio  would  be  negative  if  m  were  less  than  n,  and  Young's  modulus  if  Snt  less  than  n. 
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bounding  aurfaoes^  the  polar  diamfter  and  the  equatorial  plane;  elsewhere  the  principal 
aaie  in  the  meridian  plane  anewering  to  the  algebraically  greater  principal  strain  and  stress 
in  that  plane  lies  between  the  radius  vector  drawn  outwards  and  the  equatorial  plane. 

The  two  following  tables  contain  an  analysis  of  the  principal  strains  over  the  bounding 
sur&ces  of  a  shell  for  various  values  of  a' /a,  the  material  in  all  cases  being  supposed 
such  that  m^2n.  The  directions  of  the  strains  will  be  found  in  our  scheme  of  strain 
and  stress. 


Table  III. 

Principal  strains 

on 

the  outer  surface  r  = 

a  of 

a  shell  for  which  m=s2». 

Yaloe  of 
a'la 

0 

E    du 
u'pa^dr 

-  -0516 

In  equator 
E    /u     1  dv\ 

-009 

E 

.("-HO 
+  180 

E    du 
i>'pa*dr 

-01$ 

E 
i^pa* 

At  poles 
/u     1  dv\        E     fu     V     ^  .\ 

+  •029 

'  -01 

•Goto 

-•009 

•180 

-•Old 

+  •029 

1 

•058 

-008 

•182 

-•0185 

+  028 

•2 

•062 

-002 

•188 

-•0135 

+  020 

$ 

•078 

+  •018 

•217 

+  •0048 

-•007 

•4 

■093 

+  •034 

•243 

+  020 

-030 

•6 

•121 

+  •062 

•302 

+  051 

-076 

•6 

•185 

+  •088 

•468 

+  •109 

-163 

•8 

•232 

+  •032 

•664 

+  •123 

-185 

•9 

•260 

-•082 

•833 

+  •086 

-129 

1-6 

•250 

-•250 

1-00 

0 

0 

Table  IV.    ] 

Principal  strains 

on  the  inner 

sur 

face  r=a' 

of  a 

shell  for  which  m  —  2n. 

Value  of 
a'la 

•0 

E     du 
io'pa'dr 

+  -2dd 

In  equator 
«•/«'  \r*rd») 

-•2M 

u'pa 

.g.^oot.) 
+  2§S 

E    du 
i^pa*dT 

-•2M 

E 

At  poles 
(u     ldv\        E   (u    V     .A 

+  •2&8 

•01 

-•068 

•418 

•621 

•414 

•621 

1 

•0676 

•415 

•618 

•411 

•616 

•2 

•066 

•417 

•615 

•406 

•609 

•s 

•062 

•437 

•623 

•398 

•698 

■4 

•060 

•455 

•635 

•395 

•692 

'5 

•061 

•488 

•670 

•384 

•576 

•6 

•083 

•521 

•771 

•327 

■490 

•8 

•134 

•475 

•878 

•223 

•834 

•9 

•190 

•380 

•950 

•114 

•171 

l-« 

•250 

•250 

1-00 

0 

0 

When  no  sign  is  prefixed  to  a  value  it  is  supposed  that  it  has  the  sign  last  attached 
to  an  element  of  the  column. 

The  values  in  Table  IV.  for  a'la  »  0  refer  to  the  centre  of  a  solid  sphere,  and  the  head- 
ings "in  equator"  and   "at  poles"  must  here   be   interpreted   to  mean   "in   an   equatorial 
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direction"  and  "in  a  polar  direction"  respectively.  The  strain  here  in  reality  consists  of  a 
compression  '2Si<o^pa*IE  along  the  axis  of  rotation,  and  an  extension  '2^Sa>^pa*/E  in  all 
directions  perpendicular  to  this  axis. 

From  these  tables  the  principal  strains  at  any  point  of  either  surface  may  be  deduced 
by  means  of  the  following  formula.     Let  f(0),  /(O),  /  (^j  represent  the  values  of  any  one 

of  the  principal  strains,  or  stresses,  at  the  angular  distances  0,  0,  ^  respectively  from  either 
pole  on  one  of  the  surfaces :  then 

/{^)=/(0)  +  8m*^{/(|)-/(0)}  (11). 

On  the  outer  surface  the  state  of  strain  varies  at  first  extremely  slowly  and  with 
complete  continuity  as  a'/a  increases  from  zero.  Along  the  radial  direction  there  is  com- 
pression in  the  equator  for  all  values  of  a'/a.  There  is  compression  in  the  same  direction 
at  the  poles  likewise  until  a'/a  is  about  '3,  As  a'/a  is  further  increased  this  is  converted 
into  an  extension,  at  first  increasing  with  a'/a,  and  then  decreasing  rapidly  and  finally 
vanishing  in  a  very  thin  shell.  The  following  table  gives  the  polar  distance  at  which 
there  is  neither  extension  nor  compression  along  the  radius  vector.  For  smaller  polar 
distances  there  is  extension  and  for  greater  distances  compression. 


Table  V. 

Value  of  a'/a -3  '4  -5  -6  '8  9 

Polar  distance  of  locus  of  no^ 

strain  in  a  radial  directionl     13°  45'         25°  1'        32°  53'        37°  26'        36°  4'        30°  25' 

on  the  outer  surface  J 

The  strain  along  the  tangent  to  the  meridian  on  the  outer  surface  is  for  values  of 
a /a  from  0  to  '2  a  compression  in  the  equator  an  extension  at  the  poles,  being  very 
small  throughout  especially  in  the  equator.  For  values  of  a'/a  from  "3  to  -8  it  is  an 
extension  in  the  equator  a  compression  at  the  poles.  As  a /a  increases  further  the  com- 
pression at  the  poles  diminishes  and  eventually  vanishes  in  a  very  thin  shell,  while  the 
extension  in  the  equator  becomes  converted  into  a  compression  which  increases  very  rapidly 
as  the  thickness  of  the  shell  is  reduced. 

Along  the  perpendicular  to  the  meridian  on  the  outer  surface  there  is  in  every  case 
extension  in  the  equator,  and  this  increases  continually  with  a'/a.  At  the  poles  the 
strain  in  this  direction  is  always  the  same  as  that  along  the  tangent  to  the  meridian. 
The  following  table  gives  the  polar  distance  at  which  there  is  neither  extension  nor 
compression  at  right  angles  to  the  meridian.  For  smaller  polar  distances  there  is  compression 
and  for  greater  extension. 
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Table  VL 


Value  of  a  la -3  "4 

Polar  distance  of  locus  of  no\ 
strain  in   a  direction   per- 
pendicular to  the  meridian, 
on  the  outer  surface 


10M5'      19' 23'        26^39'        30^33'        27^48'      21°  30' 


When  a* la  is  less  than  '3  the  strain  at  right  angles  to  the  meridian  on  the  outer 
surface  is  everywhere  an  extension. 

In  the  table  for  the  strains  on  the  inner  surface  the  values  for  the  case  a'/a  =  0 
are  of  a  wholly  distinctive  character.  There  is  a  complete  breach  of  continuity  between 
this  case  and  that  when  a'/a  has  any  greater  value  however  small.  This  is  not  to  be 
wondered  at,  because  the  existence  of  a  cavity  completely  alters  the  conditions  of  the 
problem.  In  the  solid  sphere  there  is  the  condition  that  the  strain  must  contain  no 
negative  powers  of  r,  in  the  shell  the  condition  that  r  =  a'  must  be  a  free  surface. 
Leaving  out  the  case  a' I  a  =  0  as  exceptional,  there  is  in  every  case  compression  along  the 
radius  vector  all  over  the  inner  surface.  In  the  equator  it  at  first  diminishes  slowly  as 
a' la  increases,  attaining  a  minimum  when  a'la  is  slightly  less  than  1/2,  and  then  in- 
creases at  a  much  more  rapid  rate.  The  compression  in  this  direction  at  the  poles  is 
very  much  larger  than  in  the  equator  for  small  values  of  ala^  and  remains  nearly  con- 
stant until  a'/a  exceeds  1/2.  It  then  decreases  comparatively  rapidly  and  becomes  less 
than  the  compression  in  the  equator  before  a' la  reaches  the  value  *9. 

Along  the  tangent  to  the  meridian  the  strain  is  in  the  equator  always  a  compression, 
having  an  almost  constant  value  till  a'la  exceeds  '2,  then  increasing  slowly  to  a  maximum 
when  a'la  is  about  '6,  and  then  again  diminishing.  At  the  poles  the  strain  in  this 
direction  Ls  the  same  as  that  perpendicular  to  the  meridian. 

In  this  latter  direction  there  is  in  every  case  extension  in  the  equator.  This  at  first 
decreases  to  a  trifling  extent  until  a'la  reaches  the  value  *2,  and  then  increases  con- 
tinually as  a'la  is  further  increased.  At  the  poles  there  is  also  extension  at  right  angles 
to  the  meridian.  For  small  values  of  a'la  this  is  practically  the  same  as  in  the  equator. 
As  a'la  increases  this  strain  continually  diminishes,  becoming  decidedly  less  than  in  the 
equator  when  a'la  passes  the  value  %  and  finally  approaches  zero  rapidly  as  the  shell 
becomes  thin. 

It  has  been  already  pointed  out  that  on  one  theory  the  tendency  to  rupture  is 
measured  by  the  value  of  the  greatest  positive  strain.  On  reference  to  the  tables  this 
will  be  seen  to  have  on  either  surface  the  perpendicular  to  the  meridian  for  its  direction ; 
and  it  is  greatest  on  the  inner  surface  and  in  the  equator.  It  will  be  noticed  that  the 
existence  of  a  cavity  however  small  more  than  doubles  the  tendency  to  rupture  found 
in  the  solid  sphere.  Further  slight  enlargement  of  the  cavity  causes  at  first  a  very  slight 
diminution   in   the   tendency  to  rupture ;   which  has  moreover  very  nearly  a  constant  value 
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over  the  whole  inner  sur&ce  until  a'ja  approaches  the  value  -2.  As  a'ja  is  further  in- 
creased the  tendency  to  rupture  continually  increases,  at  first  slowly  but  then  more 
rapidly  as  a'ja  approaches  unity.  In  a  very  thin  shell  the  tendency  to  rupture  is  nearly 
5/3  times  that  existing  when  the  cavity  is  vanishingly  small,  and  almost  exactly  10/3 
times  that  existing  in  the  absolutely  solid  sphere. 

Since  the  internal  cavity  has  been  supposed  spherical,  we  cannot  of  course  expect 
our  numerical  results  to  apply  exactly  to  any  other  form  of  cavity ;  but  the  following 
conclusions  as  to  the  way  in  which  rupture  will  take  place  in  a  solid  sphere,  of  a  material 
whose  limits  of  perfect  elasticity  and  safety  are  not  far  apart,  would  appear  fairly 
warranted. 

A  crack  will  begin  at  the  centre,  where  the  absolutely  greatest  strain  is  found,  and 
extend  in  a  direction  at  right  angles  to  the  axis  of  rotation.  On  the  appearance  of  the 
crack  the  tendency  to  rupture  will  suddenly  increase,  and  the  crack  extend  right  up  to 
the  surface.  The  exact  equatorial  radius  along  which  the  crack  propagates  itself  will  in 
any  practical  case  be  determined  by  slight  variations  in  the  structure  of  the  sphere,  or 
deviations  from  true  sphericity  in  its  surface ;  and,  as  it  will  naturally  extend  in  the  direction 
perpendicular  to  the  greatest  strain,  the  crack  may  be  expected  to  appear  on  the  outer 
surface  as  a  split  along  a  meridian  most  apparent  at   or  close  to  the  equator. 

The  value  of  the  dilatation  S  at  any  point  of  either  surface  can  be  deduced  immed- 
iately from  Tables  III.   and  IV.     One  of  the  surface  conditions  is  in  fact 

(m-n)8  +  2ng  =  0, 

and   so  when  m=:2n  we  have   over  either  surface   of  the  shell 

dr 
Thus  to  get  the  dilatation  over  the  surfaces  we  have  only  to  multiply  the  values  given 
for  -T-   in  the  tables  by  —  2 ;    and  by  writing   extension   for  compression   and    conversely 

the  remarks  already  made  about  the  dependence  of  -r-    on   a'ja  and  6  may  be  at  once 
translated  so  as   to  apply  to  the  dilatation. 

Further,   since   S   equals   the   sum   of  the    three    principal   strains,  it  follows   that   the 

u      I  dv  u     1) 

sum   of  the  values  in  our  tables  for  -  +  -  -ra  ^^^  -  +  -  cot  d  added   to  thrice  the  corre- 

r       T  CLu  T       T 

du 
spending  value  of  -7-   should  be  zero.     This  supplies  a  very  severe  test  of  the  accuracy 

of    the   tables.     It   also  enables    the  following    tables    for    the    principal  stresses  over  the 
surfaces  to  be  very  simply  deduced  from  the  formulae 
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noticing  that  when  m  —  2n  we  have  n  =  ^E.     The  third  principal  stress,  that  along  the 
radius,  is  zero. 


Table  YII.     Principal  stresses  and   maximum   stress-difference   on   the   outer  surface 
r  =  a  of  a  shell  for  which  m  =  2ti. 

Greatest  value  of  mazimnm  streas- 
diffeienoe  in  tons  per  square  inch 
on  the  outer  surface  of  a  spherical 
shell  for  which  a = 4000  miles,  p  =  5|, 
and  wsearth's  angular  Tdocity  of 
rotation 

1521 

15-21 

15-33 

161 

18-9 

215 

272 

41-9 

57-5 

69-4 

80-1 


alne  of 
a'la 

Equatorial  Tafaie 

of  ©/w'/Kl' 

•0 

+  0384 

•01 

•0384 

•1 

•0398 

-2 

•0478 

-$ 

•077 

•4 

•102 

"5 

•147 

•6 

•218 

•8 

•211 

•9 

•135 

l-€ 

0 

Equatorial  value 
of  *la'pa* 

+   1899 

Polar  values  of 
^lu^pa*  and  *l<^pa* 

+  •0384 

•1899 

+  •0384 

-1914 

+  0369 

•200 

+  -027 

•236 

+  -010 

•269 

-040 

•339 

-102 

•523 

-•217 

•717 

-•246 

•866 

-172 

1^0 

0 

Since  the  maximum  stress-difference  must  have  its  greatest  value  either  at  the  poles 
or  in  the  equator,  and  6  is  positive  in  the  equator  while  R  vanishes,  it  is  obvious  that 
this  greatest  value  is  simply  the  equatorial  value  of  4>. 


Table  VIII.     Principal  stresses  and  maximum  stress-difference  over  the  inner  surface 
r=^a*  of  a  shell  for  which  m  =  2n. 

GreateBt  Talne  of 
mazimiim  stress- 
difference  in  the 
special  oaseof  last 
table,  measured 
intonspersqnare 
inch 


Value  of 
a'la 

•0 
•01 

1 

•2 
•3 
•4 
•5 
•6 
•8 
•9 
1-e 


Equatorial  value 
of  @/u*pa> 


Equatorial  value 
of  ♦/«V«' 


Polar  values  of 
&lu^pa*  and  ^/t^pa* 


•280 
•278 
•281 
•300 
•316 
•342 
•350 
•273 
•152 
0 


•551 
-548 
-545 
-548 
-556 
-584 
-683 
•809 
•912 
10 


+ 


•828 
■822 
•811 
•797 
-789 
•767 
654 
•446 
•228 
0 


Greatest  value  of 
mavimnni  stress-difference 

•4^ 

•831 

-826 


-848 
-873 
-926 
1034 
1-082 
1064 
10 


340 

6660 

6620 

6615 

679 

699 

74^2 

828 

867 

852 

80-1 
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In  the  shell  the  greatest  value  of  the  maximum  stress-difference  always  occurs  in  the 
equator,  and  is  » 4>  —  6.  In  the  solid  sphere  the  greatest  value  is  found  at  the  centre, 
where  the  stresses  consist  of  a  pressure  'O^Scoi^pa^  along  the  axis  of  rotation  and  a  traction 
'38oa>'pa'  along  all  directions  perpendicular  to  the  axis. 

The  conclusions  as  to  the  tendency  to  rupture  at  the  bounding  surfaces  deduced  from 
the  maximum  stress-difference  are  on  the  whole  closely  analogous  to  those  deduced  from 
the  greatest  strain.  The  tendency  is  greatest  invariably  in  the  equatorial  regions  of  the 
inner  surfisu^.  The  formation  of  a  spherical  cavity  however  small  almost  exactly  doubles 
the  tendency  to  ruptui*e  found  in  a  solid  sphere.  As  a'/a  increases  there  is  at  first  a 
very  slight  falling  off  in  the  value  of  this  expression.  After  a'/a  attains  the  value  1/3 
there  is  a  continual  increase  until  a'/a  reaches  the  value  '8,  which  is  followed  by  a  slight 
decrease  as  the  shell  becomes  very  thin.  This  constitutes  one  rather  striking,  though 
numerically  small,  difference  between  the  conclusions  of  the  two  theories;  for  on  the 
greatest  strain  theory  after  a /a  attains  the  value  1/3  the  tendency  to  rupture  increases 
continually  with  a /a,  and  attains  its  maximum  value  in  the  indefinitely  thin  shell. 

It  should  be  remembered  however  that  we  have  not  proved  that  the  absolutely  greatest 
values  of  either  the  greatest  strain  or  the  maximum  stress-difference  mtist  occur  on  the 
bounding  surfaces  of  a  shell,  except  in  the  case  when  the  shell  is  very  thin.  So  in  every 
case,'  except  the  very  thin  shell  and  the  solid  sphere,  there  may  be  values  for  the  greatest 
strain  and  maximum  stress-difference  exceeding  those  of  the  previous  tables.  We  are  con- 
sequently only  entitled  to  regard  our  results  as  supplying  inferior  limits  to  the  real  values 
of  the  tendency  to  rupture.  That  there  are  in  reality  greater  values  I  think  is  however 
on  the  whole  improbable,  at  least  when  m  =  2n]  otherwise  we  should  not  expect  to  find 
the  values  on  the  inner  surface  invariably  exceeding  those  on  the  outer  surface. 

For  practical  purposes  the  following  rule  may  be  useful  Let  T  be  the  greatest 
tractional  load  in  tons  per  square  inch  that  may  be  safely  applied  to  a  beam  of  a 
certain  isotropic  material  of  density  p ;  then  a  superior  limit  to  the  number  If  of  revolu- 
tions per  second  which  it  is  safe  to  allow  in  a  spherical  shell  of  this  material,  a  feet  in 
external  radius,  is  given  on  the  stress-difference  theory  by 


^=-©'®'-- <•«•■ 


2200 /17> 

9a    \SpJ 

where  Y  is  the  number  in  the  last  column  of  Table  VIII.  answering  to  the  particular  value 
of  a'/a  occurring  in  the  shell 


Possibly  the  clearest  idea  of  the  state  of  strain  and  stress  in  a  rotating  spherical  shell 
may  be  obtained  from  a  study  of  the  accompanying  diagrams. 

In  every  case  the  abscissae  of  the  curves  indicate  values  of  a'/a.     The  suffix  o  indicates 

*  On  the  greatest  strain  tbeoiy  replace  Y  by  80*12  Z,  where  Z= corresponding  number  in  the  fourth  colonm 
of  Table  IV. 
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the  outer,  and  the  suffix  i  the  inner  surface.  Undashed  letters  refer  to  the  equator  aud 
dashed  letters  to  the  poles.  The  strains  and  stresses  at  the  centre  of  the  solid  sphere 
are  not  shewn. 

In  diagram  I.   the   ordinates  represent  the  values  of  the   strains  in  the  equator: 
Co  of   ,;  on  the  .outer,  and  e^  on  the  inner  surface ; 

y^  of  -  4-  -  -1^  on  the  outer,  and  f^  on  the  inner  surface ; 

<7o  of  -  +  -  cot  0  on  the  outer,  and  g^  on  the  inner  surface. 

The  curve  (7,  also  represents  the  value  of  the  absolutely  greatest  strain  found  on  either 
surface. 

In  diagram  II.  the  ordinates  represent  the  values  of  the  strains  at  the  poles: 
ej  of   ,-   on  the  outer,  and  e^  on  the  inner  surface; 

fo'^-goi  ^^  ^"^  ~  ^  *^^  -+  -cot  ^  on  the  outer,  and  fl^g^  on  the  inner  surface. 

In  diagrams  1.  and  II.  the  ordinates  multiplied  by  co^pa^/E  give  the  absolute  values 
of  the   strains. 

In  diagram  III.  the  ordinates  represent  the  values  of  the  stresses  O  and  4>.  The 
above  statement  as  to  the  suffixes  and  the  dashed  letters  will  sufficiently  particularize  the 
separate  curves.  There  is  also  the  curve  M,  8  whose  ordinates  represent  the  greatest  values 
of  the  maximum  stress-difference  existing  on  either  surface.  As  already  stated  these  values 
occur  on  the  inner  surface  in  the  equator.  The  curve  4>o  would  in  like  manner  represent 
the  greatest  values  of  the  maximum  stress-difference  existing  on  the  outer  surface  alone. 

Multiplying  the  ordinates  in  diagram  III.  by  co'/>a*  we  get  absolute  stresses. 
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Diagram  III. 
Stresses. 
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XVII.     On  the  Binodal  Qaartic  and  the  Graphical  Representation  of  the 
Elliptic  Functions.     By  Prof.  Cay  let. 

[Read  May  6,  1889.] 

I  APPROACH  the  subject  from  the  question  of  the  graphical  representation  of  the 
elliptic  functions:  assuming  as  usual  that  the  modulus  is  real,  positive,  and  less  than 
unity,  and  to  fix  the  ideas  considering  the  function  sn  (but  the  like  considerations  are 
applicable  to  the  functions  en  and  dn)  then  the  equation  ^  +  iy  =  sn(^+ty)  establishes 
a  (1,  1)  correspondence  between  the  xy  infinite  quarter  plane,  and  the  x'y  rectangle 
(sides  K  and  K') :  viz.  to  any  given  point  a  +  ty,  a?  and  y  each  positive,  there  corre- 
sponds a  single  point  of  +  ty',  x\  \f  each  positive  and  less  than  if,  K'  respectively : 
and  conversely  to  any  such  point  x'-^ix/,  there  corresponds  a  single  point  X'\'iy,  jc 
and  y  each  positive. 

I  draw  in    the  a?'y'-figure    the    rectangle   A' BCD'    (sides   K    and    iT'),    and    in   the 

a:y-figure,  I  take  on  the  axis  of  x,  the  points  B,    C    where   AB==l,  AC^tI   and    the 


r 

d\'  h' 

a' 

a' 

F/ 

L' 

M' 

£' 

F' 

A'  Q' 


B' 


a  B  FMF,     C   H 


point  D  at  infinity.  We  have  thus  in  the  j?y-figure  the  closed  curve  or  contour 
A'BCnA' :  and  corresponding  hereto  we  have  in  the  ^ry-figure  the  closed  curve  or 
contour    ABC  DA,  viz.  here  D    is    the    point    at  infinity  considered    as  a  line  always   at 
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infinity,  extending  from  the  point  at  infinity  on  the  positive  part  of  the  axis  of  x,  to 
the  point  at  infinity  on  the  positive  part  of  the  axis  of  y,  the  contour  being  thus 
AB,  BG,  CD  {D  at  infinity  on  the  axis  of  x)\  and  then  D  (at  infinity  on  the  axis 
of  y)  A.  And  thus  to  a  point  P*  describing  successively  the  lines  A'S^  SC,  CU,  D'A' 
there  corresponds  a  point  P  describing  successively  the  lines  AB,  BC,  CD,  DA :  to  P' 
at  iX  there  corresponds  P  at  JD,  viz.  this  is  any  point  at  infinity  from  D  on  the  axis 
of  a?  to  JD  on  the  axis  of  y.  There  is  no  real  breach  of  continuity:  in  further  illus- 
tration suppose  that  P  instead  of  actually  coming  to  D^  just  cuts  oflf  the  comer,  viz. 
that  it  passes  from  a  point  y  on  CD'  to  a  point  a'  on  D'A'  {y,  a  each  of  them 
very  near  to  D') :  then  P  passes  from  a  point  7  very  near  D  on  the  axis  of  x  (that 
is  at  a  great  distance  from  A)  to  a  point  a  very  near  D  on  the  axis  of  y  (that  is 
at  a  great  distance  from  A) :  and  to  the  indefinitely  small  arc  7'a'  described  by  P' 
there  corresponds  the  indefinitely  large  arc  7a  described  by  P. 

We  thus  see  that  if  P'  describe  any  arc  E'F'  passing  from  a  point  E'  of  A'D'  to 
a  point  F'  of  BC;  then  P  will  describe  an  arc  EF  passing  from  a  point  E  ol  AD 
to  a  point  F  of  BG:  and  similarly  if  P  describe  any  arc  O'H  passing  from  a  point  G' 
of  A'R  to  a  point  H'  of  CD' ;  then  P  will  describe  an  arc  GH  passing  from  a  point 
G  of  AB  to  a  point  H  of  CD. 

Supposing  EF'  is  a  straight  line  parallel  to  A'x'^  that  is  cutting  A'U  and  EC 
each  at  right  angles,  then  EF  will  be  an  arc  cutting  AD  and  BG  each  at  right  angles: 
and  so  if  G'H'  is  a  straight  line  parallel  to  A'y,  that  is  cutting  A*E  and  CD' 
each  at  right  angles,  then  GH  will  be  an  arc  cutting  AB  and  CD  each  at  right  angles: 
and  moreover  since  RF  and  G'lT  cut  each  other  at  right  angles,  then  also  EF  and 
GH  cut  each  other  at  right  angles. 

Supposing  as  above  that  E'F'  and  G'H'  are  straight  lines,  we  have  EF  and  GH  each 
of  them  the  arc  of  a  special  bicircular  quartic:  the  theory  was  in  fact  established  in  a 
very  elegant  manner  in  a  memoir  by  Siebeck,  "Ueber  eine  Gattung  von  Curven  vierteu 
Grades,  welche  mit  den  elliptischen  Functionen  zusammenhangen,"  Crelle,  t.  57  (1860), 
pp.  359—370,  and  t.  59  (1861),  pp.  173—184. 

In  particular  if  P  describe  the  line  L'M'  lying  halfway  between  A'E  and  D'C 
(that  is  if  A*L  =  \K')  then  P  will  describe  the  circular  quadrant  LM,  radius   -.—,  viz.  in 

this  case  the  bicircular  quartic  degenerates  into  a  circle  twice  repeated:  and  so  if  P' 
describe  successively  the  lines  E'F'  and  jF/P/  equidistant  from  LM  {AE -\K' -rj, 
AE^'  —  ^K+rj)  then  P  will  describe  the  arcs  EF  and  E^F^  which  are  the  images  of 
each  other  in  regard  to  the  centre  A  and  circular  quadrant  LM,  and  which  together 
constitute  the  quadrant  of  one  and  the  same  bicircular  quartic. 

A  bicircular  quartic  is  of  course  a  binodal  quartic  with  the  circular  points  at  infinity 
for  the  two  nodes:    there  is  no  real  gain  of  generality  in  considering  the  binodal  quartic 
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rather  than  the  bicircular  quartic,  but  I  have  preferred  to  do  so,  and  I  have  accordingly 
introduced  the  term  Binodal  Quartic  into  the  title  of  the  present  Memoir.  I  present 
in  a  compendious  form  the  properties  of  the  general  curve,  and  I  show  how  the  curve 
is  to  be  particularised  so  as  to  obtain  from  it  the  special  bicircular  quartics  which 
present  themselves  as  above  in  the  graphical  representation  of  the  elliptic  functions. 

A   binodal  quartic  has  the  Pliickerian  numbers 

m    n    S    K     T      I 
=  4     8     2     0    8     12. 

The  number  of  tangents  to  the  curve  which  can  be  drawn  from  either  of  the  nodes 
is  n  — 4,  =4;  and  the  pencil  of  tangents  from  the  one  node  is  homographic  with  the 
pencil  of  tangents  from  the  other  node.  Call  the  nodes  /  and  J:  and  let  the  tangents 
from  /  be  called  (a,  6,  c,  d)  and  those  from  J  be  called  (a\  b',  c\  d!\  then  if  the 
tangents  which  correspond  to  {a\  h\  c\  d!)  respectively  are  (a,  6,  c,  d),  they  may  also  be 
taken  to  be  (6,  a,  d,  c),  (c,  d,  a,  6)  or  (d,  c,  6,  a):  and  considering  the  intorsections  of 
corresponding  tangents,  we  have  thus  four  tetrads  of  points,  say  the  /-points,  such  that  the 
points  of  each  tetrad  lie  in  a  conic  through  the  two  nodes:  and  we  have  consequently 
four  conies  each  passing  through  the  two  nodes,  say  these  are  the  /-conica 

Starting  as  above  with  the  correspondence  (a,  h,  c,  d),  (a',  6',  <f,  d\  if  the  inter- 
sections of  a  and  a',  6  and  6',  c  and  c\  d  and  dt  are  called  A,  B,  C,  D  respectively, 
then  we  have  -4,  B,  C,  D  for  a  tetrad   of  /-points,  lying  on   the  /-conic  (ABCD). 

Writing  AB  for  the  two  points,  the  intersections  of  lA,  JB  and  of  75,  JA  re- 
spectively, and  so  in  other  cases,  then  the  remaining  three  tetrads   of /points  are 

AB,   CD  lying  on  the  /-conic  {AB,    CD), 

AG,   BD      „  „  {AC,  BD), 

AD,  BC      „  „  {AD,  BC). 

The  two  points  AB  may  be  spoken  of  as  the  antipoints  oi  A,  B:  and  so  in  other 
cases. 

Any  two  of  the  /conies  have  in  common  the  nodes  /,  J,  and  they  therefore  be- 
sides intersect  in  two  points:  at  each  of  these  the  tangents  to  the  two  conies,  and  the 
lines  to  /,  J  respectively  form  a  harmonic  pencil. 

Consider  the  two  tangents  at  I  and  the  two  tangents  at  J":  we  have  a  conic 
touching  these  four  lines  and  passing  through  the  tetrad  of  /-points,  or  what  is  the 
same  thing,  intersecting  the  /-conic  in  the  four  /-points :  say  this  is  a  c-conic.  There 
are  thus  four   c-conics  corresponding  to  the  four /-conies  respectively. 

We  may  consider  a  variable  conic,  passing  through  the  points  /  and  J;  and  such 
that    the    tangents    thereto    at    these   points   respectively  meet    on  a  point  of  a   c-conic: 
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the  variable  conic  and  the  corresponding  /-conic  each  pass  through  the  points  /,  J  and 
they  besides  meet  in  two  points:  and  the  variable  conic  may  be  •such  that  at  each  of 
these  the  tangents  to  the  variable  conic  and  the  /-conic  form  with  the  lines  drawn  to 
the  points  /  and  J  a  harmonic  pencil.  The  variable  conic,  as  thus^ttetlned'  conlains  \ 
single  variable  parameter;  and  it  has  for  its  envelope  the  binodal  quartic:  the  binodal 
quartic  is  thus  in  four  different  ways  the  envelope  of  a  variable  conic.  [This  is  of 
course  Casey's  Theorem  for  the  four-fold  generation  of  the  bicircular  quartic  as  the  en- 
velope of  a  variable  circle.] 

One  of  the  /conies  say  (ABCD)  may  break  up  into  the  line  IJ  and  a  line,  say 
the  axis  (ABCD) :  we  have  then  the  four  /-points  A,  B,  C,  D  on  this  line.  The  other 
/-conies  say  (AB,  CD),  (AC,  BD\  {AD,  BG)  are  as  before  proper  conies :  any  one  of 
these  meets  the  line  (ABCD)  in  two  points:  and  at  each  of  these  the  line  and  the 
tangent  to  the  conic  form  with  the  lines  drawn  to  the  points  /  and  J  a  harmonic 
pencil    The  binodal  quartic  is  in  this  case  said  to  have  an  axis. 

But  a  second  /-conic,  say  (AD,  BC)  may  break  up  into  the  line  IJ  and  a  line, 
say  the  axis  (AD,  BC) :  we  have  then  the  four  /-points  AD,  BC  on  this  line.  Writing 
moreover  A',  D'  for  the  two  points  AD,  or  say  (AI,  DJ)—A\  (A J,  DI)  =  U\  and 
similarly  S,  C  for  the  two  points  BC,  or  say  (BI,  CJ)=F,  (BJ,  CI)  =  C':  then  the 
four  /-points  are  A',  F,  G,  U,  and  the  axis  (AD,  BC)  may  be  called  (A'FCU). 

The  relation  of  the  /-points  A,  B,  C,  D  and  A\  B,  C",  F  and  of  the  two  axes  is 
as  shown   in  the  figure:   taking  X  for  the  intersection   of  IJ  with    {ABCD)   and    Y  for 


that  of  IJ  with  {A'FCiy),  also  Z  for  the  intersection  of  the  two  axes,  then  X,  Z  are 
the  sibiconjugate  points  of  the  involution  AD,  BC  and  F,  Z  the  sibiconjugate  points  of 
the  involution  A*D\  B!C\  The  two  axes  intersect  in  Z,  and  form  with  the  lines  ZI, 
ZJ  a  pencil  in  involution. 

The   two    remaining  /-conies    (AB,  CD)    and    (AC,  BD),  or   as  they  might  also  be 
called   (A*Bt,  CD')   and   (A'C,  BU)   are  as  before  proper  conies:  they  touch  each  other 
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at  the  points  /,  J,  and  have  for  their  common  tangents  at  these  points  the  lines  ZI, 
ZJ  respectively.  Each  conic  meets  each  axis  in  two  points;  and  at  each  of  these  points 
the  axis  and  the  tangent  to  the  conic  form  with  the  lines  to  /,  J  a  harmonic  pencil. 
Thr  hittodi^il  t|uartic  in  in  this  case  said  to  be  biaxal.  The  point  Z  which  is  the  inter- 
section of  the  two  axes  may  be  called  the  centre. 

In  the  case  where  an  /-conic  breaks  up  into  the  line  /J",  and  a  line  containing 
four  /-points,  say  an  /-line,  the  corresponding  c-conic  coincides  with  the  /-conic,  viz.  it 
also  breaks  up  into  the  line  IJ  and  the  /-line:  the  variable  conic  is  a  conic  through 
the  points  /,  J  such  that  the  tangents  thereto  at  these  points  respectively  meet  on  the 
/-line.  Moreover  the  variable  conic  must  be  such  that  at  each  of  its  intersections  with 
the  /-conic,  that  is  the  /-line,  the  tangent  to  the  variable  conic  and  the  /-line  must 
be  harmonics  in  regard  to  the  lines  drawn  from  the  point  to  the  points  /,  J  respec- 
tively :  but  this  condition  is  satisfied  ipso  facto  for  each  of  the  intersections  of  the 
variable  conic  and  the  /-line.  [This  depends  on  the  theorem,  that  taking  on  a  conic  any 
three  points  P,  /,  J,  then  the  tangent  at  P  and  the  line  drawn  from  P  to  the  pole 
of  IJ  are  harmonics  in  regard  to  the  lines  P/,  P/.]  Thus  we  have  only  three  con- 
ditions for  the  variable  conic,  or,  as  above  defined,  it  would  in  the  case  in  question  (of 
four  /points  in  a  line)  depend  upon  two  variable  parameters.  There  is  really  another 
condition — but  what  this  in  general  is  I  have  not  ascertained:  and  this  being  so  the 
variable  conic  in  the  case  in  question  (of  the  four  /-points  in  a  line)  depends  upon  a 
single  variable  parameter,  and  we  have  as  before  the  bicircular  quartic  as  the  envelope. 
The  foregoing  is  the  axial  case;  in  the  biaxial  case,  the  same  thing  happens  in  regard 
to  the  variable  conies  belonging  to  the  two  axes  respectively.  Thus  in  every  case  we  have 
the  fourfold  generation  of  the  curve  as  the  envelope  of  a  variable  conic :  only  in  the  axial 
case,  the  variable  conies  belonging  to  the  axis,  and  in  the  biaxal  case  the  variable  conies 
belonging  to  the  two  axes  respectively,  are  not  by  the  foregoing  definitions  completely 
defined.  It  will  be  seen  further  on  how,  in  the  case  of  the  biaxal  bicircular  quartic, 
we  complete  the  definition  of  the  variable  circles  belonging  to  the  two  axes  respectively. 

Taking  the  points  J,  J  to  be  the  circular  points  at  infinity,  we  have  a  bicircular 
quartic.  The  /points  are  the  foci,  and  the  /conies  are  circles,  viz.  we  have  16  foci 
situate  in  fours  upon  four  focal  circles.  The  harmonic  relation  of  two  lines  to  the  lines 
through  7,  J  means  of  course  that  the  lines  cut  at  right  angles:  hence  the  focal  circles 
cut  each  other  at  right  angles:  this  must  certainly  be  a  known  property,  but  it  is  not 
mentioned  in  Salmon's  Higher  Plane  Curves,  Ed.  3,  Dublin,  1879,  and  I  cannot  find  it 
in  Darboux  or  Casey:  it  is  given  No.  81  in  Lachlan's  Memoir  "On  Systems  of  Circles 
and  Spheres,"  Phil.  Trans.,  vol.  177  (1886),  and  I  find  it  as  a  question  in  the  Educa- 
tional Times,  March  1,  1889,  10034  (Prof.  Morley).  "  Prove  that  of  the  four  focal  circles  of 
a  circular  cubic  or  bicircular  quartic,  any  two  are  orthogonal,  and  the  radii  are  con- 
nected by    the  relation  2  (/x"*)  =  0."     The   theorem   is   not   as   well  known  as  it  should  be. 

The  c-conics  are  confocal  conies  having  for  their  real  foci  the  so-called  double-foci  of 
the   quartic   (more   accurately  the  common  foci  are  the  four  quadruple  foci  of  the  quartic) ; 
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we  have  thus  four  conies  corresponding  to  the  four  focal  circles  respectively,  each  conic 
intersecting  the  corresponding  circle  in  the  four  foci  upon  this  circle.  And  we  have 
then  the  quartic  as  the  envelope  of  a  variable  circle  having  its  centre  upon  one  of 
these  conies  and  cutting  at  right  angles  the  corresponding  focal  circle:  the  bicircular 
quartic  is  thus  generated  in  four  different  ways.  -  — 

Instead  of  one  of  the  focal  circles,  we  may  have  a  line  or  axis,  and  the  quartic 
is  then  said  to  be  axial:  the  foci  on  the  axis  may  be  any  four  points;  and  for  a  real 
curve  they  may  be  all  real,  or  two  real  and  two  imaginary,  or  all  four  imaginary.  The 
remaining  focal  circles  are  real  or  imaginary  circles,  cut  by  the  axis  at  right  angles, 
that  is  having  their  centres  on  the  axis,  and  cutting  each  other  at  right  angles. 

But  instead  of  another  of  the  focal  circles  we  may  have  a  line  or  axis,  and  the 
quartic  is  then  said  to  be  biaxal:  the  two  axes  cut  at  right  angles  at  a  point  which 
may  be  called  the  centre  of  the  curve.  The  foci  on  each  axis  form  pairs  of  points 
situate  symmetrically  in  regard  to  the  centre.  If  on  one  of  the  axes  the  foci  are  real 
then  on  the  other  axis  they  form  two  imaginary  conjugate  pairs;  and  conversely:  but 
if  on  one  of  the  axes  the  foci  are  two  of  them  real  and  the  other  two  conjugate 
imaginaries,  then  this  is  so  for  the  other  axis  also.  There  are  thus  only  the  two  cases: 
!•,  foci  on  the  one  axis  real,  and  on  the  other  conjugate  imaginaries;  2^  foci  on  each 
axis  two  of  them  real  and  the  other  two  conjugate  imaginaries:  there  is  however  a 
limiting  case  where  on  each  axis  two  foci  are  united  at  the  centre,  the  other  two  foci 
being  real  on  the  one  axis  and  conjugate  imaginaries  on  the  other.  The  remaining 
two  focal  circles  are  real  or  imaginary  circles,  cutting  each  axis  at  right  angles,  that 
is  having  their  centres  at  the  centre;  and  cutting  each  other  at  right  angles,  that  is 
having  the  sum  of  the  squares  of  their  radii  =  0. 

The  biaxal  form  of  bicircular  quartic  is  in  fact  that  which  presents  itself  in  the 
theory  of  the  representation  of  the  elliptic  functions. 

I  consider  for  a  moment  the  case  of  a  variable  circle  having  its  centre  upon  a  given 
line,  and  cutting  at  right  angles  a  given  circle.  The  variable  circles  pass  all  of  them 
through  two  fixed  points,  the  antipoints  of  the  intersections  of  the  given  line  and  circle, 
and  which  are  thus  real  or  imaginary  according  as  the  intersections  of  the  given  line  and 
circle  are  imaginary  or  real  Hence  considering  any  one  variable  circle  and  the  consecutive 
variable  circle  these  intersect  in  two  real  points,  when  the  .given  line  does  not  meet  the 
given  circle  (meets  it  in  two  imaginary  points) ;  but  when  the  given  line  meets  the 
given  circle  in  two  real  points,  then  the  two  variable  circles  intersect  in  two  imaginary 
points:  if  however  the  given  line  touches  the  given  circle,  then  the  two  variable  circles 
touch  each  other.  Taking  now  the  curve  of  centres  to  be  any  given  curve  whatever, 
and  considering  one  of  the  variable  circles,  and  the  consecutive  variable  circle,  it  at  once 
appears  that  if  the  tangent  to  the  curve  of  centres  at  the  centre  of  the  variable  circle 
does  not  meet  the  given  circle,  then  the  two  variable  circles  intersect  in  two  real  points 
(which,  if  the  tangent  touch  the  given  circle,  unite  in  a  single  real  point) :  but  if  the 
Vol.  XIV.  Part  IV.  63 
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tangent  to  the  curve  of  centres  meets  the  given  circle,  then  the  two  variable  circles  do 
not  intersect  It  hence  appears  that  the  real  portions  of  the  envelope  arise  exclu- 
sively from  those  portions  of  the  curve  of  centres  which  are  such  that  at  any  point 
thereof  the  tangent  to  the  curve  of  centres  does  not  meet  the  given  circle.  In  particular 
if  tha  gwetk  «icele  be  real,  and  the  curve  of  centres  is  a  real  ellipse  inclosing  the  given 
circle,  then  the  real  portion  of  the  envelope  arises  from  the  whole  ellipse :  but  if  the 
curve  of  centres  be  a  real  ellipse  cutting  the  given  circle  in  four  real  points,  then  drawing 
the  four  common  tangents  of  the  ellipse  and  circle,  it  is  at  once  seen  that  there  are  on 
the  ellipse  two  detached  portions,  such  that  at  any  point  of  either  portion  the  tangent 
to  the  ellipse  does  not  meet  the  circle:  and  the  real  portions  of  the  envelope  arise 
exclusively  from  these  portions  of  the  ellipse. 

In  the  case  just  referred  to  there  are  on  the  ellipse  four  portions  each  lying  outside 
the  circle  and  terminating  in  the  four  intersections  respectively  of  the  ellipse  and  circle, 
such  that  at  a  point  of  any  one  of  these  portions  the  tangent  to  the  ellipse  meets  the 
circle  in  two  real  points.  Starting  from  the  extremity  of  one  of  these  portions  of  the 
ellipse  and  proceeding  to  the  other  extremity  on  the  circle,  the  corresponding  variable 
circles  do  not  intersect  each  other,  but  each  of  them  is  a  circle  lying  wholly  inside  that 
which  immediately  precedes  it;  and  the  variable  circle  becomes  ultimately  a  point,  viz. 
this  point  is  a  focus  of  the  curve:  this  agrees  with  the  foregoing  statement  that  the 
/-conic  intersects  the  circle  in  the  four  foci  upon  this  circle.  '  For  the  two  portions  of 
the  ellipse  which  lie  inside  the  circle,  the  variable  circle  is  of  course  always  imaginary. 
The  like  considerations  apply  to  the  case  where  the  locus  of  the  centre  of  the  variable 
circle  is  a  hyperbola  or  parabola.  The  foregoing  remarks  illustrate  the  actual  generation 
of  a  bicircular  quartic  as  the  envelope  of  the  variable  circle. 

Starting  now  from  the  equation 

a?  4-  ly  =  sn  (x  +  iy') 

sn  X  en  iy'  dn  iy  sn  ty'  en  x'  dn  x 

we  have  x  =  ^ — ij — f—, — j^^-r ,       %y  = , — fi — s— t — «-•-/  > 

1  —  Arsn'  a?  sn*  ly  ^     1  —  Ar  sn'  x  sn*  %y 

or  putting  sna:'=p,       snty  =15; 

these  equations  are      *  =  ^-^\^^^^.       y  =  ^  "^V-^ ypV~  ' 

t    ,    ^ 

whence  also  a;*  +  y*  =  i      jwst  =  ^^    (if  ^  +  y*  be  put  =  r*). 

These  equations,  considering  therein  ;  as  a  given  constant,  and  j)  as  a  variable  para- 
meter, determine  the  curve  EF\  and  considering  j)  as  a  given  constant,  and  9  as  a  variable 
parameter,  they  determine  the  curve  GH,   But  the  eliminations  are  easily  effected ;   we  have 

p*  (1  -  fcVr")  =  r*  -  g«,         9*  (1  -  jfcyr')  =  r«  -/. 
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Hence  for  EF: 

^-*^ 1-A'r'g'  i+^i>V=       irrp;^.' 

and  consequently  ar  =  ^^ -"_'„  « — ^  ^/r'  —  g' .  1  —  A^r'j* , 

gs/l  +  g' -  (1  +  ^V)  r*  s/l  +  A;Y  - k* (1  +  g*)";* 
y  l-jfg*  ' 

giving  X  and  ^  each   of  them  in  terms  of  r.    And  from  the  first  of  these  we  at  once 
derive  («*  +  y»)»  -  2ilir»  -  25y»  +  i  =  0, 

Similarly  for   Gif: 

and  consequently  .^pVOEZHIE^^ZSlZESZ. 

giving  X,  y  each   of    them  in  terms  of  }'.     And  from   the  second   of  them    we   at  once 
derive  {i)?  +  f)*-'iAa?-2BT^  +  ^  =  0, 

where  2^-p'  +  j^,.  ^^  =  " T^F? " P  IT^^  • 

Consider   in  particular  the  case   where   the    line  EF  is   the   midway   line  LM-.   here 

%  .  1 

y'  =  ^iT',  and    thence    iq  =  sn iy'  =  su  \iK  =  -p ,    that    is    q^  -j^:    and    we    thence    obtain 

63—2 
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A=B—i^;  the   equation   of  the   bicircular   quartic   is 

(«*+y)'-|(^+y')+p  =  o, 

viz.  this  is  the  circle  «*  +  y'  —  r  =  0  •  twice  repeated.     As  a  direct  verification  observe   that 

wft  h?.?e  here 

1 +k        ,      i         /  ,      , 

— j=-.sna; +-7:^cna;  nn  JT  ,    

/'^i-iT'.       ^  ^    {l+k)p  +  ijl-p'.l-k'p' 

l  +  if.^sn'a;'  Jk(\-Vkp') 

,,  .    .  (i+ifc)y+i-(i +*•)«*+ iy   1      •.  u  M  1. 

and  hence  ^'  +  y*  =  ^ 7(l  +  2Ay'  +  Ay) ^  =  jfc '  ««  ^*  «^«"1**  ^' 

Reverting  to   the   equation  a?  +  iy  =  8n(aj'  +  iy), 

I   write  successively  y  =  ^K  —  z\    sn  iy'  =  iq^  =  sn  i  (^K  —  /), 

and  y'  =  i^  +  /,     sn^y  =  ig,  =  sni(Jt^'+/); 

we  then  have  iq^ .  igr,  =  sn  i  (^K'  —  /)  sn  i  (^K'  +  /),   =  —  t  , 

that  is  ?!?,  =  t;  hence  for  q  writing  q^  or  g,,  we  have  in  each  case  the  same  values  of 

A  and  B;  that  is  we  have  the  same  bicircular  quartic  corresponding  to  the  lines  H'F' 
and  J5/-F/,  equidistant  from  the  line  L^M':  but  to  one  of  these  lines  there  corresponds 
the  quadrant  lying  inside,   to  the  other  that  lying  outside,  the   circular   quadrant 

The  curve  (a?  +  t/')-2Aa?-2By'  +  ^  =  0 

is  in  four  different  ways  the  envelope  of  a  variable  circle :  viz.  the  circle  may  have 
its  centre  on  a  conic  ate'  +  ^y*  —  1=0,   and  cut  at  right  angles  one  of  the  circles 

or  it  may  have  its  centre  on  the  axis  of  w,  or  on  the  axis  of  y.  The  circle,  centre 
on  either  axis,  cuts  this  axis  at  right  angles,  but  this  condition  being  ipso  facto  satisfied 
we  do  not  thereby  determine  the  radius  of  the  circle  having  for  its  centre  a  given 
point  on  the   axis:   the   expression  for  the  radius  must  be  sought  for  independently. 

Write  for  shortness  X"  =  -j 5- , 

and  consider  the  circle  a^  +  y*^  2ax  -  \  J  A  -  £  -  2a*  +  B, 
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where  o  is  a  variable  parameter.     DiflFerentiating,  we  have 

and  the  equation  of  the  circle  then  gives 

X 

that  is  {a?  +  f)*  -  2Aai'  -  2By'  ^-ff +  \*  {A -B),     =  -  ^, ;     '"'^*'""  »►- 

or  we  have  («*  +y*)* -  2^^  ~  2£y"  +  ri=  0 

as  the  envelope  of  the  variable  circle 

y^^ , 

a-'  +  y'-2cue=     , ^  JA-B-2o?  +  B, 

tj  A  —  B 

having  its  centre  on  the  axis  of  x. 

And  similarly  the  same  quartic  curve  is  the  envelope  of  the  variable  circle 

v/^     

having  its  centre  on  the  axis  of  y. 

If  we  have  in  like  manner  the  equation  x  +  iy^cn(a/ -\-iy')y  then  writing  as  before 

sn  X  =  p,     sn  iy'  =  iq, 

and  hence  r»  =  — f^|  t^^^  (if  r*  =  «»  +  y»). 

For  the  curve  EF  corresponding  to  a  line  EF"   parallel  to  the  axis  of  a/,  we  have 
from  these  equations  to  eliminate  p;  the  expression  for  r*  gives 

,_      l+g'-r'  _(i-A:>)g«  +  r'(l+^g') 

^  "l  +  A^j'  +  Jfc'gV  ^~  !  +  /&•?• +  Jfc'j'r*       ' 

and  thence 


«  = 
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A;' 


from  which  we  deduce  {te'  +  y')* -2Aa^ -iBf-j^^O, 


which  is  a  bicircular  quartic  of  the  foregoing  form. 

Similarly  for  the   curve    GH  corresponding  to   a   line   G*H'   parallel   to   the  axis  of  y', 
we  have  to  eliminate  q:  the  expression  for  r^  gives 

^  _        -l+p'  +  r'  ,.,_  (l-A:')p'+r'(l-t»p*) 

^~      1 -*»/-*:> V  n-<r-        l_yfc»p«_jfc«pV 

Hence 

jr^  7(1  -  y)p«  +  r-  (I  -  A;y)  yi-  A;y  -  Ar'pV 
'^"  l-2A>'  +  )fcy 

2^"  l-2Jfc'2)''  +  ifc'y 

from  which  we  deduce  (z*  +  y*;'  —  2Ax*  —  2By*  —  p  =  0, 

-.     -l  +  2k'-2li*p'  +  i!'p*      _„      l-2A:'/-ifc'(l-2A:')p* 
^^^"^^  2^^ PO^^ -'    ^^=  kYU-l^f)         ' 

which   is  again  a  bicircular   quartic   of  the  foregoing  form.      And  we  have  the  like   results 

for  the  equation  /r  +  iy  =  dn  {x  +  iy') ; 

so  that,  for  the  sn,  en,  and  dn,   the   curve   EF  or   GH  is  in  each  case  a  biaxal   bicircular 
quartic  of  the  form  (a;»  +  ff  -^Ax^-  2Bf  +(7  =  0. 
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Atomic  hypothesis,  71 

Cayley,  Prof.  A.  On  the  Binodal  Quartic  aud  the 
Graphical  Representation  of  the  Elliptic  Functions, 
484—494 
Ohree,  C.  The  equations  of  an  Isotropic  Elastic  Solid 
in  polar  and  cylindrical  coordinates,  their  solution 
and  application,  250 — 369 

Bodily  and  surface  forces,  relation  between,  when 
w/m  negligible :  in  sphere,  265 ;  in  cylinder,  344 

Earth,  tendency  to  rupture  in :  due  to  its  gravita- 
tion, 282,  286 ;  due  to  its  rotation,  294 

Internal  equations:  in  polar  coordinates,  255;  in 
cylindrical  coordinates,  324,  325 

Maximum  stress-difference,  273,  also  imder  "Ten- 
dency to  rupture." 

Principal  stresses,  274,  327 

Strains,  expressions  for,  in  terms  of  displacements : 
in  polar  coordinates,  252 ;  in  cylindrical  coordinates, 
322,  323 

Strains,  expressions  for,  in  terms  of  arbitrary 
constants :  for  solid  sphere  in  general  case  of  equi- 
librium, 260,  262, 263;  for  spherical  shell  in  general 
case  of  equilibrium,  268 ;  for  vibrating  solid  sphere, 
general  case,  310,  313,  radial  vibrations,  317;  for 
vibrating  spherical  shell,  general  case,  318, 319,  radial 
vibrations,  320;  for  cylinder  in  equilibrium,  in  as- 
cending powers  of  r  and  «,  330 ;  for  solid  cylinder  or 
cylindrical  shell  in  terms  of  r  and  6j  342,  346;  for 
vibrating  infinite  solid  cylinder,  general  case,  353, 
radial  and  tangential  vibrations,  355 ;  for  vibrating 
infinite  cylindrical  shell,  radial  and  tangential  vibra- 
tions, 356;  for  finite  solid  cylinder,  general  case, 
362, 363, 364, 367,  case  of  symmetry  round  axis,  364^ 
368 ;  for  solid  cylinder  infinite  in  one  direction,  368 

Strains,  expressions  for,  explicitly  found  in  terms 
of  given  internal  and  surface  forces,  or  given  surface 


displacements:  for  solid  sphere,  under  normal  sur- 
face forces  expressed  in  terms  of  spherical  harmonics, 
264,  265,  under  uniform  normal  pressiu^  or  tension, 
272,  under  tangential  surface  forces  derivable  from 
a  |K>tential  expressed  in  spherical  harmonics,  273, 
rotating  with  uniform  angular  velocity,  287,  with 
normal  surface  displacements  expressed  in  spherical 
harmonics,  306,  with  surface  displacements  derived 
from  a  potential  expressed  in  spherical  harmonics, 
307 ;  for  gravitating  nearly  spherical  mass,  280,  281 ; 
for  spherical  shell  rotating  with  imiform  angular 
velocity,  in  indefinitely  thin  shell,  298,  in  shell  of 
small  but  finite  thickness,  301 ;  for  finite  solid  right 
circular  cylinder,  under  uniform  normal  pressures  or 
tractions,  331,  332,  rotating  with  uniform  angular 
velocity  under  various  surface  conditions,  335,  336, 
imder  torsional  forces  on  an  end  varying  as  cube  of 
distance  from  axis,  366 ;  for  infinite  solid  right  cir- 
cular cylinder,  rotating  with  uniform  angular  velocity, 
338,  under  bodily  and  normal  and  tangential  surface 
forces  expressed  in  terms  of  ^,  344, 346,  rotating  with 
varying  angular  velocity,  359 ;  for  infinite  right  cir- 
cular cylindrical  shell  rotating  uniformly,  337 

Stresses,  expressions  for :  in  polar  coordinates,  257 ; 
in  cylindrical  coordinates,  326 

Stress  quadric,  in  polar  coordinates,  274;  in  cy- 
lindrical coordinates,  327 

Surface  equations:  in  polar  coordinates,  255;  in 
cylindrical  coordinates,  324 

Tendency  to  rupture:  theories  propounded,  273; 
formulsB  for,  in  polar  coordinates,  275, 276 ;  in  sphere 
or  spherical  shell  under  uniform  normal  forces,  276, 
277;  in  gravitating  nearly  spherical  mass,  281,  et 
seq. ;  in  solid  rotating  sphere,  292,  294;  in  rotating 
spherical  shell,  when  indefinitely  thin,  300,  when 
of  small  but  finite  thickness,  304;  formulas  for,  in 
cylindrical  coordinates,  327,  328;    in  infinite  right 
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circular  solid  cylinder  or  cylindrical  shell  rotating 
with  uniform  angular  velocity,  337 — 339 ;  in  infinite 
right  circular  solid  cylinder  under  purely  normal,  or 
purely  tangential,  surface  forces,  349,  350;  in  in- 
finite right  circular  solid  cylinder  rotating  with  vary- 
ing angular  velocity,  360 

Torsion  of  finite  right  circular  cylinder  by  any 
arbitrary  distribution  of  forces  symmetrical  about 
the  axis  over  an  end,  366 

Vibmtiona.  fipeqoeDcy  of  free:  in  solid  sphere, 
general  case,  316,  317,  transversal  vibrations,  316, 
radial  vibrations,  318;  in  spherical  shell  of  finite 
thickness  or  indefinitely  thin,  transversal  vibrations, 
319,  320,  radial  vibrations,  321;  in  infinite  solid 
cylinder,  general  case,  354,  radial  vibrations,  355, 
tangential  vibrations,  356;  in  infinite  cylindrical 
shell  of  finite  thickness  or  indefinitely  thin,  radial 
vibrations,  356,  tangential  vibrations,  357 
Chree,  C.  On  the  stresses  in  rotating  spherical 
shelb,  467—483 

Axes,  principal,  474 

Earth,  difierence  between  equatorial  and  polar 
diameters  of,  471 

Ellipticity  of  rotating  spherical  shell,  469,  470 

Rupture,  tendency  to,  467,  477,  478,  480 

Strain,  greatest^  467,  474,  480 

Strains :  equatorial  and  polar,  481, 482 ;  in  rotating 
spherical  shell,  468,  469 ;  principal,  468, 472, 475, 476 

Stress-difierence  maximum,  474,  479,  480 

Stresses,  equatorial  and  polar,  479,  481, 483 ;  prin- 
cipal, 468,  472,  479 
Crystal,  uniaxai,  63 
Crystallization,  370,  394 

Displacement  of  electromagnetic  medium,  170 

Edoeworth,  F.  Y.    Observations  and  Statistics,  138 

—189.     Vide  contents  p.  138 
Elastic  medium,  43,  188,  250,  467 
Electricity,  vibratory  theory  of,  188 
Elliptic  Functions,  the  Graphical  Representation  of, 

484 
Equations  of  Hydrodynamics,  generalized,  1 

Exponential  function,  table  of,  237 

FoRSTTH,  A.  R    On  systems  of  Quatemariants  that 
are  algebraically  complete,  409 — 465 

General  summary,  409;  difierential  equations  of 
concomitants,  410;  number  of  independent  equa- 
tions reduced  to  six,  414 ;  symbolical  representation 
and  polar  variables,  416;  isobarism,  421;  equations 
which  determine  leading  coefficients,  422;  number 
of  algebraically  independent  concomitants  associated 
with  a  quantic,  and  method  of  determination,  428. 


Applications : — a  single  quadratic,  430 ;  a  system  of 
two  quadratics,  434;  a  general  inference  about 
special  classes  of  concomitants,  444;  a  bipartite 
lineo-linear  quantic,  445;  complexes  in  line  vari- 
ables, 453;  a  linear  complex,  454;  a  congruence  of 
two  linear  complexes,  454 ;  a  regulus  of  three  linear 
complexes,  456;  concomitants  of  systems  of  com- 
plexes symbolically  expressed,  458;  a  complex  of 
the  second  grade,  460;  invariants  of  complex  of 
second  grade,  465 

Hill,  M.  J.  M.  On  some  general  equations  which  in- 
clude the  Equations  of  Hydrodynamics,  1 — 29 

Treats  of  the  general  equations  which  correspond 
in  n  dimensions  to  the  equations  of  Hydrodynamics 
in  3  dimensions.  Equation  of  Continuity,  Lagrang- 
ian  form,  §  1 ;  component  velocities  expressed  in 
Weber's  form,  §  2 ;  analogues  of  components  of  mole- 
cular notation,  n  odd,  shown  to  satisfy  equations 
analogous  to  Helmholtz's,  §  3 ;  same  components,  n 
even,  vanish  identically,  and  this  system  reduces  to 
a  single  equation,  §3;  construction  of  the  com- 
ponents of  a  vector,  §  4,  which  include  as  a  case 
the  above  components,  §  5 ;  analogue  of  theorem  that 
a  vortex  line  moves  with  the  fluid,  §  6 ;  reduction  of 
the  Weber  velocity  components  to  Clebsch's  form, 
§7 

HoBSON,  E.  W.  On  a  class  of  Spherical  Harmonics  of 
complex  degree  with  application  to  Physical  Pro- 
blems, 211— 236 

Introduction,  211,  212;  expressions  for  the  zonal 
harmonics  of  degree  -i+p^f^ly  213 — 216;  ex- 
pressions for  the  tesseral  harmonics,  217,  218; 
addition  theorem  for  the  harmonics,  219 ;  application 
to  potential  problems  for  space  bounded  by  coaxial 
cones  and  concentric  spheres,  220—231;  potential 
problem  for  figure  bounded  by  two  spheres  and  a 
spindle  joining  their  common  inverse  points,  232 — 
234;  current  function  for  a  spindle  moving  longi- 
tudinally in  infinite  fluid,  235;  two  dimensional 
harmonics,  236 

Interference  fringes,  170 

Isotropic  elastic  solid,  equations  of,  250 

Larmor,  J.  Generalized  space-coordinates,  121 — 137 
Coordinates  specified  by  three  systems  of  surfaces. 
General  expression  for  distance,  122;  involves  the 
characteristics  of  the  system,  123.  Vector  in  terms 
of  its  componenta,  124.  Reciprocal  relation  between 
vector  formula  and  distance  formula,  125.  Form 
assumed  by  Laplace  and  Poisson's  equation  for  po- 
tentials, 126;  special  case  of  orthogonal  coordinates, 
127;  simplified  forms  when  the  coordinate  surfaces 
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form  isothermal  systems,  127;  Same  expressed  in 
another  notation,  128.  Equations  of  an  isotropic 
elastic  solid,  128 ;  expression  for  energy  of  deforma* 
tion,  129 ;  alteration  of  a  distance  produced  by  strain, 
129;  the  three  principal  extensions  in  generalized 
coordinates,  190;  expression  for  energy,  131;  its 
▼ariation,  132 ;  resulting  equations  of  equilibrium, 
133 ;  special  case  of  orthogonal  coordinates,  133 — 5 ; 
other  special  cases,  oblique  Cartesian  coordinates, 
135,  columnar,  136^  polar,  136—7 

Leahy,  A.  H.  On  the  pulsations  of  spheres  in  an  elastic 
medium,  45 — 62 

Bjerknes'  investigation  of  the  mutual  action  of 
pulsating  spheres  in  an  incompressible  fluid,  45; 
general  considerations  explaining  this  action,  %b.\ 
application  of  these  considerations  to  the  case  of 
pulsations  which  produce  long  waves  in  an  elastic 
medium,  46;  other  cases  of  differential  action  ex* 
plained  by  the  same  considerations,  47 ;  general  ex- 
pressions in  polar  coordinates  for  periodic  and  steady 
displacements  symmetrical  about  an  axis,  %b. ;  result, 
51 ;  expansion  of  series  and  determination  of  con- 
stants, ib.  I  disturbance  due  to  the  presence  of  a  small 
fixed  sphere  on  the  axis  of  symmetry,  53 ;  expression 
of  Legendre's  functions  of  one  of  the  base  angles  of 
a  triangle  in  a  series  of  L^endre's  functions  of  the 
other  base  angle,  ih, ;  transformation  of  the  expres> 
sion  for  the  disturbance  by  means  of  this  expansion, 
54;  displacement  produced  by  simultaneous  pulsa- 
tions of  the  two  spheres,  approidmate  solution  in 
the  case  of  long  waves,  57;  mutual  action  of  the 
spheres  due  to  this  pulsation,  first  approximation,  58; 
second  approximation,  59 ;  application  of  the  result 
to  a  possible  explanation  of  electrical  attractions  and 
repulsions,  61 

Leahy,  A.  H.     On  the  mutual  action  of  oscillatory 
twists  in  an  elastic  medium,  188—209 

Results  obtained  in  the  paper,  190;  investigation 
of  the  displacement  if  the  axis  of  twist  is  rectilinear, 
191;  axis  of  twist  circular,  §  4 — 6;  equations  of 
elasticity  in  toroidal  coordinates,  193;  approximate 
solution  for  long  waves,  194 ;  determination  of  con- 
stants so  as  to  satisfy  surface  conditions  on  a  twist 
whose  axis  is  circular,  195 ;  case  of  small  ring,  198 ; 
solution  of  the  equations  of  elasticity  in  the  case  of 
long  waves  to  a  second  approximation,  199 ;  general 
expressions  in  cylindrical  coordinates  for  a  periodic 
and  steady  displacement  symmetrical  about  an  axis, 
§  7;  expansion  in  series,  202,  203;  mutual  action 
of  two  rectilineal  twista,  §  8 ;  expressions  for  dis- 
placement, 205 ;  expression  for  force,  207 ;  force  on  a 
tube  of  twist  placed  in  a  disturbed  elastic  medium,  i6.; 
application  of  these  results  to  possible  explanation 
of  electromagnetic  action,  209;    comparison   with 

Vol.  XIV.  Pabt  IV. 


result  already  proved  for  pulsating  spheres,  tb,;  modi- 
fication of  result  for  pulsating  spheres  so  as  to  give 
possible  explanation  of  gravitation,  210 
LivEiNG,  Prof.  G.  D.    On  Solution  and  Crystallization, 
370—393  and  394—407 

Bravais,  M.,  theory  of  crystallogeny,  405 

Cleavage,  in  crystals,  related  to  surface  energy, 
376;  octahedral,  395 ;  cubic,  402;  dodecahedral,  i6 ; 
rhombohedral,  383 

Compression  determining  direction  of  fractive,  406 

Crystal,  condensation  in  ^^"fftfiLV&iftilPrHif^*'^ 
877;  pyramidal,  379;  rhombohedral,  38^  383;  pris- 
matic, 385, 387;  oblique,  389;  anorthic,390;  physical 
causes  of  regular  arrangement  of  moleciiles  in  a,  393 ; 
cubic,  form  of  molecular  volume  in  a,  395,  401,  402 ; 
pyramidal,  401 ;  rhombohedral,  ib, ;  cubic,  with  cubic 
cleavage,  376, 402;  cubic,  with  dodecahedral  cleavage, 
402 

Curie,  P.,  on  the  influence  of  capillarity  on  growth 
of  crystals,  405 

Dana,  suggestion  that  Haiiy's  parallelepipeds  might 
be  replaced  by  ellipsoids,  407 

Dimorphism,  due  to  different  aggregations  in  mole- 
cules, 404 ;  relation  of,  to  temperature,  404 

Ellipsoids,  arrangement  of  the  maximum  number 
in  a  unit  volume,  396;  independent  of  the  orientation 
of  the  axes,  398 ;  circumscribed  dodecahedron,  pro- 
perties of,  400 

Energy,  surface,  comparative,  of  the  faces  of  differ- 
ent forms  of  the  cubic  system,  375,  378;  total,  a 
minimum  when  several  forms  are  combined  in  a 
crystal,  376 ;  of  different  faces  of  a  crystal  of  the 
pyramidal  system,  380;  rhombohedral  system,  382; 
prismatic,  385;  oblique,  389;  anorthic,  390;  equili- 
brium of,  in  hemihedral  forms  of  crystals,  391 ; 
determines  the  law  of  indices  in  a  crystal,  374 ;  the 
law  of  symmetry,  376 ;  cleavage  related  to,  ib, ;  a 
minimum  on  plane  surfaces  of  crystals,  374 

Fracture,  surface  of,  that  of  compression,  406 

Hemihedral  crystals,  equilibrium  of  surface  energy 
in,  393;  asymmetry  of,  connected  with  internal 
strains,  ib. 

Indices,  law  of,  in  a  crystal,  connected  with  surface 
energy,  374 

Molecular  volume,  ellipsoidal,  396 ;  spheroidal,  gives 
pyramidal,  rhombohedral,  or  cubic  crystals,  401; 
spherical,  gives  cubic  crystals,  395 

Molecules,  arrangement  of,  in  a  cubic  crystal,  372, 
377,  395;  in  a  pyramidal  crystal,  379,  401;  in  a 
rhombohedral  crystal,  382,  401 ;  in  a  hexagonal,  383, 
401 ;  in  a  prismatic,  385, 387, 401 ;  in  an  oblique,  389, 
401 ;  in  an  anorthic,  390,  401 

Sohncke,  on  geometrical  properties  of  systems  of 
points  regularly  disposed  in  space,  406 
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Solution,  saturation  of  a^  determined  by  8iu*£Gtce 
energy,  371 ;  solid  deposited  from,  when  this  is  at- 
tended with  immediate  increase  of  entropy,  ib.; 
supersaturated,  conditions  of,  ib. ;  crystalloid  sepa« 
rating  from,  will  assume  such  a  form  that  its  surfoce 
energy  is  a  minimum^  372 ;  partial,  of  a  solid,  leaves 
surface  of  minimum  energy,  393 

Solvent,  form  of  surface  left  by,  393 

Spheres,  arrangement  of  the  maximum  number  in 
a  unit  volume,  395 

Surface,  form  of,  left  by  a  solvent,  393 

Sur&ces  ef  minimum  energy,  in  a  crystalline  ar- 
rangement of  molecules  will  be  planes,  374 

Symmetry,  law  of,  in  crystallization  dependent  on 
Bur&ce  energy,  370 

Newman,  F,  W.    Table  of  the  Exponential  Function 
to  twelve  places  of  decimals,  237 — 249. 

Pearson,  Prof.  K.    On  a  certain  atomic  hyix>thesis, 
71—120 

Atomic  hypothesis,  71  et  seq,;  hydromagnetism, 
72 ;  pulsating  spheres  in  a  fluid,  theory  of,  72-— 78  ; 
spectrum  analysis,  suggested  mathematical  theory 
of,  80,  82 — 90;  chemical  forces,  90—104  ;  molecular 
forces,  106—110;  gravitational  forces,  110—117 
Polarized  light,  intensity  of,  63 
Pulsation  of  spheres  in  elastic  medium,  43 

Quartic,  the  Biuodal,  484 

Rotating  spherical  shells,  strains  in,  467 


Shaw,  W.  N.  On  the  measurement  of  temperatiu«  by 
water-vapour  pressure,  30 — 44 

Errors  of  mercury  thermometer,  30;  method  in 
use  for  obtaining  comparable  readings,  31 ;  correction 
of  thermometers  by  water- vapour  pressure,  33 ;  the 
repetition  of  Regnault's  experiments,  36;    experi- 
ments to  determine  the  value  of  the  method  pro- 
posed, 87—44 
Solution  and  crystallization,  370,  394 
Space-coordinates,  generalized,  121 
Spherical  harmonics  of  complex  degree,  211 
Spurge,  C.    On  the  curves  of  constant  intensity  of 
polarized  light  seen  in  a  uniaxal  crystal  cut  at  right 
angles  to  the  optic  axes,  63—69 
Statistics,  and  observations,  138 

Table  of  ««,  237 

Temperature,  measurement  of,  by  vapour-pressiu^,  30 

Twists,  oscillatory,  in  elastic  medium,  188 

WiLBERPORCE,  L.  R.  On  a  new  method  of  obtaining 
interf<N«nce-fringes,  and  on  their  application  to 
determine  whether  a  displacement-current  of  elec- 
tricity involves  a  motion  of  translation  of  the  electro- 
magnetic medium,  170 — 187 

Connection  between  electric  current  and  motion 
of  the  ether,  171;  account  of  different  forms  of 
interference  refractometw,  174;  new  method  of 
obtaining  interference  fringes,  177 ;  experiment  on 
connection  between  displacement-current  and  motion 
of  the  ether,  184 
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